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Abstract

We show spherical completeness of the ring of Colombeau
generalized real numbers endowed with the sharp norm. As an
application, we establish a Hahn-Banach extension theorem for
ultra-pseudo-normed modules of generalized functions in the sense
of Colombeau.

1. Introduction

Let (M, d) be an ultrametric space. For given x € M, » € R, we call
B<r(z) :={y € M | d(z,y) < r} the dressed ball with center = and radius r.
Throughout N := {1,2, ...} denote the positive integers. Let (zi)j € MN and
(ri)i be a sequence of positive reals. We call (Bi)i, Bi := B<r;(zi) (i > 1)
a nested sequence of dressed balls, if 11 > ro > r3--- and By O By D

Following standard ultrametric literature (cf. [11]), nested sequences
of dressed balls might have an empty intersection. The converse property is
defined as follows:

Definition 1.1. (M,d) is called spherically complete, if every nested
sequence of dressed balls has a non-empty intersection.
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It is evident that any spherically complete ultrametric space is complete
with respect to the topology induced by its metric (using the well known
fact that topological completeness of (M, d) is equivalent to the property of
Definition 1.1 with radii »j \, 0) . However, there are popular non-trivial
examples in the literature, for which the converse is not true. As an example
we mention the completion C, of the algebraic closure of the field of rational
p-adic numbers. Due to Krasner, this field has nice algebraic properties (as
it is algebraically closed, and even isomorphic to the complex numbers cf.
[11], pp. 134-145), but it also has been shown, that C, is not spherically
complete. This is mainly due to the fact that the complex p-adic numbers
are a separable, complete ultrametric space with dense valuation (cf. [11]
pp. 143-144). However, for an ultrametric field K, spherical completeness
is necessary in order to ensure K has the Hahn-Banach extension property
(to which we refer as HBEP), that is, any ultra-normed K-vector space E
admits continuous linear functionals previously defined on a strict subspace
V of E to be extended to the whole space under conservation of their norm
(this is due to W. Ingleton, [6]). Since spherical completeness fails, it is
natural to ask if the p-adic numbers could at least be spherically completed,
i.e., if there existed a spherically complete ultrametric field Q into which
Cp can be embedded. This question has a positive answer (cf. [11]). The
necessity of spherical completeness for the HBEP of K = C,, is evident: even
the identity map

p: Cp—=0Cp, o(x) ==z

cannot be extended to a functional v : Q — Cp under conservation of its
norm ||| = 1 (here we consider Q as a C,- vector space).! |

The present paper is motivated by the question if a HBEP for the ring
k—resp. ®Jof generalized numbers holds. Even though a first version of
Hahn-Banach’s Theorem is given in ([4], Proposition 3.23), a general version
of the latter has not been established yet in the literature.

1To check this, let Bj := B<r; (Xi) be a nested sequence of dressed balls in Cp wit]i]_ empty
intersection. Then Bj := B<r; (Xi) [ have nonempty intersection, say Q [d :I?;l Bi.
Assume further, the identity ¢ on Cp can be extended to some linear map Y : Q - Cp under
conservation of its norm. Then

[W(a) = Xila = [W(a) — ¢(Xi)le = OWOA — Xilc, = |a = Xilc,.

T
therefore (o) :If;l Bi which is a contradiction and we are done.
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The analogy with the p-adic case lies at hand, since the ring of gener-
alized numbers can naturally be endowed with an ultrametric pseudo-norm.
However, the presence of zero-divisor in [&-ds well as the failing multiplica-
tivity of the pseudo-norm turns the question into a non-trivial one and In-
gleton’s ultrametric version of the Hahn-Banach Theorem cannot be carried
over to our setting unrestrictedly.

On our first step tackling this question we discuss spherical complete-
ness of the ring of generalized numbers endowed with the given ultrametric
(induced by the respective ultra-pseudo-norm, cf. the preliminary section).

k~Was first introduced as the set of values of generalized functions at
standard points; however, a subring consisting of compactly supported gen-
eralized numbers turned out to be the set of points for which evaluation
determines uniqueness, whereas standard points do not su [ce Ho determine
generalized functions uniquely (cf. [7, 8] as well as section 1.2.4 in [5]). A
hint that ®—or €),lis spherically complete, is that contrary to the above
outlined situation on C,, the generalized numbers endowed with the topol-
ogy induced by the sharp ultra-pseudo-norm are not separable. This follows
from the fact that the restriction of the sharp valuation (cf. Section 2) to
the real (or complex) numbers is discrete.

Having motivated our work by now, we may formulate the aim of this
paper, which is to prove the following:

Theorem 1.2. The ring of generalized numbers is spherically complete.

We therefore have an independent proof of the fact (cf. [4], Proposition
1. 31 and Proposition 3.4):

Corollary 1.3. The ring of generalized numbers is topologically com-
plete.

In the last section of this paper we present a modified version of Hahn-
Banach’s Theorem which bases on spherically completeness of ]@resp. (@_—‘
Finally, a remark on the applicability of the ultrametric version of Banach’s
fixed point theorem can be found in the appendix.
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2. Preliminaries

In what follows we repeat the definitions of the ring of (real or complex)
generalized numbers along with its non-archimedean valuation function v.
The material is taken from diLlerknt sources; as references we recommend
the recent works due to C. Garetto ([3, 4]) and A. Delcroix et al ([1]) as well
as one of the original sources of this topic due to D. Scarpalezos (cf. [2]).

Let 7 :=(0,1] C R, and let K denote R resp. C. The ring of generalized num-
bers over K is constructed in the following way: given the ring of moderate
(nets of) numbers

Em = {(ze)e €K' | IN 1 |ze| = O(e™N) (¢ — 0)}
and, similarly, the ideal of negligible nets in &\ which are of the form
N ={(@e)e e K' |V m: |ze| = OE™) (€ — 0)},

we define the generalized numbers as the factor ring k=t &y JN. We define
a valuation function v on &y with values in (—oo, 00] in the following way:

V((ug)e) :=sup{b € R | |ug| = O (e — 0)}.

This valuation can be carried over to the ring of generalized numbers in
a well defined way, since for two representatives of a generalized number,
the valuation above coincides (cf. [4], Section 1). We then endow k-ith an
ultra-pseudo-norm (’pseudo’ refers to non-multiplicativity) | | in the follow-
ing way: |0, := 0, and whenever = # 0, |z|. := e~VX). With the ultrametric
d. induced by the above ultra-pseudo-norm, T-tlrns out to be a non-discrete
ultrametric space, with the following topological properties:

(i) (&) is topologically complete (cf. [4]),
(i) (&-d.) is not separable, since the restriction of d, onto K is discrete.

The latter property holds, since on metric spaces second countability and
separability are equivalent and the well known fact that the property of
second countability is inherited by subspaces (whereas separability is not in
general).

In order to avoid confusion we henceforth denote closed balls in K by
Br(2) := {y € K| |y — | < r} in distinction with dressed balls in I&-Which
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we denote by B](z) := {y € & |y — z|. < r}. Similarly stripped balls
and the sphere in the ring of generalized numbers are denoted by B=j(z) :=

{y e &y — zle < 7} resp. $rfh) := {y € Kf|y — zle = 7).

3. Euclidean Models of Sharp Neighborhoods

Throughout, a net of real numbers (C¢)e is said to increase monotoni-
cally with ¢ — 0, if the following holds:

v77777Ije I:(n< UD:> Ch > Cp).

To begin with we formulate the following condition:
Condition (E).
A net (C¢)e is said to satisfy condition (E), if it is

(i) positive for each ¢ and
(if) monotonically increasing with ¢ — 0, and finally, if
(iii) the sharp norm is |(Cg)ele = 1.

Next, we introduce the notion of euclidean models for sharp neighborhoods
of generalized points:

Definition 3.1. Let z € H@p € R, r := exp(—p). Let further (C¢)e €
R! be a net of real numbers satisfying condition (E) and let (z¢)e be a
representative of z. Then we call the net of closed balls (Bg)s € K' given
by
Be := B<cer(2¢)

for each ¢ € I an euclidean model for B<](x).

Note that every dressed ball admits an euclidean model: let (z¢): be
a representative of x and define (C¢)e by C¢ := 1 for each ¢ € I; then
B<c.¢0(z¢) determines an euclidean model for B (x) when p = —logr. We
need to mention that whenever we write (BQ))E - (B§2))8, we mean the
inclusion relation C holds component wise (that is for each £ € I), and we
say (BéQ))E contains (Bél))g.

The following lemma is basic; however, in order to get familiar with the
concept of euclidean neighborhoods, we include a detailed proof:
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Lemma 3.2. For z € &kdnd r > 0 let (Be)e be an euclidean model for
BA(x). Then,

(i) for anyy € B=(z) there exists a representative (ye)s such that ye € Bg
foralle e 1.

(i) There exist y € %) fulfilling the following property: for every repre-
sentative (ye)e of y there exists eg € I such that yg, & Be,. However,
for all y € $-@r) and for all representatives (ye)e of y there exists an
euclidean model Be = .éséssp(xg) for B(x) containing (Be)e such
that ye € Be and d(8Bs, ye) > %69 foralle € 1.

Proof. (i): By definition of the sharp norm, |y — z|e < r is equivalent to
the situation that for each representative (y¢)e of y and for each representa-
tive (z¢)e of x, we have

sup{b e R | |ye — xe| = O(eb)(s —0)} > p,

and this implies that there exists some p™> p such that for any representative
(ye)e Of y and any representative (x¢)e of  we have

lye — xe| = 0(5p|3a e — 0.

This further implies that for any choice of representatives of x resp. of y,
there exists some n € I with

|?/8 - $s| < 5pD E.1)

for each ¢ < 5. Since C¢ > 0 for each ¢ € I and C¢ is monotonically
increasing with ¢ — 0, we have ePP< CeeP for su Lciehtly small . Therefore,
a suitable choice of n and of y. for ¢ > n yields the first claim (for instance,
one can set ye := x¢ Whenever ¢ > n).

We go on by proving (ii): For the first part, set
Yg - — Zngp + x¢

Let y denote the class of (ye)e. It is evident that y € $-gr). However,
(ve) ¢ Be for each £ € I. Indeed,

Veel: ‘yg — fI,'g‘ = Zngp > ngp,



“BNO02N34” — 2007/7/26 — 10:41 — page 775 — #7

2007] SPHERICAL COMPLETENESS OF GENERALIZED NUMBERS 775

since Cg > 0 for each . We further show that the same holds for any
representative (y¢)e of y for su [Cciehtly small index . Indeed, the di[erkence
of two representatives being negligible implies that for any N > 0 we have

Ye — Ye = 0(5N) (e —0).
Therefore, for N > p and su Lciehtly small ¢, we have:

Ve — ye| > @s — Ye| — [ye — xs‘gi 2CeeP — &N > ZCeeP > Cee®.

N W

Therefore we have shown the first part of (ii). Let us take an arbitrary
y € $). We demonstrate how to blow up (Bg)e to catch some fixed
representative (ye)e of y. Since |y — x| = 7P = r, there is a net CI'> 0
(J(Cg)ele = 1) such that

Veel: |ye —xe| = C2P

Set Cg’= maxn=¢{1,C}. This ensures that (C¢) is a monotonically increas-
ing with ¢ — 0, above 1 for each ¢ € I, and |(CH|e = 1 is preserved. The
same holds for the net C{™:= C{™+ C¢. Define BY ;= B<cmmo(ze). Then
(BL)e is a new model for B(x) containing the old model and (ye)e as well,
since the sum Csatisfies the required properties (of condition (E)), and

|?/8 - $s| < Cg@l]gp < Csm%p'

setting C := 2C™we obtain a model B; := B_¢_,o(z¢) for B<l(z) with
the further property that |ye — x¢| < %ﬂap for each € € I which finishes the
proof of (ii). O

Remark 3.3. The preceding lemma can be reformulated in the fol-
lowing way: For all y € BJ(z) there exists an euclidean model Bg =
B<c.er(x¢) and a representative (ye)e of y such that ye € Be and d(0Bg, yg) >
%69 forall € € I.

Before going on by establishing the crucial statement which will allow
us to translate decreasing sequences of closed balls in the given ultrametric
space o decreasing sequences of their euclidean models, we introduce a
useful term:



“BNO02N34” — 2007/7/26 — 10:41 — page 776 — #8

776 E. MAYERHOFER [September

Definition 3.4. Suppose, we have a nested sequence (B2, of closed
balls with centers z; and radii = in l&JLet (BS))8 be an euclidean model
for Biti € N). We say that this associated sequence of euclidean models is
proper, if ((Béi))8 72, Is nested as well, that is, if we have:

(BM)e 2 (B?)e 2 (BP)e D --- .

4. Proof of the Main Theorem

In order to prove the main statement, we proceed by establishing two
important preliminary statements. First, a remark on the notation adopted
in the sequel: if (xj)i, a sequence of points in the ring of generalized numbers,
is considered, then (xQ))s denote representatives of the xj’s. Furthermore,
for subsequent choices of nets of real numbers (Cs(i))s, and positive radii
ri, we denote by p; the negative logarithms of the ri’s (i = 1,2,...,) while
the euclidean models for the balls @i (zi) with radii r@ = Céi)spi to be
constructed are denoted by

Bl = B_ o @).
We start with the fundamental proposition:

Proposition 4.1. Let x1,z9 € H@(md r1, o be positive numbers such
that @1(:61) ) @2(@). Let (x&l))g be a representative of x1. Then the
following holds:

() There exists a net (Cél))g satisfying condition (E) and a representative
(x@)s of xo such that

xg) S B< cMep1 (wél)) (4.2)
=—E——

for each ¢ € I.
(i) Furthermore, for each net (CéQ))g satisfying condition (E) there exists
561) € I such that B& € BY for all e € (0,661)).

Proof. Proof of (i): We distinguish the following two cases:
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= S}_Ttxl), that is |xo — z1]|e = r1. For a given representative (959)E of
29, define G = |28 — 22|, Now, set ¢V = 2max({C{"|n > €}, 1).
Then not only Cél) > 0 for each parameter ¢, but also the net Cél) >0
is monotonically increasing with ¢ — 0, furthermore (4.2) holds, and we
are done with this case.

o 19 ¢ le), that is |zo — z1]e < r1. Set, for instance, Cs(l) = 1. For
each representative (959)8 of x5 it follows that

o) — 2| = o(c™)

and a representative satisfying the desired properties is easily found.

Proof of (ii): To show this we consider the asymptotic growth of (Cél))s,
(), eP1, P2 as well as the monotonicity of C{Y. Let y € B_c@¢p, ).
By the triangle inequality we have that

Cg(l)epl
2

ly — 2V < |y — 2@ | + |z — 2| < CPeP2 + . (43)

for all ¢ € I. We know further that by the monotonicity Ve € I : ctt) >
Célz)l =: ( so that

c?
gP2—P1 < 010(2)502—01' (4.4)
oW €
€

Moreover, since the sharp norm of Cé2) equals 1, for any « > 0 we have that

C? =o(c™®), (¢ —0),

which in conjunction with the fact that py > p; allows us to further estimate
the right hand side of (4.4): We obtain

c?
o

€

P27P1 = (1), (¢ — 0).

We plug this information into (4.3). This yields for su [ciehtly small ¢, say
e < 6(1)'
o -
Cél)apl N Cél)ap
2 2

and completes the proof. O

1
ly —alV| < = Ve (4.5)
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Proposition 4.2. Any nested sequence of closed balls in &—ddmits a

proper sequence of associated euclidean models.
Proof. \WWe proceed step by step so that we can easily read o [the induc-
tive argument of the proof in the end.

We may assume that for each i > 1, rj > rj11. Define p; := —log(ri) (so
that pj < pi4 for each i > 1).

Step 1.
Choose a representative (xél))8 of 1.
Step 2.

Due to Proposition (4.1)(i) we can choose a representative (95&2))8 of 25 and
a net (C’él))E of real numbers satisfying condition (E) such that

x§2) S B< c®ep1 (xgl))
="t =

forall e € 1.
Step 3.

Similarly, take a representative (929))8 of z3 and a net (6’8(2))5 of real numbers
satisfying condition (E) such that such that for each ¢ € I

0 e B_s@00 (). (4.6)
<Ceef2

Denote by s(()l) € I be the maximal ¢ such that the inclusion relation Béz) -
Bél) holds (cf. (ii) of Proposition 4.1). We show now, how to adjust our
choice of 9?&3), 58(2) such that condition (E) as well as the inclusion relation
(4.6) is preserved, however, we do this in a way such that we moreover

achieve the inclusion relation

B® ¢ BY (4.7)

for each e. For € < a(()l) we leave the choice unchanged, that is, we set

W) =30 0@ .= 5O
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For ¢ > 5(()1), however, we set

(1) .
) =20, c® .= min(C; PPz Oy, (4.8)

Therefore, (08(2))8 still satisfies condition (E), since it is still positive and
monotonically increasing with ¢ — 0. Next, it is evident that

¥ e B_ @ ().
<Ceef2

holds for each ¢ € I. Finally, by (4.8) it follows that the inclusion relation
(4.7) holds now for each ¢ € I. For the inductive proof of the statement one
formally proceeds as in Step 3. Let &£ > 1. Assume we have representatives

(xg))sv cee (wékﬂ))s
and nets of positive numbers
(CHe. (W< j<h),
satisfying condition (E), such that for each ¢ € I we have:

BSCél)gpl (M) 2 Bscéz)s” @)D Bscék_l)gpk—l @Dy,

and for some ") we have for each ¢ < c{* ™"

Bt (8T 2 B0, (1),

Furthermore we suppose the following additional property is satisfied: For
each ¢ € I we have:

2& TV eB 4 (@),
=S5ePk

where pk ;= —logrk. In the very same manner as above, we can now find
a representative (xg"“))g of xx42 and a net of numbers (Cg(k“))8 satisfying
condition (E) such that the above sequential construction can be enlarged
by one (k — k +1). O

The preceding proposition is a key ingredient in the proof of our main
statement Theorem 1.2:
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Proof. Let (B¥ |, Bi := Bl (x) (i > 1) be the given nested sequence
of dressed balls; due to Proposition 4.2, there exists a proper sequence of
associated euclidean models

(BM)e
such that for representatives (xg”)g of zj (i > 1) the above nets are given by
Béi) = BSC(i)Epi (acg)), pPi = — Iog Ti, Cs(i) e R,

for each (¢,7) € I x N. Since K is locally compact, for each ¢ € I we can
choose some z¢ € R such that

Te € Bi'B

€
i=1

since for each ¢ € I we have Bél) D) BéQ) D --- . By the construction of the
net (x¢)e, We have

fre — 20 < (e

for each ¢ € I. This shows that not only the net (xz¢)e is moderate (use
the triangle inequality), but also gives rise to a generalized number = =
(ze)e + N (K) with the property

|z — zile < 71j
for each 7. Therefore we have that

1
re B0
=1

i=
which yields the claim: & spherically complete. O
5. A Hahn-Banach Theorem

Let L be a subfield of & et (£, ||-||) be an ultrametric normed L-linear
space. We call ¢ an L- linear functional on E, if ¢ is an L- linear mapping
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on E with values in & is continuous if and only if

ol = sup 12D
oexrEl |||

< 00

We denote the space of all continuous L-linear functionals on E by EE.

Remark 5.1. Note that nontrivial subfields L of Ik-dxist. For instance,
one can choose K(a) with a = [(¢)e] € &8r its completion with respect to
| |e, the Laurent series over H@'Moreover, given an ultra-pseudo-normed
E-rhodule (G, P), the L-linear space E generated by elements of G is an an
ultrametric normed L-linear space.

Having introduced these notions we show that the following version of
the Hahn-Banach Theorem holds:

Theorem 5.2. Let V be an L-linear subspace of E and ¢ € V,_D. Then
¢ can be extended to some ¥ € E_ such that ||1|| = ||¢].

Proof. We follow the lines of the proof of Ingleton’s theorem (cf. [6]) in
the fashion of ([11], pp. 194-195). To start with, let V' be a strict L-linear
subspace of E and let a € E\ V. We first show that ¢ € V["can be extended
to ¢ € (V + La){ under conservation of its norm. To do this it is su [Cieht
to prove that such ¢ satisfies for each x € V:

W@ —a)l < ¥l llz - af

(@) — @) < llell - llz —al =:rx.

(5.9)

To this end define for each z in V' the dressed ball

Bx 1= Ber, (¢(x))-

Next we claim that the family {By | z € V'} of dressed balls is nested. To
see this, let x,y € V. By the linearity of ¢ and the ultrametric (strong)
triangle inequality we have

|o(@) = oW)le < llell - lz = yll < [lpll max(flz — all, [ly — all) = max(rx, ry).
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Therefore we have Bx C By or By C By. According to Theorem 1.2, &
spherically complete, therefore we can choose

—1
o€ By

x V1]

and further define v(a) := «. According to (5.9) we therefore have for each
z €V and for each A € L, 2

[ (z=Aa)le = Ao [¥(z/A=a)le <[A[erzan = [Ale- [l |2/ A=al[ =[]l [|z— Aa]

which shows that ¢ is an extension of ¢ onto V + La and [|¢|| = ||¢||.
The rest of the proof is the standard one-an application of Zorn’s
Lemma. |

Let (G, |-|) be an ultra-pseudo-normed I&-rhodule and denote by £(G, &)
the space of continuous linear functionals on G (according to the notation in
[3, 4]). We end this section by posing the following conjecture:

Conjecture 5.3. LetV be a submodule of G and let ¢ € L(V, H@ Then
@ can be extended to some element ¢ € L(G, T’ such that ||¢]| = |||

Appendix

Finally, it is worth mentioning that apart from the standard Fixed Point
Theorem due to Banach, a non-archimedean version is available in spheri-
cally complete ultrametric spaces (therefore, also on Kkf. [9], and for a
recent generalization cf. [10]):

Theorem 5.4. Let (M,d) be a spherically complete ultrametric space
and f: M — M be a mapping having the property

Yo,y € M :d(f(x), f(y)) < d(z,y).

Then f has a unique fixed point in M.

2Note that since E is a normed L-linear space, the restriction of | - [e to L is multiplicative.



“BNO2N34” — 2007/7/26 — 10:41 — page 783 — #15

2007] SPHERICAL COMPLETENESS OF GENERALIZED NUMBERS 783
Acknowledgment

I am indebted to Prof. M. Kunzinger (Vienna) and Prof. S. Pilipovit
(Novi Sad) for reading carefully the manuscript and for helpful advise. Also,
I thank the anonymous referee for valuable and detailed suggestions which
lead to the final form of this paper.

References

1. A. Delcroix, M. F. Hasler, S. Pilipovi¢ and V. Valmorin, Generalized function
algebras as sequence space algebras, Proc. Amer. Math. Soc., 132(2004), 2031-2038
(electronic).

2. A. Delcroix and D. Scarpalezos, Sharp topologies on (C,E,P)-algebras, in Non-
linear theory of generalized functions (Vienna, 1997), vol. 401 of Chapman & Hall/CRC
Res. Notes Math., Chapman & Hall/CRC, Boca Raton, FL, 1999, 165-173.

3. C. Garetto, Topological structures in Colombeau algebras: investigation of the
duals of G¢(Q), G(Q) and Gs(R"™), Monatsh. Math., 146(2005), 203-226.

4. —, Topological structures in Colombeau algebras: topological C-modules and
duality theory, Acta Appl. Math., 88(2005), 81-123.

5. M. Grosser, M. Kunzinger, M. Oberguggenberger and R. Steinbauer, Geometric
theory of generalized functions with applications to general relativity, vol. 537 of Mathe-
matics and its Applications, Kluwer Academic Publishers, Dordrecht, 2001.

6. W. Ingleton, The Hahn-Banach theorem for non-archimedean valued fields, Math.
Proc. Cambridge Philos. Soc., 48(1952), 41-45.

7. E. Mayerhofer, On the characterization of p-adic Colombeau-Egorov generalized
functions by their point values, to appear in Math. Nachr., (2006).

8. M. Oberguggenberger and M. Kunzinger, Characterization of Colombeau gener-
alized functions by their pointvalues, Math. Nachr., 203(1999), 147-157.

9. S. Priess-Crampe, Der Banachsche Fixpunktsatz fiir ultrametrische Rdume, Re-
sults Math., 18(1990), 178-186.

10. S. Priess-Crampe and P. Ribenboim, Fixed point and attractor theorems for ul-
trametric spaces, Forum Math., 12(2000), 53-64.

11. A. M. Robert, A course in p-adic analysis, vol.198 of Graduate Texts in Mathe-
matics, Springer-Verlag, New York, 2000.

University of Vienna, Faculty of Mathematics, Nordbergstrasse 15, 1090 Vienna, Austria.

E-mail: eberhard.mayerhofer@univie.ac.at



	1. Introduction
	2. Preliminaries
	3. Euclidean Models of Sharp Neighborhoods
	4. Proof of the Main Theorem
	5. A Hahn-Banach Theorem

