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THE OSCILLATION OF CERTAIN HIGH ORDER

PARTIAL DIFFERENCE EQUATIONS

BY

JINFA CHENG AND YUMING CHU

Abstract

In this paper, some criteria for the oscillation of the high

order partial difference equations of the form

T
i(xm,n+axm−k1,n−l1−bxm+k2,n+l2) = c(qxm−σ1,n−τ1+pxm+σ2,n+τ2)

are established, where c = ±1, i ∈ N = {1, 2, 3, . . .}.

1. Introduction

Partial difference equation are difference equations that involve functions

of two or more independent integer variables. Such equations are root in the

random walk problems, molecular orbits problems, mathematical physics

problems, and numerical difference approximation problems. In this paper,

we consider the oscillation of certain high order partial difference equations

of the form

T i(xm,n + axm−k1,n−l1 − bxm+k2,n+l2) = c(qxm−σ1,n−τ1 + pxm+σ2,n+τ2),

(Ei, c)

where c = ±1, i ∈ N, a, b, p and q are nonnegative real numbers, kj , lj , σj ,and

τj are nonnegative integer numbers, j = 1, 2.
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Now we define an operator T as follows

Txm,n=(∆1+∆2+I)xm,n, ∆1xm,n=xm+1,n−xm,n, ∆2xm,n=xm,n+1 − xm,n,

and Ixm,n = xm,n. That is to say Txm,n = xm+1,n + xm,n+1 − xm,n, and

define T 2xm,n = T (Txm,n), . . . , T
ixm,n = T (T i−1xm,n).

When i = 1, and a = b = p = 0, c = −1, B. G. Zhang in [1-3] had

studied the oscillation of the following equations

xm+1,n + xm,n+1 − xm,n + qxm−σ,n−τ = 0 (1.1)

and

xm+1,n + xm,n+1 − xm,n +

u∑

i=1

qixm−σi,n−τi = 0. (1.2)

R. P. Agrwal and S. R. Grace[6] had studied the oscillation of the fol-

lowing ordinary difference equations

∆i(xn + axm−k − bxn+l) = c(qxm−σ + pxn+τ ), (1.3)

where a, b, p and q are nonnegative real numbers, and k, l, σ, τ are nonnega-

tive integer numbers. These can be regarded as a type of special situation of

Eq.(Ei, c), some others oscillation results about one order partial difference

equation can be founded in [4,5] and the references therein.

But the oscillation of high order partial difference equations is of interest,

and the analysis of high order partial difference equations is fewer in the

past. The purpose of this paper is to establish some sufficient conditions,

involving the coefficients and the arguments only, under which all solutions

of Eq.(Ei, c) are oscillatory. The advantage of working with these condition

is that they are explicit, and therefore easily verifiable.

It is evident that the method of monotone sequence which was con-

structed by R. P. Agarwal and S. R. Grace can’t be used in handling partial

difference equations (Ei, c). So we must use new technique to the case of

partial difference equations. Furthermore, it will be noticed that our results
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improve all the corresponding theorems in [6] when the partial difference

Eq.(Ei, c) are degenerated to the ordinary difference equations (1.3).

2. Main Results and Proofs

Let {f(m,n)} be double-sequence, m,n ∈ N2
0 , N0 is a set of nonnegative

integer numbers. Define Z-transformation as follows

Z(f(m,n)) = F (z1, z2) =

∞∑

m=0

∞∑

n=0

f(m,n)z−m
1 z−n

2 , (2.1)

suppose that (2.1) is convergence for |zi| > γi, i = 1, 2.

In domain |zi| > γ1 and |zi| > γ2, (2.1) define a complex analytic func-

tion about variables z1 and z2. By the property of Z-transformation and

two dimensional analytic function, we have the following important lemma:

Lemma 1.([3]). Consider the liner homogeneous partial difference equa-

tions

xm+k,n+l +

s1∑

i=1

s2∑

j=1

qi,jxm+k−i,n+l−j = 0, (2.2)

where k, l are nonnegative integer numbers, and qi,j ∈ R, then the following

propositions are equivalent

(1) Every solution of Eq.(2.2) is oscillatory;

(2) The characteristic equation of (2.2)

λkµλ +

s1∑

i=1

s2∑

j=1

qi,jλ
k−iµl−j = 0 (2.3)

has no positive roots.

Now if i is odd, c = ±1, then we have

Theorem 1. Suppose that b > 0, p > 0, q > 0, kj,lj , σj , τj , j = 1, 2

are positive integer numbers, and assume that i < σ2 + τ2,k2 > σ2, l2 > τ2.
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If

p >
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+ a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
,

and either

q + p > b
(k2 − σ2)

k2−σ2 · (l2 − τ2)
l2−τ2ii

(k2 − σ2 + l2 − τ2 + i)k2−σ2+l2−τ2+i

or

q > b
(k2 + σ1)

k2+σ1 · (l2 + τ1)
l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
,

then Eq.(Ei, 1) is oscillatory.

Proof. The oscillation of Eq.(Ei, 1) is equivalent to the equation

T i(xm−σ2,n−τ2 + axm−k1−σ2,n−l1−τ2 − bxm+k2−σ2,n+l2−τ2)

= qxm−σ1−σ2,n−τ1−τ2 + pxm,n (2.4)

or

T i(xm+σ1,n+τ1 + axm−k1+σ1,n−l1+τ1 − bxm+k2+σ1,n+l2+τ1)

= qxm,n + pxm+σ2+σ1,n+τ2+τ1 . (2.5)

Its characteristic equation polynomial is

F (λ, µ) = (λ+ µ− 1)iλ−σ2µ−τ2 + a(λ+ µ− 1)iλ−k1−σ2µ−l1−τ2

−b(λ+ µ− 1)iλk2−σ2µl2−τ2 − qλ−σ1−σ2µ−τ1−τ2 − p (2.6)

or

F̃ (λ, µ) = (λ+ µ− 1)iλσ1µτ1 + a(λ+ µ− 1)iλ−k1+σ1µ−l1+τ1

−b(λ+ µ− 1)iλk2+σ1µl2+τ1 − q − pλσ2+σ1µτ2+τ1 . (2.7)

For F (λ, µ). (1) If λ+ µ > 1, then

F (λ, µ) < (λ+ µ− 1)iλ−σ2µ−τ2 + a(λ+ µ− 1)iλ−k1−σ2µ−l1−τ2 − p.

When λ = σ2

σ2+τ2−i
, µ = τ2

σ2+τ2−i
, (λ+µ− 1)iλ−σ2µ−τ2 attains its maximum.

When λ = k1+σ2

k1+σ2+l1+τ2−i
, µ = l1+τ2

k1+σ2+l1+τ2−i
, (λ + µ − 1)iλ−k1−σ2µ−l1−τ2
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attains its maximum. Therefor

F (λ, µ) <
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+ a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
.

Evidently, so long as

p >
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+ a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
,

we have F (λ, µ) < 0.

(2) If 0 < λ+ µ < 1, then

F (λ, µ) < −b(λ+ µ− 1)iλk2−σ2µl2−τ2 − q − p.

When λ = k2−σ2

k2−σ2+l2−τ2+i
, µ = l2−τ2

k2−σ2+l2−τ2+i
, −(λ + µ − 1)iλk2−σ2µl2−τ2

attains its maximum. Therefor

F (λ, µ) < −q − p+ b
(k2 − σ2)

k2−σ2(l2−τ2)
l2−τ2ii

(k2−σ2 + l2−τ2 + i)k2−σ2+l2−τ2+i
.

Provided that

q + p > b
(k2 − σ2)

k2−σ2(l2 − τ2)
l2−τ2 · ii

(k2 − σ2 + l2 − τ2 + i)k2−σ2+l2−τ2+i
,

we have F (λ, µ) < 0.

For F̃ (λ, µ), if 0 < λ+ µ < 1, then

F̃ (λ, µ) < −b(λ+ µ− 1)iλk2+σ1µl2+τ1 − q.

When λ = k2+σ1

k2+σ1+l2+τ1+i
, µ = l2+τ1

k2+σ1+l2+τ1+i
, −(λ + µ − 1)iλk2+σ1µl2+τ1

attains its maximum. Therefor, provided that

q > b
(k2 + σ1)

k2+σ1(l2 + τ1)
l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
,

we have F̃ (λ, µ) < 0.

That is to say, characteristic equation F (λ, µ) = 0 (or F̃ (λ, µ) = 0) have

no positive real roots, hence (Ei, 1) is oscillatory. �
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Theorem 2. Assume that b > 0, σ1− k1 ≥ 1, τ1− l1 ≥ 1 and k2−σ2+

l2 − τ2 > i, if

q >
σ σ1

1
τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i
+ a

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1 · ii

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i

and

p > b
(k2 + σ2 + l2 − τ2 − i)k2+σ2+l2−τ2−i

(k2 − σ2)k2−σ2(l2 − τ2)l2−τ2
,

then (Ei,−1) is oscillatory.

Proof. The oscillation of Eq.(Ei,−1) is equivalent to the equation

T i(xm−σ2,n−τ2 + axm−k1−σ2,n−l1−τ2 − bxm+k2−σ2,n+l2−τ2)

+qxm−σ1−σ2,n−τ1−τ2 + pxm,n = 0 (2.8)

or

T i(xm+σ1,n+τ1 + axm−k1+σ1,n−l1+τ1 − bxm+k2+σ1,n+l2+τ1)

+qxm,n + pxm+σ2+σ1,n+τ2+τ1 = 0. (2.9)

Its characteristic equation polynomial is

F (λ, µ) = (λ+ µ− 1)iλ−σ2µ−τ2 + a(λ+ µ− 1)iλ−k1−σ2µ−l1−τ2

−b(λ+ µ− 1)iλk2−σ2µl2−τ2 + qλ−σ1−σ2µ−τ1−τ2 + p (2.10)

or

F̃ (λ, µ) = (λ+ µ− 1)iλσ1µτ1 + a(λ+ µ− 1)iλ−k1+σ1µ−l1+τ1

−b(λ+ µ− 1)iλk2+σ1µl2+τ1 + q + pλσ2+σ1µτ2+τ1 . (2.11)

For F (λ, µ). If λ+ µ > 1, then

F (λ, µ) > −b(λ+ µ− 1)iλk2−σ2µl2−τ2 + p.

When λ = k2−σ2

k2−σ2+l2−τ2−i
, µ = l2−τ2

k2−σ2+l2−τ2−i
, (λ+µ−1)iλk2−σ2µl2−τ2 attains

its maximum. Therefor

F (λ, µ) > −b
(k2 − σ2 + l2 − τ2 − i)k2−σ2+l2−τ2−iii

(k2 − σ2)k2−σ2 · (l2 − τ2)l2−τ2
+ p.
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So long as

p > b
(k2 − σ2 + l2 − τ2 − i)k2−σ2+l2−τ2−i · ii

(k2 − σ2)k2−σ2 · (l2 − τ2)l2−τ2
,

we have F (λ, µ) > 0.

For F̃ (λ, µ). If 0 < λ+ µ < 1, then

F̃ (λ, µ) > (λ+ µ− 1)iλσ1µτ1 + a(λ+ µ− 1)iλ−k1+σ1µ−l1+τ1 + q.

When λ = σ1

σ1+τ1+i
, µ = τ1

σ1+τ1+i
, (λ + µ − 1)iλσ1µτ1 attains its minimum.

When λ = −k1+σ1

−k1+σ1−l1+τ1−i
, µ = −l1+τ1

−k1+σ1−l1+τ1−i
, (λ + µ − 1)iλ−k1+σ1µ−l1+τ1

attains its maximum. Therefor

F̃ (λ, µ) > −a
(−k1 + σ1)

−k1+σ1(−l1 + τ1)
−l1+τ1ii

(−k1 + σ1−l1+τ1 + i)−k1+σ1−l1+τ1+i
−

σσ1

1 τ τ11 ii

(σ1+τ1 + i)σ1+τ1+i
+ q.

Provided that

q > a
(−k1 + σ1)

−k1+σ1(−l1 + τ1)
−l1+τ1ii

(−k1 + σ1 − l1 + τ1 + i)−k1+σ1−l1+τ1+i
+

σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i
,

we have F̃ (λ, µ) > 0.

In a word, characteristic equation F (λ, µ) = 0 (or F̃ (λ, µ) = 0) have no

positive real roots, then (Ei,−1) is oscillatory. �

Next if i is even, c = ±1, then we have

Theorem 3. Suppose that b > 0, σ1−k1 ≥ 1, τ1−l1 ≥ 1, and σ2+τ2 > i,

if

q >
σσ1

1 τ τ11 · ii

(σ1 + τ1 + i)σ1+τ1+i
+ a ·

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i

and

p >
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+ a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−i · ii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
,

then (Ei, 1) is oscillatory.

Proof. Just the same as in the proof of Theorem 1. The oscillation
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of Eq.(Ei, 1) is equivalent to Eq.(2.4) and (2.5). Its characteristic equation

polynomial is (2.6) or (2.7).

For F (λ, µ), if λ+ µ > 1, then

F (λ, µ) < (λ+ µ− 1)iλ−σ2µ−τ2 + a(λ+ µ− 1)iλ−k1−σ2µ−l1−τ2 − p.

When λ = σ2

σ2+τ2−i
, µ = τ2

σ2+τ2−i
, (λ+ µ − 1)λ−σ2µ−τ2 attains its maximum.

When λ = k1+σ2

k1+σ2+l1+τ2−i
, µ = l1+τ2

k1+σ2+l1+τ2−i
, (λ + µ − 1)λ−k1−σ2µ−l1−τ2 at-

tains its maximum. Hence

F (λ, µ)<
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−i.ii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
−p.

So long as

p >
(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22
+ a

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−i.ii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
,

we have F (λ, µ) < 0.

For F̃ (λ, µ). If 0 < λ+ µ < 1, then

F̃ (λ, µ) < (λ+ µ− 1)iλσ1µτ1 + a(λ+ µ− 1)iλσ1−k1µτ1−l1 − q.

When λ = σ1

σ1+τ1+i
, µ = τ1

σ1+τ1+i
, (λ + µ − 1)iλσ1µl1 attains its maximum.

When λ = σ1−k2
σ1−k1+τ1−l1+i

, µ = τ1−l1
σ1−k1+τ1−l1+i

, (λ+µ− 1)iλσ1−k1µτ1−l1 attains

its maximum. Therefor, provided that

q >
σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i
+ a

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1ii

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i
,

We have F̃ (λ, µ) < 0.

That is to say, characteristic equation F (λ, µ) = 0 ( or F̃ (λ, µ) = 0)

have no positive real roots, hence (Ei, 1) is oscillatory. �

Theorem 4. Assume that b > 0, σ2 − k2 + τ2 − l2 > i, if

q > b
(k2 + σ1)

k2+σ1(l2 + τ1)
l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l1+τ1+i
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and

p > b
(σ2 − k2 + τ2 − l2 − i)σ2−k2+τ2−l2−iii

(σ2 − k2)σ2−k2(τ2 − l2)τ2−l2
,

then (Ei,−1) is oscillatory.

Proof. Just the same as Theorem 2. The oscillation of Eq.(Ei,−1)

is equivalent to Eq.(2.8) or (2.9). Its characteristic equation polynomial is

(2.10) or (2.11).

For F (λ, µ), if λ+ µ > 1, then

F (λ, µ) > −b(λ+ µ− 1)iλ−(σ2−k2)µ−(τ2−l2) + p.

When λ = σ2−k2
σ2−k2+τ2−l2−i

, µ = τ2−l2
σ2−k2+τ2−l2−i

, (λ+ µ− 1)iλ−(σ2−−k2)µ−(τ2−l2)

attains its maximum. Hence

F (λ, µ) > −b
(σ2 − k2 + τ2 − l2 − i)σ2−k2+τ2−l2−iii

(σ2 − k2)σ2−k2(τ2 − l2)τ2−l2
+ p,

provided that

p > b
(σ2 − k2 + τ2 − l2 − i)σ2−k2+τ2−l2−iii

(σ2 − k2)σ2−k2(τ2 − l2)τ2−l2
,

we have F (λ, µ) > 0.

For F̃ (λ, µ). If 0 < λ+ µ < 1, then

F̃ (λ, µ) > −b(λ+ µ− 1)iλk2+σ1µl2+τ1 + q.

When λ = k2+σ1

k2+σ1+l2+τ1+i
, µ = l2+τ1

k2+σ1+l2+τ1+i
, (λ+µ− 1)iλk2+σ1µl2+τ1 attains

its maximum. Hence

F̃ (λ, µ) > −b
(k2 + σ1)

k2+σ1(l2 + τ1)
l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
+ q.

So long as

q > b
(k2 + σ1)

k2+σ1(l2 + τ1)
l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
,

we have F̃ (λ, µ) > 0.
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In a word, characteristic equation F (λ, µ) = 0 (or F̃ (λ, µ) = 0) have no

positive real roots, hence (Ei,−1) is oscillatory. �

3. Some Remarks

1. It is remarkable that our results are also valid if we define operation

Txm,n = (r∆1 + s∆2 + tI),

where ∆1xm,n = xm+1,n − xm,n, ∆2xm,n = xm,n+1 − xm,n, Ixm,n =

xm,n, s, t > 0, and r + s− t > 0.

As an example, we verify the equations (Ei, 1). Its characteristic equa-

tion polynomial is

F (λ, µ) = [rλ+ sµ− (r + s− t)]iλ−σ2µ−τ2

+a[rλ+ sµ− (r + s− t)]iλ−k1−σ2µ−l1−τ2

−b[rλ+ sµ− (r + s− t)]iλk2−σ2µl2−τ2 − qλ−σ1−σ2µ−τ1−τ2 − p

or

F̃ (λ, µ) = [rλ+ sµ− (r + s− t)]iλσ1µτ1

+a[rλ+ sµ− (r + s− t)]iλ−k1+σ1µ−l1+τ1

−b[rλ+ sµ− (r + s− t)]iλk2+σ1µl2+τ1 − q − pλσ2+σ1µτ2+τ1 .

(1) If rλ+ sµ > r + s− t, then

F (λ, µ) < [rλ+ sµ− (r + s− t)]λ−σ2µ−τ2

+a[rλ+ sµ− (r + s− t)]iλ−k1−σ2µ−l1−τ2 − p.

When λ = r+s−t
r

σ2

σ2+τ2−i
, µ = r+s−t

s
τ2

σ2+τ2−i
, [rλ+ sµ− (r+ s− t)]iλ−σ2µ−τ2

attains its maximum rσ2sτ2

(r+s−t)σ2+τ2−i

(σ2+τ2−i)σ2+τ2−iii

σ
σ2
2

τ
τ2
2

.

When λ = r+s−t
r

k1+σ2

k1+σ2+l1+τ2−i
, µ = r+s−t

r
l1+τ2

k1+σ2+l1+τ2−i
, [rλ+sµ−

(r + s− t)]iλ−k1−σ2µ−l1−τ2 attains its maximum

rk1+σ2sl1+τ2

(r + s− t)k1+σ2+l1+τ2−i

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
.
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Therefor

F (λ, µ) <
rσ2sτ2

(r + s− t)σ2+τ2−i

(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22

+a
rk1+σ2sl1+τ2

(r + s− t)k1+σ2+l1+τ2−i

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
− p.

Evidently, so long as

p >
rσ2sτ2

(r + s− t)σ2+τ2−i

(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22

+a
rk1+σ2sl1+τ2

(r + s− t)k1+σ2+l1+τ2−i

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
,

we have F (λ, µ) < 0.

(2) If 0 < rλ+ sµ < r + s− t.

(I) If i is odd, then

F (λ, µ) < −b[rλ+ sµ− (r + s− t)]iλk2−σ2µl2−τ2 − q − p.

When λ = r+s−t
r

k2−σ2

k2−σ2+l2−τ2+i
, µ = r+s−t

s
l2−τ2

k2−σ2+l2−τ2+i
, −[rλ+sµ− (r+s−

t)]iλk2−σ2µl2−τ2 attains its maximum

b
(r + s− t)k2−σ2+l2−τ2+i

rk2−σ2sl2−τ2

(k2 − σ2)
k2−σ2(l2 − τ2)

l2−τ2ii

(k2 − σ2 + l2 − τ2 + i)k2−σ2+l2−τ2+i
.

Hence

F (λ, µ)<−q−p+b
(r+s−t)k2−σ2+l2−τ2+i

rk2−σ2sl2−τ2

(k2 − σ2)
k2−σ2(l2 − τ2)

l2−τ2ii

(k2−σ2+l2−τ2+i)k2−σ2+l2−τ2+i
.

Provided that

q + p > b
(r + s− t)k2−σ2+l2−τ2+i

rk2−σ2sl2−τ2

(k2 − σ2)
k2−σ2(l2 − τ2)

l2−τ2 · ii

(k2 − σ2 + l2 − τ2 + i)k2−σ2+l2−τ2+i
,

we have F (λ, µ) < 0.

For F̃ (λ, µ). We have

F̃ (λ, µ) < −b[rλ+ sµ− (r + s− t)]iλk2+σ1µl2+τ1 − q.
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When λ = r+s−t
r

k2+σ1

k2+σ1+l2+τ1+i
, µ = r+s−t

s
l2+τ1

k2+σ1+l2+τ1+i
, −[rλ+sµ− (r+s−

t)]iλk2+σ1µl2+τ1 attains its maximum

(r + s− t)k2+σ1+l2+τ1+i

rk2+σ1sl2+τ1

(k2 + σ1)
k2+σ1(l2 + τ1)

l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
.

Therefor provided that

q > b
(r + s− t)k2+σ1+l2+τ1+i

rk2+σ1sl2+τ1

(k2 + σ1)
k2+σ1(l2 + τ1)

l2+τ1ii

(k2 + σ1 + l2 + τ1 + i)k2+σ1+l2+τ1+i
,

we have F̃ (λ, µ) < 0.

(II) If i is even, then

F̃ (λ, µ) < [rλ+ sµ− t]iλσ1µτ1 + a[rλ+ sµ− t]iλσ1−k1µτ1−l1 − q.

When λ = r+s−t
r

σ1

σ1+τ1+i
, µ = r+s−t

s
τ1

σ1+τ1+i
, [rλ + sµ − t]iλσ1µl1 attains

its maximum (r+s−t)σ1+τ1+i

rσ1sτ1
σ
σ1
1

τ
τ1
1

ii

(σ1+τ1+i)σ1+τ1+i . When λ = r+s−t
r

σ1−k2
σ1−k1+τ1−l1+i

,

µ = r+s−t
s

τ1−l1
σ1−k1+τ1−l1+i

, [rλ+ sµ− t]iλσ1−k1µτ1−l1 attains its maximum

(r + s− t)σ1−k1+τ1−l1+i

rσ1−k1sτ1−l1

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1ii

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i
.

Therefor, provided that

q >
(r + s− t)σ1+τ1+i

rσ1sτ1

σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i

+a
(r + s− t)σ1−k1+τ1−l1+i

rσ1−k1sτ1−l1

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1ii

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i
,

We have F̃ (λ, µ) < 0.

From the above discussion we can obtain

Theorem 5. Suppose that b > 0, p > 0, q > 0, kj , lj , σj, τj, (j = 1, 2)

are positive integer numbers, and assume that i < σ2 + τ2, k2 > σ2, l2 > τ2,
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and

p >
rσ2sτ2

(r + s− t)σ2+τ2−i

(σ2 + τ2 − i)σ2+τ2−iii

σσ2

2 τ τ22

+a
rk1+σ2sl1+τ2

(r + s− t)k1+σ2+l1+τ2−i

(k1 + σ2 + l1 + τ2 − i)k1+σ2+l1+τ2−iii

(k1 + σ2)k1+σ2(l1 + τ2)l1+τ2
.

If

q + p > b
(r + s− t)k2−σ2+l2−τ2+i

rk2−σ2sl2−τ2

(k2 − σ2)
k2−σ2(l2 − τ2)

l2−τ2 · ii

(k2 − σ2 + l2 − τ2 + i)k2−σ2+l2−τ2+i

for i is odd and

q >
(r + s− t)σ1+τ1+i

rσ1sτ1

σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i

+a
(r + s− t)σ1−k1+τ1−l1+i

rσ1−k1sτ1−l1

(σ1 − k1)
σ1−k1(τ1 − l1)

τ1−l1ii

(σ1 − k1 + τ1 − l1 + i)σ1−k1+τ1−l1+i

for i is even, then Eq.(Ei, 1) is oscillatory.

If double-sequence xm,n is degenerated to single-sequence xm, that is

to say, when the partial difference equations (Ei, 1) is degenerated to the

ordinary difference equations

∆i(xn + axm−k − bxn+l) = c(qxm−σ + pxn+τ ),

(In fact, at this moment, l1 = l2 = τ1 = τ2 = 0, and r = 1, s = t = 0 in

Eq.(Ei, 1)), then from Theorem 5 we can easily obtain

Corollary 1. Suppose that σ2 > i, k2 > σ2, b > 0, and

p >
(σ2 − i)σ2−iii

σσ2

2

+ a
(k1 + σ2 − i)k1+σ2−iii

(k1 + σ2)k1+σ2
.

If

q + p > b
(k2 − σ2)

k2−σ2 · ii

(k2 − σ2 + i)k2−σ2+i
for m is odd
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and

q >
σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i
+ a

(σ1 − k1)
σ1−k1ii

(σ1 − k1 + i)σ1+i
for m is even,

then Eq.(Ei,−1) is oscillatory.

Since

(σ2 − i)σ2−iii

σσ2

2

+ a
(k1 + σ2 − i)k1+σ2−iii

(k1 + σ2)k1+σ2
< (1 + a)

(σ2 − i)σ2−iii

σσ2

2

and

σσ1

1 τ τ11 ii

(σ1 + τ1 + i)σ1+τ1+i
+ a

(σ1 − k1)
σ1−k1ii

(σ1 − k1 + i)σ1+i
< (1 + a)

(σ1 − k1)
σ1−k1ii

(σ1 − k1 + i)σ1+i
,

hence Corollary 1 is essentially new, which improve Theorem 1 in [6].

Making use of the same discussion as above we can obtain

Corollary 2. Let b > 0, σ2 > k2 + i, σ1 > k1, and

p > b
ii(σ2 − k2 − i)σ2−k2−i

(σ2 − k2)σ2−k2
.

If

q >
σσ1

1
ii

(σ1 + i)σ1+i
+ a

(σ1 − k1)
σ1−k1 · ii

(σ1 − k1 + i)σ1−k1+i
for i is odd

and

q > b
(k2 + σ1)

k2+σ1ii

(k2 + σ1 + i)k2+σ1+i
for i is even,

then Eq.(Ei,−1) is oscillatory.

Since

σσ1

1
ii

(σ1 + i)σ1+i
+ a

(σ1 − k1)
σ1−k1 · ii

(σ1 − k1 + i)σ1−k1+i
< (1 + a)

(σ1 − k1)
σ1−k1 · ii

(σ1 − k1 + i)σ1−k1+i
,

therefor our Corollary 2 is essentially new, which improve Theorem 2 in

[6]. Making use of the same discussion as above we can improve some other
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theorems in ordinary difference equation theory, such as:

∆i(xn + axm−k − bxn+l) = c(qxm−σ + pxn+τ ),

∆i(xn − axm−k − bxn+l) = c(qxm−σ + pxn+τ )

and

∆i(xn + axm−k + bxn+l) = c(qxm−σ + pxn+τ ).

We omit the details here.

2. It can be extended to operation

Txm,n = (r∆g
1 + s∆h

2 + tI),

where ∆g
1xm,n = xm+g,n − xm,n, ∆

h
2xm.n = xm,n+h − xm,n, Ixm,n = xm,n.

s, t > 0, and r + s− t > 0. Here we omit the details.

3. Using the same technique and method, it is remarkable that our

results are still valid for Eq.(Ei,c) if p = 0 or q = 0 (but not p = q = 0) and

provided that ab = 0. The details are omitted.

Acknowledgment

The authors would like to thank Professor R. P. Agarwal and Professor

B. G. Zhang for sending us their papers [1,6]. Actually, the results in this

paper were inspired by their papers.

References

1. B. G. Zhang, Oscillation of delay partial difference equations, Progr. Natur. Sci.,

11(2001), no.5, 321-330.

2. B. G. Zhang and S. T. Liu, Necessary and sufficient conditions for oscillations

of hyperbolic type partial difference, Advances in Difference Equations (Veszprém, 1995),

649-656, Gordon and Breach, Amsterdam, 1997.

3. B. G. Zhang and S. T. Liu, Necessary and sufficient conditions for oscillations of

partial difference equations, Dyn. Contin. Discrete Impuls. Syst., 3(1997), no.1, 89-96.

4. R. P. Ararwal and Y. Zhou, Oscillation of partial difference equations with con-

tinuous variables, Math. Comput. Modelling, 31(2000), no.2-3, 17-29.

5. S. S. Cheng and B. G. Zhang, Qualitative theory of partial difference equations

I. Oscillation of nonlinear partial difference equations, Tamkang J. Math., 25(1994), no.3,

279-288.



522 JINFA CHENG AND YUMING CHU [December

6. R. P. Agarwal and S. R. Grace, The oscillation of certain difference equations,

Math. Comput. Modelling, 30(1999), no.1-2, 53-66.

7. J. F. Cheng, Oscillations of higher-order mixed neutral differential equations, J.

Systems Sci. Math. Sci., 21(2001), no.3, 287-291 (In Chinese).

8. J. F. Cheng, Oscillation criteria for m-th order neutral functional difference equa-

tions, Acta Math. Sinica, 45(2002), no.6, 1207-1212 (In Chinese).

Department of mathematics, Xiamen University, Xiamen 361005, P.R. China.

E-mail: jfcheng@xmu.edu.cn

Department of mathematics, Huzhou Teachers College, Huzhou 313000, P.R. China.

E-mail: chuyuming@hutc.zj.cn


	1. Introduction
	2. Main Results and Proofs
	3. Some Remarks

