Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 2 (2007), No. 2, pp. 179-220

A LONG WAVE APPROXIMATION FOR
CAPILLARY-GRAVITY WAVES AND
THE KAWAHARA EQUATION

BY

TATSUO IGUCHI

Abstract

The Kawahara equation is a higher-order Korteweg-de
Vries equation with an additional fifth order derivative term. It
was derived by Hasimoto as a model of capillary-gravity waves in
an infinitely long canal over a flat bottom in a long wave regime
when the Bond number is nearly one third. In this paper, we give
a mathematically rigorous justification of this modeling and show
that the solution of the Kawahara equation approximates that of
the full problem of capillary-gravity waves in an appropriate sense
for a long time interval. We also consider the case where the bot-
tom is not flat and derive coupled Kawahara type equations whose

solution approximates that of the full problem in that case.

1. Introduction

We are concerned with a two-dimensional, irrotational flow of an incom-
pressible ideal fluid with a free surface under the gravitational field. The
domain occupied by the fluid is bounded from below by a solid bottom and
above by an atmosphere of constant pressure. The upper surface is a free
boundary and we take the influence of the surface tension into account on

the free surface. Our main interest is the motion of the free surface, which
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is called a capillary-gravity wave. In the case without the surface tension, it
is called a gravity wave or a water wave.

Mathematically, the problem is formulated as a free boundary problem
for the incompressible Euler equation with the irrotational condition. After
rewriting the equations in an appropriate non-dimensional form, we have
two non-dimensional parameters § and e the ratio of the water depth h
to the wave length A\ and the ratio of the amplitude of the free surface a
to the water depth h, respectively, and another non-dimensional parameter
1 called the Bond number, which comes from the surface tension on the
free surface. The waves characterized by the physical condition § < 1 are
called long waves or shallow water waves, but there are several long wave
approximations according to relations between ¢ and §. For example, we
have the following three long wave regimes.

(I) The shallow water regime: £ =1 and § < 1.
(IT) The Korteweg-de Vries regime: € = 62 < 1 and p # %

III) The Kawahara regime: ¢ = 6* < 1 and p = + + vel/2.
3

In the shallow water regime we obtain the so-called shallow water equa-
tions as the limit § — 0. The shallow water equations have the same form
as one-dimensional compressible Euler equation for an isentropic flow of a
gas of the adiabatic index 2 and its solution generally has a singularity in
finite time even if the initial data are sufficiently smooth. Therefore, this
long wave regime is used to explain breaks of water waves. In the long wave
regime (II), Korteweg and de Vries [24] derived a very notable equation,
which is called the KdV equation, from the equations for capillary-gravity
waves. The KdV equation takes of the form

1
+2u; + 3uu, + (5 — ,u) Ugze = 0.

When p = %, this equation degenerates to the inviscid Burgers equation. In
connection with this critical Bond number, Hasimoto [10] derived a higher-
order KdV equation of the form

1
+2up + 3uty — Vigyr + Eumpxww =0

in the long wave regime (III), which is nowadays called the Kawahara equa-
tion. Historically, this type of equation was first found by Kakutani and
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Ono [18] in an analysis of magnet-acoustic waves in a cold collision free
plasma. Then, Hasimoto [10] derived the above equation from capillary-
gravity waves. Kawahara [23] studied this type of equation numerically and
observed that the equation has both oscillatory and monotone solitary wave
solutions.

There are several results giving a mathematically rigorous justification
for the long wave approximations. The justification of the shallow water
equations was given by Ovsjannikov [35] under the periodic boundary con-
dition with respect to the horizontal spatial variable, and then by Kano and
Nishida [20]. In order to guarantee the existence of the solution for the full
equations, they used an abstract Cauchy-Kowalevski theorem in a scaled Ba-
nach space due to Ovsjannikov [33, 34] and its modified version by Nirenberg
[29] and Nishida [30], so that the analyticity of the initial data is required.
Kano and Nishida [21] also established the Friedrichs expansion, which is
an expansion of the solution with respect to §2. Similar arguments in the
three-dimensional case are found in Kano [19]. Here, it should be mentioned
that these results were given in a class of analytic functions and that the
justification in the framework of Sobolev spaces is still untouched.

Concerning the KdV approximation for water waves, Kano and Nishida
[22] gave the justification in a class of analytic functions. Based on the
existence theorem due to Nalimov [27] and Yosihara [46], Craig [6] gave the
justification in the framework of Sobolev spaces. In the long wave regime
(IT), the dynamics of the free surface is approximately translation of two
waves without change of the shape, one moving to the right and the other to
the left, for a short time interval 0 < ¢ < O(1). The dynamics of each waves
is very slow so that it is invisible for the short time interval. By introducing
a slow time scale 7 = €t, the dynamics can be visible and described by the
KdV equation for a long time interval 0 < ¢ < O(1/¢). One of the difficulties
in the justification is to obtain a uniform estimate with respect to € of the
solution of the initial value problem for the full water waves for the long
time interval. Craig established well the estimate under a restriction on
the initial data which emphasizes that the wave is almost one-directional.
Then, Schneider and Wayne gave the justification without assuming the one-
directional motion of the wave in [38] and extended it to the capillary-gravity
waves in [40]. They showed that the interactions between two waves are
negligible so that the solution of the full water wave problem is approximated
by a sum of the solutions, which are appropriately scaled, of the decoupled
KdV equations for the long time interval. However, they treated the problem
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in unscaled variables, whereas Craig treated it in the scaled variables called
Boussinesq ones. Let 7j(#,%) and n(z,t) be the wave heights measured from
an undisturbed wave level in unscaled and the scaled variables, respectively.

In the long wave regime (II), these are related by the formula 7(Z,t) =
677(61/ 2z, et/ 2f), so that their norms in the Sobolev space H™ are related by

17 D5 = 3¢ DN + 10z, DI + - + |05 A, )|
= 2 (InC,e 2D +eldun(, e 2DP+- - +e™OT 0 (e 2D,

This means that the norm of the Sobolev space in unscaled variables corre-
sponds to the weighted (with respect to €) norm of the Sobolev space in the
Boussinesq variables and that uniform estimates of the solution in unscaled
variables do not give those in the Boussinesq ones. The latter uniform es-
timates are very important when one tries to justify the formal derivation
of the KdV equation by nonlinear perturbation methods, because in the
methods one treats the equations in the Boussinesq variables and assumes
tacitly the uniform boundedness with respect to € of the solution and its
derivatives. Therefore, the estimates obtained by Schneider and Wayne are
somewhat weak and do not recover those by Craig even if the initial data are
restricted in order that the wave is almost one-directional. Moreover, from
the viewpoint of well-posedness of the initial value problem, one should esti-
mate the solution in the same class (Sobolev space) and in the same variables
(Boussinesq ones) as those of the initial data. Note that they assumed the
uniform boundedness in the Sobolev space of the initial data in the Boussi-
nesq variables. Recently, in [14] the author gave the justification of this KAV
approximation for capillary-gravity waves together with uniform estimates
of the solution and the estimate of the error term in the Boussinesq vari-
ables. It was shown that the norm of the error term in the Sobolev space is
of order €, which is the optimal rate, while in Schneider and Wayne [40] the

L>®-norm of the error term is of order ¢!/6

. Moreover, the author considered
this KdV approximation in the case where the bottom is not flat and studied
an effect of the bottom to the approximation, and then coupled KdV type

equations were derived.

The motion of the free surface in the long wave regime (III) is somewhat
similar to that in the regime (II), that is, the dynamics of the free surface
is approximately translation of two waves without change of the shape, one
moving to the right and the other to the left, for a short time interval 0 <
t < O(1). By introducing a slow time scale 7 = et, we see that the dynamics
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of each waves can be described by the Kawahara equation for a long time
interval 0 <t < O(1/e). In [40] Schneider and Wayne also discussed the
validity of this Kawahara approximation. However, they treated the problem
in unscaled variables so that their estimates do not give uniform estimates of
derivatives of the solution in the scaled variables. One of the main purpose
of this paper is to refine the result due to Schneider and Wayne by giving
uniform estimates of the solution in the scaled variables. Another purpose
is to analyze this long wave approximation in the case where the bottom is
not flat and to derive simple equations (coupled Kawahara type equations)
whose solution approximates that of the original equations for a long time
interval 0 <t < O(1/e). We remark that the time interval of existence is the
same order as that in [40] but estimates of the solution, especially those of
its derivatives, are much stronger than those in [40] and that the norm of the

1/2 " which is the optimal rate,

error term in the Sobolev space is of order ¢
while in [40] the L>°-norm of the error term is of order £/%. See Remark 4.2

for the details.

There are many papers studying the effect of an uneven bottom on
the long wave approximations for water waves. By introducing appropriate
coordinate-stretching and applying a reductive perturbation method, Kaku-
tani [17] derived a KdV type equation with variable coefficients and a lowest
order term. Rosales and Papanicolaou [37] studied the effect of periodic and
random bottom topography. In the former case they derived the KdV equa-
tion with effective coefficients, which are constants, by using a perturbation
method combined with a multiscale ansatz. Moreover, they showed that the
waves are delayed with respect to a flat bottom because of an uneven pe-
riodic bottom. Recently, Craig, Guyenne, Nicholls, and Sulem [7] extended
the work of Rosales and Papanicolaou [37] to the case of bottom topography
with multiple spatial scales and the three dimensional case. They adopted
a Hamiltonian formulation of the problem, which goes back to the work of
Zakharov [48] in the case of deep water, and derived systematically the KdV
and the KP equations with effective coefficients by using an asymptotic anal-
ysis of multiple scale operators and the homogenisation. In these results they
treated the case where the amplitude of the bottom variations is of order 1,
whereas in this paper we assume that it is of order €. Therefore, we treat
the problem in an easier case. However, we give the existence theorem of the
initial value problem for the full problem together with uniform estimates of
the solution for an appropriately long time interval, which is very important
in order to give a mathematically rigorous justification of the approximation.
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This part was untouched in the above papers, and we also leave it open in
the case where no assumptions is posed on the bottom variations.

The contents of this paper are as follows. In section 2 we formulate
the problem, rewrite it in a non-dimensional form and transform it into an
equivalent problem according to [13, 14]. In section 3 we give several prop-
erties of the Dirichlet-to-Dirichlet map K for the Cauchy-Riemann operator
which occurs in the transformed problem. In section 4 we formally derive
coupled Kawahara type equations as a long wave approximation and give
the statements of our main theorems. In section 5 we reduce the system de-
rived in section 2 to a quasi-linear system of equations. In section 6 we give
several estimates for remainder terms appearing in the quasi-linearization.
Finally, in section 7, by applying the energy estimates established in [14] to
the quasi-linear equations derived in section 5 we prove the main theorems.
In Appendix we give a priori estimates for the Kawahara equation.

Notation. For s € R, we denote by H® the Sobolev space of order s
on R equipped with the inner product (u,v)s = 1 fR (14 52)“(5)@(5)(15,
where 4 is the Fourier transform of u, that is, 4 fR e ™ dx. We
put ||ulls = v/(u,u)s, (u,v) = (u,v)o, and |Ju|| = ||u||0 For a non—negative
integer m and a real v, we denote by H™" the weighted Sobolev space
on R equipped with the norm |julm, = (312, |](a:>'y(%)lu”2)l/2, where
(x) = (1+22)/2. For 1 < p < 00, we denote by ||, the norm of the Lebesgue
space LP = LP(R). For a non-negative integer m, we denote by W""> the

Banach space of all functions u = u(x) on R such that (%)lu € L*> for
0 <1 < m with the norm ||u||ym.~ = maxo<i<m |(%)lu|oo. For 0 < T < oo,
a non-negative integer j, and a Banach space X, we denote by C7(]0,T]; X)
the Banach space of all functions of C7-class on the interval [0,7] with the
value in X. A pseudo- diﬁerential operator P(D) D=—i+ d , with a symbol

P(¢) is defined by P(D)u(z) = 5= [g P(&)a(£)e™ d¢. For operators A and
B, we denote by [A, Bl = AB— BA the commutator. Throughout this paper,
we denote inessential constants by the same symbol C.

2. Formulation of the Problem

We assume that the domain €(t) occupied by the fluid at time ¢ > 0,
the free surface I'(t), and the bottom ¥ are of the forms

Q) = {(z,y) € R2; b(z) <y < h+n(z,t)},
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I'(t) = {(z,y) eR*;y=h+n(x1)},
Y = {(z,y) eR*; y=b(x)},

where h is the mean depth of the fluid. In this paper b is a given function,
while 7 is the unknown. The motion of the fluid is described by the velocity
v = (v1,v2) and the pressure p satisfying the equations

{ p(ve+ (v V)v) + Vp=—p(0,9),

2.1
V-v=0, Vt-o=0 in Q(), t>0, 21)

where p is the constant density and ¢ is the gravitational constant. It is
assumed that both p and g are positive constants. The dynamical and the

kinematical boundary conditions on the free surface are given by

{pzpo—JH,

(at + - V) (y — n(m,t)) =0 on F(t), t> 0, (2.2)

where pg is the atmospheric pressure, o is the surface tension coefficient, and
H is the curvature of the free surface. It is assumed that pg is a constant
and o is a positive constant. In our parametrization of the free surface the

curvature H at the point (ac, h +n(z, t)) is written as

Hz,t) = (1 + (na(a,)) " Pnu(a,t) .

The boundary condition on the bottom is given by

v-N=0 on X, t>0, (2.3)
where N is the unit normal vector to ¥. Finally, we impose the initial
conditions

77(1'7 0) = 770($)7 U($7y70) = U0($7y)' (24)

It is assumed that the initial data satisfy the compatibility conditions, that

18,
V-vg=0, V%i-yy=0 in Q(0),
v N=0 on X.

We proceed to rewrite the equations (2.1)—(2.4) in an appropriate non-
dimensional form. Let A be a horizontal characteristic length of the wave
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and a the maximum vertical amplitude of the free surface. We introduce
three non-dimensional parameters 9, €, and u by

h a o
0=—, e€=—, and =—
A 9 h 9 M pgh2
respectively. In this paper we will consider an asymptotic behavior of capill-
ary-gravity waves when § and ¢ tend to zero keeping the relations

1
0t =¢ and ,u:§+1/51/2,

where v is a constant. We rescale the independent and dependent variables
by
- - A
r=X\¢, y=hy, t=-—t,

a 5 a - 2.
UIZE\/ghvla vzzxvghvz, (2:5)

p=po+pghp, n=aij, b=ab.

S

We call these new variables Boussinesq ones. Here, we note that the function
b of the bottom is rescaled by a the maximum vertical amplitude of the free
surface. Putting these into (2.1)—(2.4) and dropping the tilde sign in the
notation we obtain

evit + 2(V1v1y + vov1y) + Py = 0,
£3/2vgy + €5/2(v1va + vavay) +py + 1 =0, (2.6)

Vig +v2y =0, vy — 1209, =0 in Q°(¢), t>0,

p=—2pu((1+ 22~ 2n,) 27
N + evingy — vy =0 on I¢(t), t>0, '

eb/vi —vo =0 on X, t>0, (2.8)

77(95,0) = 770(513), U(l‘,y,O) = UO(:L'ay)’ (29)

where

Q°(t) = {(z,y) eR%:eb(z) <y < 1+ en(z,t)},
r°(t) = {(z,y) eR*; y =1 +en(x,1)},

~—
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¥ = {(z,y) € R%; y = eb(x)}.
The function b and the initial data 79 and vg may depend on e.

According to [13, 14], we reformulate the initial value problem (2.6)-

(2.9) as a problem on the free surface. Put
u(z,t) = vz, 1 +en(z, t),t),

which is the boundary value of the velocity on the free surface. Then, we

see that the unknowns 7 and u = (uy,ug) are governed by the equations

Uit + Ny + EUTULE + 53/277:c(u2t + E'LL1U2I)
= (1 + ) )

zx’

(2.10)
N+ eurng — uz =0,
ug = K(n,b,e)uy for t>0,
n=m, u=u at t=0, (2.11)

where K = K(n,b,¢) is a linear operator depending on 7, b, and &, whose
explicit form will be given in the next section. We refer to [14] for the
derivation of these equations. This is the initial value problem that we are
going to investigate in this paper. Here, we emphasize that the initial value
problem (2.10) and (2.11) is equivalent to (2.6)—(2.9) and that we did not

neglect any terms in the derivation of (2.10).

3. The Operator K

The Dirichlet-to-Dirichlet map K for the Cauchy-Riemann equations

can be written explicitly in terms of integral operators as
K= —5—1/4(% - Bg)_lBl, (3.1)

where
B = Ay + (74 As¥ — 4g) (5 + As + 4 Aw)  Ar,

2 B (3.2)
By = Ay — (694 A5 — Ag) (5 + As + 55/4A4b’) As.
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Here, Ay, ..., Ag are integral operators, which map real valued functions to
real valued ones, defined by

(A1 + id2)f(x) = 5 (isen D) (2)

1 ) —n(z,t)\ d
+ 9 / log (1 + i€5/4—77(y ) — n )> —f(y)dy,
i Jr y—

(As + A1) f(x) = 5 (isen D)f (@)

1
+ — [ log (1 + e
21t Jgr

b(y) — b(x) \ df
5/4y—7x>d_y(y) Y

(As + idg) f(z) = %e—fl“\D‘ (—1+ i(isgn D)) f(z)

1 . b(y) —n(z,t)\ d
+ o= 0g< i T T ) gy W

(A7 +1i4s) f(x) = %e—al/“\D\ (1+i(isgn D)) f(x)

+ L 10g<1 + 1.55/477(];,25) — b($)> ﬁ(y)dy

L 21 Jr y—x+igl/4 ) dy
(3.3)
We can expand this operator K = K(n,b,¢) in terms of (n,b) as
n—1 _
K=Y Kp+K,, (3.4)
k=0

where the linear operator K} is homogeneous of degree k in (n,b) and can
be written in terms of pseudo-differential operators. In fact, it holds that

Ko = —e Y*itanh(c'/*D),

Ky =—e(n+i tanh(e'/4D)n i tanh(€1/4D)) («D) (3.5)
+ esech (€/4D)(iD)bsech (e1/* D).

Remark 3.1. Under suitable assumptions on 1 and b, for each positive
€ the operator K possesses a smoothing property so that we do not need the
expression of K7 when we fix . However, in order to get uniform estimates
of the solution for the initial value problem (2.10) and (2.11) with respect
to € the above explicit formula for K7 plays an important role.

In the next lemma, the time ¢ is arbitrarily fixed, so that n(z,t) is simply
denoted by n(x). We refer to [14] for the proof.
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Lemma 3.1. Let m, mg, and n be positive integers satisfying m, mg > 2
and n+m > mg. Put m; = max{m,mg — 1} and my = max{m,mg} + 1.
There exist constants C > 0 and 01 > 0 such that for anyn € H™ , b €
Wm2° - and e € (0,1] satisfying e(||n|lm, + ||bl[wma.) < 01 we have

1ol < Ce™ oD ey + [bllwma))" | fllmo-

Remark 3.2. This estimate says that I?n has a smoothing property,
which is very important to the existence theory for the initial value problem
(2.10) and (2.11). But, if we use the smoothing property, then we lose a
power of ¢ and we shall face a difficulty when we try to get uniform estimates
of the solution with respect to €. However, taking n sufficiently large, we
gain a power of €. As we will see later, it is sufficient to expand the operator
K up ton=2.

Remark 3.3. By virtue of Taylor’s formula we have tanhz = x — %x?’ +
Z2% + O(27) and sechz = 1+ O(z?) so that (3.5) implies

{M= (iD) — &2(iD)? — Ze(iD)® + O(e%/?),
Ky = —en(iD) + z—:(zD)b +0(e3/2).

e1/2

By Lemma 3.1 Ky = O(£2), so that we obtain

1/2 9
K = —(1+¢n)(iD) + e(iD)b — %(iD) — 1z£(D)’ + O(").
Here, we should note that the remainder term O(3/2) contains higher-order
derivatives. This is one of the reason why we require much differentiability
on the data.

It is easy to see that the commutators of the operator K, and the
differential operators 0, = —x and OF = ( at) have similar forms as Kn, SO
that we can show the following lemmas.

Lemma 3.2. Let m, mg, and n be positive integers satisfying m, mg > 2
and n+m > mg. Put m; = max{m,mg — 1} and my = max{m,mg} + 1.
There exist constants C > 0 and 6, > 0 such that for any n € H™*!,
be Wm2thee “and e € (0,1] satisfying e(||nllm, + ||bllwmz.) < 81 we have

(00, Ku fllm < C =m0+ (], 1.+ [l 1)
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X (el + [1Bwmz))" " fllmo-

Lemma 3.3. Let m and mg be positive integers satisfying m,mgy > 2
and m + 1 > mg. Put mg = max{m, mg} + 1. There exist constants C' > 0
and &1 > 0 such that for any n € C*([0,T]); H™), b € W™ and ¢ € (0,1]
satisfying e(||nllm + ||bllwmz.) < 61 we have

{ 1[04, Kr] f i < Cem =m0t D (e e 1) [ 1o
1[04, [0, Kr]] fllm < Cemmmmot DI (e e+ (1)) 1 g -

4. Formal Asymptotic Analysis and Main Results

In this section we begin to study formally an asymptotic behavior of
the solution (n°,u®) to the initial value problem (2.10) and (2.11) when ¢
tends to 0 and derive the Kawahara equation, whose solution approximates
(n®,u®) in a suitable sense. Then, we state our main results.

It follows from (2.10) and Remark 3.3 that

Ut + N + euruny — V2 g, = O(3/2),

/2 (4.1)

2
e+ U1y + 5((77 - b)ul)x + Tulxmv + Bgulmmmmm = 0(53/2)7

which approximate the equations in (2.10) up to order O(£%/2).

Now, let us consider the limiting case € = 0. Then, the equations in
(4.1) become

{U1t+77:c:07
N + urx = 0.

Under the initial condition (2.11) this system can be easily solved and the
solution has the form

ur(z,t)\ [ oaa(z—1t)—as(z+1)

n(x,t) aj(z —t)+ax(z+1t) )’
where the functions o and ag are determined from the initial data ng and
ug by

(170(:1:) - uo(aj)). (4.2)

DO =

(mo(z) +uo(x)), an(x) =

DO | =

aq(z) =
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For the case 0 < ¢ < 1 we can show that under suitable assumptions on
the data the initial value problem (2.10) and (2.11) has a unique solution
(n,u) = (n°,u®) on some time interval and that the solution satisfies

(ﬁ@ﬂ>2<m@—ﬂ—%@+”> (4.3)

ne(z,t) ar(z —t) + az(z +t)

in an appropriate sense. Therefore, the dynamics of the free surface is ap-
proximately as follows: the free surface divides into two waves, one moving
to the right and the other to the left with the same speed 1 without changing
their shapes. Here we should note that the approximation (4.3) is valid only
for the short time interval 0 < ¢ < O(1). Roughly speaking, this means that
the dynamics is only translation for such a time interval.

In order to study the dynamics for a long time interval 0 <t < O(1/¢)
we have to take account of dynamics of the shapes of the two waves. Since
the dynamics is very slow, it is convenient to use a slow time scale 7 = et
in order to make the dynamics to be visible. It is natural to expect that
the shapes of the two waves shall change in this time scale 7 so that the
functions aq (z) and ag(x), which describe the shapes of the waves in moving
coordinates, should be replaced by the functions o (z, 7) and ag(x, 7). These
considerations lead the ansatz

ui(x,t) = ai(x — t,et) — ao(x + t,et)
—e2(B1(x — t,et) — Bo(w + t,et))
—e(n(z —t,et) — yo(z + t,et)) + edi(z, t),
n(x,t) = a1z — t,et) + o + t, et) + edo(z, t).

(4.4)

Putting these into (4.1) and using the relation pu = % + vel/? we obtain

(alT + 101y — VOlggy + ’Yl:c) - (a27' — a2y + VOQgxx — 7290)

—1—5_1/2{ (ﬂl — %alm> + (ﬂz — %azx:C) }w— (a102) e+ P11+ o = 0(51/2)

and
2 1
<a17— + 201001 + Balxmﬁxm - gﬁlxmm - ’Yl:c)

2 1
+ <a27' - 2042@25,; - 1_5a2xxxmc + 5521‘1‘1‘ + 72:0)

—6_1/2{ (ﬂl - %alx:c> - (ﬂz—éazm> }x— (b(a1—a2)) +do+pra=0(e"?),
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which are equivalent to the equations

1

20017 + 30101y — VQigee + Balxmvxx - gﬁlmmm

1

1 2 1 _
+<2/72 - 50&% — VO2gy — Qopprer + _ﬁ2mm) + 2¢ 1/2 (62 — 502z
x

15 3
— (102 + blar — a2)), + (G + G2)e + (61 + d2)a = O(e'?)

3

and

2 1
20427 - 3a2a2x + Vvoogrr — 1_5a2xxxmc + 5/82:0:0:0

1 2 1 _ 1
_<2'71 - _a% — VOQlge — 7= Nzzzx + g 1:c:c)w — 2¢ 1/2 (/81 — 5 Uz

2 15 3

+(onan — blon — a2)), — (¢1 — d2)i + (¢1 — d2)a = O('/?).

[June

),

),

Here, we define the corrective terms 8 = (81, 52), v = (71,72), and ¢ =

(Q_Slv &2) by

1 1
/81(:1:77—) = galxa}(m77—)7 /82(:1:77—) = §a2x:c(x77-)a
( 1 v 1
'71(1‘77_) = Zal($77)2 + §a1mm($y7) + %almmmm(l‘ﬂ_),
(2,7) = 700, 7)? + 202202, 7) + - C2rzan(a,7)
P2\T,T) = 4Oég z, T 2a2:c:c z, T 9Oa2:c:c:c:c €T, T),

and

1
+ §a1($ —t,et)an(z +t,et),

1
{ - §oz1(:1: —t,et)an(z + t,et).

Then, the above equations become

1
(20&17— + 3a1a1gs — Vogge + Ealmmmmm) (l‘ —t, 5t)

B1(,1) + Bal 1) = blz)an(z — 1,21) — sh(x)as( +1,21)

(1) — ol t) = %b(m)al(aj b et) — b(@)as(z + 1, t)

(4.5)

(4.6)

(4.7)

~ (b(@) + an(e + t,2t))ara(e — t,ct) + %b/(az)ag(ﬂv +t,et) = O(eV?)

and

1
(20&27— — 3009 + Vg — Ealnmmmm) (:L‘ +t, €t)

4 (b(@) + a1(@ — t,et)) anela + 1, t) %b'(:v)ozl(:n _tet) = O(£12),
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Neglecting the terms O(e'/?) in the above equations we arrive at the follow-

ing coupled Kawahara type equations

1
20017 + 30101y — VQiggr + = Vzzaas

45
1
_((Tr/ab) + (TQT/gOZQ))alx + §(TT/Eb/)(T2T/aa2) =0,

2a27’ - 3042@25,; + voogrr — Ea2x:c:c:c:c

1
+((T—T/€b) + (T—2T/€a1))a2x - §(T—T/€b/)(T—2T/€al) =0,

where Ty is the translation operator with respect to the spatial variable
defined by (Tya)(z,7) = a(z 4+ 0,7). If the functions ay, as, and b decay
at spatial infinity, then we can expect that the coupling terms in the above
equations converge to zero when ¢ tends to zero and that the equations in

(4.8) are reduced to the Kawahara equation

1
2al'r + 3alalac — VQiggy + Ealxxmcx = 07
(4.9)

20427 - 3a2a2x + Voogrr — Ea%cxmcx =0.

In view of (4.2) it is natural to specify the initial conditions in the form

1 1
ap = 5(770 + u0)7 gy = 5(770 — UO) at 7=0. (410)

Now, we are ready to give our main theorems in this paper.

Theorem 4.1. Let M be a positive constant, v a constant, and m
an integer such that m > 4. There exist positive constants T, C, and &g
such that the following holds. For any ¢ € (0,&0], no,u0 € H™ 7, and
b € W3 satisfying

||(77(],’1,L0)||m+17 + ||b||W7n+13,oo S M,

the initial value problem (2.10) and (2.11) with p = § + vel’? has a unique

solution (n,u) = (n°,u®) on the time interval [0,T/e| such that

{ e € C([0,T/el; H™2) N CH([0, T/e]; H™HY), (411)

uf € C([0,T/e]; H™) N CY([0, T /e]; H™).
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Moreover, the solution satisfies

sup (Hna(t) — (oﬁ(' —t,et) + a5(- + t,et)) Hm+2
0<t<T/e

Hus () — (a5 (- —t,et) — a5 (- + t,et)) | >§Csl/2, (4.12)

m—+1

where of = (af,05) is a unique solution of the initial value problem for

coupled Kawahara type equations (4.8) and (4.10).

Theorem 4.2. Let T and M be positive constants, v a constant, and
m an integer such that m > 4. There exist positive constants C and €y such
that the following holds. For any e € (0,&0], 1o, uo € H™H7 N H™32 and
b e Wmtldoo n gm+2.2 satisfying

1105 w0)llm-+17 + [ (0> w0) 3.2 + [[bllwm+13.00 + [[bllmt2,2 < M,

the initial value problem (2.10) and (2.11) with p = % + vel/? has a unique
solution (n,u) = (n°,u®) on the time interval [0,T/¢] satisfying (4.11) and

sup (Hne(t) — (oq(- —t,et) + ao(- + t,et)) Hm+2
0<t<T/e

+[u5(8) = (u(- = t,et) — aa(- + t,¢t))| )§051/2, (4.13)

m—+1

where o = (a1, 0) is a unique solution of the initial value problem for the
Kawahara equation (4.9) and (4.10).

Theorem 4.3. Let T and M be positive constants, v a constant, and m
an integer such that m > 4. There exist positive constants C' and ey such that
the following holds. For any € € (0,0, no,up € H™7, and b € WmH13.
satisfying

—-1/2

IN

M

(05 o) lm+17 + [[bllwm+1s.00 + 7o — wollm+17

or
~1/2

IA

(0> wo)lm+17 + [[bllwm+1s.00 + 77|00 + wollmiar < M,

the initial value problem (2.10) and (2.11) with p = § + vel/? has a unique
solution (n,u) = (n°,u®) on the time interval [0,T/e] satisfying (4.11) and

sup (I (1) = a1(- = t,et)llmsz + i (1) = an (- = ,8) i ) < C/2
0<t<T/e
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or

o (”"e(” — (- +t,et) o + [[uf () + o (- + t,fst)”m+1) < Cel?,
0<t<T/e

respectively, where o = (a1,09) is a unique solution of the initial value
problem for the Kawahara equation (4.9) and (4.10).

Remark 4.1. Concerning the initial value problem (4.8) and (4.10),
we merely know a local existence theorem in time of solution, so that in
Theorem 4.1 the time 7' may be small. On the contrary, the initial value
problem for the Kawahara equation (4.9) and (4.10) has a global solution in
time, so that in Theorems 4.2 and 4.3 we can take T as an arbitrarily large
constant. It seems that there are not any literature discussing the global
existence of the solution for the initial value problem. Therefore, we give a

global existence theorem for the problem in Appendix.

Remark 4.2. Theorem 4.2 is a refined version of the result of Schnei-
der and Wayne [40], where they studied the equations (2.6)—(2.9) in the
case ¢ = 1 with the initial data of the forms ng(z) = e®;(¢'/x) and
ug(z) = e®y(c'/*z). Note that the solutions (1,u) of (2.10) for general
e > 0 are related to the solutions (7,u) of (2.10) for ¢ = 1 by the for-
mulas 7j(z,t) = en(e'*z, /%), @y (x,t) = cup(e'/ 4z, e'/4t), and dy(z,t) =
%% uy (Y42, /4t) in the case b = 0. In [40], the following estimate was
obtained:

sup (Hﬁf(t) —e(an (g4 = 1), €74) + aa(e (- + ), ) || e
0<t<T/e5/4

+ |5 (8) —e(an (eY4(- = 1), €54 ) —an(e/4(- + t),e%/4)) HWL,OO) <Ce%s,

In the Boussinesq variables this estimate can be written as

l

IANInE (t) — (Dhar (- — t,et) + Haa(- + t, et
05;‘;%5;05 (167 (1) — (9l (- = t,2t) + Bas(- + t,e)) |

+ |0dus(t) — (Phon(- — t,et) — Hao(- +t,t)) |OO) < Cel/s.

From this estimate one can not obtain any uniform estimates for derivatives

of the error terms in the Boussinesq variables. On the contrary, it follows
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from our estimate (4.13) that

m

sup Z(\amw — (Bar(- — t,et) + Has(- + t,1))|
0<t<T/e 53

+ |0dus (t) — (Phon (- — t,et) — hao(- +t,t)) \OO) < Cel/2,

Remark 4.3. The conditions |[ng + wuo|lme1r < MeY? and |y —

Uo||my17 < Mel/?

in Theorem 4.3 imply that there exists a positive constant
C4 depending only on p, m, M, and T such that the solution @ = (1, avg) of
(4.9) and (4.10) satisfies ||a1(7)||me17 < C1e'/? and |Jao(7)||lmyrr < Crel/?
for 0 < 7 < T and 0 < ¢ < 1, respectively. For the proof we refer to Ap-
pendix. Therefore, the conditions in Theorem 4.3 assure that the wave is

approximately one directional.

5. Reduction to a Quasi-Linear System

In this section we reduce the system (2.10) to a quasi-linear system of
equations, which leads long time (0 < ¢ < O(1/¢)) existence of the solution.
Although this reduction will be carried out in almost the same way as in [14],
we will show it for the completeness. Throughout this and next sections we
assume that (n,u) is a solution of the system (2.10) and sufficiently smooth.
Putting ¢ = n,, we are going to derive quasi-linear equations for u; and (.
We differentiate the first equation in (2.10) with respect to ¢ and obtain

g + G+ Ut + eurpung + 2 (uay + curugry)
= 21+ 232Gy + 2612 (1 4 €23 T32) oo + €2 f1,(5.1)

where
fr=peH((L+52C)72) G — Glug + eurugg) — eCuagtig,.
It follows from the second and the third equations in (2.10) that
e = (K —eQ)us. (5.2)
Differentiation of this gives

{ th = (KO - 5C)u1xx + (klul)xx - 5(2Cmu1m + Cxwul)y
thx = (KO - 5C)u1xmv + (klul)mmm - 5(3<xu1xx + 3<xxu1m + Cmvxul)
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In order to express (., in terms of derivatives of u; we use the first equation
in (2.10). Differentiation of it with respect to x gives

Ulte + Cr + EUL ULz T EUIL U, T 53/2<(u2tx + €U1u2mm) + 53/2<wu2t
— 51/2M(1 + E5/2<2)_3/2<:c:c:c + 53/2f2, (53)

where

fo = 2 (L2 ™) ot (L4260 ™02 G —el(Cun) sz

Tx

Therefore, we can rewrite (5.1) as

Uigt + 28U gy + E2UFULLe + €32 C(uay + 2eurust + e ufusgs)
+eurpuly + G + eury + 3N53/2(1 + 55/2C2)_3/2(Cxulm + Cralilz)
—e'2p(1 + 22 T2 (Ko — £Q)tttpma + (K1t )ras)
—2e'2pu((1+6¥2¢%)72) (Ko — eQuiee = ¥ fs,

where

fs = f1+uilefo — e Purpur, — eCount)
+2pe (1 +e%2¢3)7%2) ((K1u1)ae — €(26otu1s + Cratin)).

Differentiation of the third equation in (2.10) gives

ugey = Kuyye + Q[at, I?l]ult + [8t7 [&t,kl]]’ul,
Utz = Kourge + (Kiuye + [0, K1) us)

U2 = Koulxx + (Klul)xm

(5.4)

x?

so that we obtain

(1 + &32CK) (urp + 26wt + 20 urzy)
Feunting + G+ eurCe 4 3ue?(1 + ¢332 (Cotiige + Contite)
—ep(l+ €3C2)_3/2((K0 — eQ)Ulzaa + (I?lul)xxx)
—2ep((1+£%¢*)™2) (Ko — eQ)tran = €92 fa,

where
o= f3— C{2[8t7kl}ult + [0, [atal?l]]ul

+ 2euy (Kquyg + [0, ffl]ul)x + 2ud(Kiu )}
+2e¢ (Kiuiuig + [Ko,ut]uie) + €3¢ (Kiuduie, + [Ko, ud]uigs ).
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It is easy to see that
(1+22CR) ™ = (1472071 (1~ ) — 2R,
where

P= (1+2¢)72¢{(1 - PR K — (VK2 +1)
—32 Ko, ¢ Ko} (1 +%2CK) ™. (5.5)

Therefore, we arrive at the equation

Uiy + 2eur g + e(eud + 362 u(1 4+ %2¢2) T2 Y ugy
V21 4 €92 Ko g — 20 ((1+ 55/242)_3/2)93K0u1m
—e 2 (K gas + €2 € (€2 KE + Dtgn
+(1 = 2CK0) G + curpury + eCoun + 363 2 pCopury = €2 f5,  (5.6)

where

fs = (L+%CR) 1y

+P {eununy + G + eur (e + 3p® (1 + %2 732 (G + Cortins)
— 21+ 22¢3) 32 (Ko — eQugae + (K1u1)zaz)
— 251/2u((1 + 55/2(2)_3/2)I(K0 — Q) U1ga }

+(1 + 55/2C2)_1{
eC(¢ + Ko)(urtiry + Cotr + 362 (1 +5/2¢%) 732,
+eC(1 = 32CK0) G + 362 u¢ [ Ko, (1 + €%/2¢%) ™2 | ungn
+ e 21+ e52¢%) T32¢ (e[ Ko, ¢l tane — Ko(K1t1)aen)
— 2 [Ko, (1+°2¢%) 732 (Ko — e)utaee + (K111 )aas)
—2pe (1 + 55/2(2)_3/2)1((5(51/21(3 +1) — /2 (Ko, ¢])t1za
— 2621 [ Ko, (1 +€2¢?)73%) J(Ko — eQ)u1en }

=3u((1+72¢%) 732 — 1) Gpurn

—,us_l((l + 65/2C2)_5/2 — 1) (5{(61/21(3 + Dugger — (I?lul)xm).

In the next section we will show that f5 contains lower order terms only and

that an appropriate norm of f5 is uniformly bounded with respect to small

€.
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We proceed to drive a quasi-linear equation for . It follows from (5.3)
and (5.4) that

ultw+5u1u1ww+(1+53/2CK0)_1 {Cm + 5U1zu1x_51/2,u(1 + 55/2C2)_3/2szz
+e32¢ (K)o + 63/2CxKoU1t} =32 f5, (5.7)

where

fo = (1 +2CKo) ™ { f2 + ¢ [ Ko, u1]utan
—¢((Koury + [04, K1 ]ur)o + cur (K1u1)ag ) — Co (Krune + [0, KiJur) }.

Differentiation of (5.2) gives

Ctx = (K - EC)ulx:c + 2([850:,}?1] - ECx)ulx + ([8507 [axy kl]] - ECSEI)ula
Ctt = (K - Eg)ultx + ([8Z‘7K1] - ECx)uNlt
+ ([0, K1] — eGt)ure + ([0z, [0, Ki]] — eCiz)ur-
We also have
(K —eQ)(1+2CKo) ™ = K — e((1 +'/2K3) — /% [Ko, (JKo — /2Py,

where

Py = e(K; —eC(1+eY2K2) — ¥2[Ko, (| Ko) (1 4 £¥/2¢%)
+(e[Ko, ¢% + KiCKo)(1 4+ %/2¢%) ™ — (K — eQ)(1 + &3¢ Ko) ™
x (eC*(1 + 2 K3) + e%/2([ Ko, (] Ko) (1 + %/2¢%) . (5.8)

Applying the operator K — e( on both side of the equation (5.7) we see that

Cor + 2eu1 Gz — €2 (1 4 92232 Ko Coma — €2 1K1 Coma
K (o + eurgug) + £(Coury + Guin) + €[K, wnurze — €/ uKoCoze
— ([0, K]ty + [0, K ]urg + [0y, 04, KilJur)
—euy (2[0, Kiluty + [0z, [0n, K1]Jur) + €2 Ko (¢(Krun)s + CoKouy)
— (€1 + 2 KG) + 2P [Ko, (] Ko) (Go — € 1Cuaa) = %2 1, (5.9)

where

f? = (K_gg)fﬁ_el/Qu%Cxx_251/2<xu1u1x+,u€_1[K07 (1+65/2C2)_3/2]<wxw
+/L€_1j€1((1 + 55/2{2)_3/2 - 1)szz - [?1 (C(Klult)w + CzKoult)
+(¢(1+ e'2K3) + €'/ [Ky, (1K) {61/2U1:cu1z



200 TATSUO IGUCHI [June

- :u'((l + E5/2C2)_3/2 - 1)(:0:1::0 + EC(Klult)x + ECxKoult}
+P2{Cx + UL ULy — El/zﬂ(l + E5/2C2)_3/2Cx:c:c
+ 53/2C(K1U1t)x + 53/2CxKQU]_t}.

Here, f7 has the same property as fs.

Next, we derive equations for an approximate solution ¢ = (¢1,2),
which is defined as follows. Let o« = (a7, 2) be the solution of the initial
value problem for coupled Kawahara type equations (4.8) and (4.10) and

define 5 = (81, B2), ¥ = (71,72), and ¢ = (¢1, ¢2) by (4.5), (4.6), and (4.7),
respectively. In view of the ansatz (4.4) we define an approximate solution

¢ = (¢1,¢2) by

o1(x,t) = a1(x — t,et) — ag(x + ¢, et)
— e 2(By(x — t,et) — Bo(w + t,et))

—e(n(z —t,et) — yo(z + t,et)) + e (z,t), (5.10)
Go(x,t) = ar(x —t,et) + ag(x + t, et) + eda(x, t).
Then, we have
b1+ b2+ 61z — e = g,
{ Gt + 12 +€((92 — b)), + %%:m n 1—2565251351111 _ g, (5.11)

where

3 -
g1 = Bar — Bir + 51/2 (727' —Mr t Zb(al'r - 0427)) — WPz

+((a1 = 0) (B = By +€2(2 = 1 + 60))

1/2 B
+ ET(@ — B+ Py -+ 5251))2)96,

£1/2

92 = —~ (b4 202)air + (b + 200)aer) +

e (B = B+ €200 =+ 61)
+((041 +taz—b+ege)(Bo— B +e (2 —m+ Q_Sl)))

+(El/2gz32(a1 — ag)) .

T

(’72 -7+ Q_Sl)xwx

LW =

T
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Here, a1 = ay(z —t,et), ag = as(z+1,et), etc. By Taylor’s formula we have

tanhz = 2Go(z) =z + 2°Gy(z) = = — %m?’ + 2°Ga(z)

1 2
= x— 5:1;3 + 1—5:1;5 + 2'G3(x) (5.12)
and sechz = 1+ 22Gy4(x), where Gy, ..., G4 are bounded and smooth func-

tions on R. Therefore, it holds that
1/2

€ 2
(K0+K1 (¢27 b))¢1 = _¢1x_T¢1xxx_1_5E¢1:c:c:c:cx_5¢2¢1x+5(b¢l)x+53/2g37

where

Ki1(do,b) = —&(po + itanh(c¥/*D)¢y itanh(e'/4 D)) (iD)
+esech (/D) (iD)bsech (/4 D),

g5 = {Gs(e"/*D)(iD)" = Go(e"/* D)(iD)sGo(c"/* D) (iD)?
— G4(e/4D)(iD)3bsech (V4 D) — (z’D)bG4(51/4D)(z‘D)2}¢>1.
Therefore, we obtain

{ qblt + ¢2m + 5¢1¢1x - 51/2:u¢2:mvx = 53/2917

5.13
b = (Ko + K1 (¢2,b) — oz) b1 + 3294 = Ko + egs, (513)

where gy = go — g3 and g5 = (¢ K1 (¢2,b) — ¢z ) ¢1 + £'/%g4. This system
is an approximate version of the first equation in (2.10) and (5.2). By the
same way as the derivation of equations (5.6) and (5.9) we get

¢1tt + 2€¢1¢1t:c - El/zNK0¢1xxx + ¢2t:c + €(¢1t¢1x + ¢2:c:c¢1) = 53/2967
¢2:ctt + 25¢1¢21‘1‘t - 51/2NK0¢2:c:c:c:c + (KO + Kl (¢27 b))¢2xz
+ EKO(blxgblx + €(¢2x:c¢lt + ¢2xt¢1x) + E[K07 ¢1]¢1x:{:

— (K1(¢22, V) pre+ K1 (21, 0)d1o + K1 (Bout, 0)h1) —edopdowe = 3297,
(5.14)

where

96 = g1t + HGsezx + (1200 — €2 D112 + €G1) 21,
g7 = (Ko + Ki1(¢2,b) — €622) 910 + Gawt + /> $1 9500
+ (5_1K1(¢27 b) - ¢2x) (ﬂ¢2mmm - 51/2¢1¢1m)x'

Here, an appropriate norm of each g;, j = 1,...,7, is uniformly bounded
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with respect to small €.

By using this approximate solution ¢ we define remainder functions 7
and 41 by

{ 0w, t) = da(w, ) + /21 (a, 1), (5.15)

wr(@,1) = 61 (2, ) + /2 (1),

and put ¢ = 7,. Main task in this paper is to derive uniform estimates of
these remainder functions 7 and %; with respect to small € for the long time
interval 0 < t < O(1/e). To this end, we derive quasi-linear equations for
these remainder functions. Substituting (5.15) for (5.6) and (5.9), and using
(5.14) we see that

Uiy + 2eurUige + € (cul + 32 (1 + &%/2¢2) 752, ) e
- 51/2:“((1 + E5/2<2)_3/2K017/1xx)z - El/zN(Klal)x:c:c + Et = Ehly
étt + 25”1@90 - 51/2N(1 + E5/2<2)_3/2K0§:c:c:c - 51/2//4K1§:c:c:c

+ (Ko + K1)Cp + €[Ko, u1)tze — (K1(¢ V) a1 + K1 (g, 0)t1,) = eho,
(5.16)
where

hi = f5— g6 — 2t d1e — (€/%uf + 3u(1 +2¢%) 72, d10s
+u(E (147272 — 1) Kodraa)
(e Ky + e Koy + e V2R ) pww — CKo(¢20r +€7/2G)
— (1412 + Urpline + Copr + Catiy) — 3i(Powan + €7/ *Coz)U1a
— ¢ (e K + 1) (1000 + € *Utaa),

hy = fr— g7 — 2t boger + pe (1 +3¢3) ™2 = 1) Kobowaan
e N (uK1b2zmze — (K1(7,0) + Ka)¢aur — Koly)
—e K1 (Gradie + €2 (Pra + ury)ting)
—(P2zatine + Cotirg + P22tline + Gru1z)
—e V2K, wi)(Pron + €2 1ze) — (Ko, @] d1ae
—Ko((¢10 + u12)i12) + pe ™ Ko ($200a0 + €/ Con)
+e N (K1(C,0)p1e + K1(Me, 0) b1z + K1 (G, 0)1 + K1((, 0)tiy)
+e 720y, Ko (d1s + €'/ )
+ (04, Ko (P10 + €Y %1,) + [0y, [0, Kolua)
+ure 2 (200, K1)(d10 + €' 7t1s) + 00, [0, K1)l (61 + '201))
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—Ko(C(K1(¢1¢ + €?a11))o + CoKo(dre + £/ %ny))
+20 K3 h20a + (€2 KG + 1)poza + (e KG + 1),
—uC(eV2K3 + 1) ($200az + € Coaa)

+[Ko, (1Ko ($200 — £/* 1bouezs + /(G — €2 o))

It follows from (5.2) that ¢ = Kuj, + [(%,I?l]ul — &(Cuyp)y. Substituting
(5.15) for this equation and the first equation in (2.10), and using (5.13) we

obtain
(= (Ko + K1)y, + €hs,
G- R Ko o1
Ut = _C +e€ / ﬂ{xw + 5h47

where

hs = —gaa — (2ctin + Cur)z + (67 K1(1,0) + e 32 K5) p1p + £ Kotina

+(€_1K1(§7 0) + 5_3/2[8x7k2])¢1 + 5_1 (Kl(Ca b/) + [aSC?R:Q])ala
hy = —g1 — (W11 +urting) — C(K (d1e +e2a1e) + [0r, K1]ur + cuquay)
Hu(e (L +2¢3) 72— 1)Q)

zx’

In view of (3.5) we introduce a linear operator L; = L;(n,b) depending on

n and b by

Li(n,b)f = —(n+ itanh(e/*D)ni tanh(51/4D))f
+sech (/4 D)bsech (e'/4D) . (5.18)

Then, it holds that Ki(n,b)f = €(L1(77, b)fr + L1(0, b’)f). By this relation,
(5.16), and (5.17) we finally obtain

( Gy + 2euq iy, + e(eud + 32 (1 + 55/2C2)_5/2Cx)111m
—e2p((1+ 520 32 Kotings) , + Kolia
— 2Ly (0, D) U1 pger + L1 (1, D)l10e = €hs, (5.19)
Cot + 2eurlee — €2 (1 + €%/2¢%) 32 Ko Caga + Koo
— 2Ly (1, b)Cozan + €L1(0,0) (o = he,

where

hs = h1 —hg — L1(0,8 )1y + /2 L1 (0,8 )ti1agn
+5_1/2/‘(3K1 (Cy b/)ﬂlmc + 3K1 (Cma b”)ﬂlx + Kl({xm bm)ﬂl)a
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he = hg + €2 L1 (0,0) Come — L1(0,6') o+ [ Ko, ur| Ky L (iD) (eha + K10 — ;)
+e 1K (¢, b/)(€h4+€1/2ll§m—§)—5_1K1 (M, O)Ko_l(5h3 + K1ty —Cp).

The quasi-linear system (5.19) leads uniform estimates of (#1¢, 14, Ct, ()
with respect to small € in appropriate Sobolev spaces. In order to obtain
uniform L? estimate of (#1,7) we have to derive another system. In deriving
the system we do not have to care the order of derivatives. It follows from
(2.10) that

Ul + Ny + EULULL — El/zunx:c:c = 53/2f87
1/2

€ 2
N+ Uiz + E((?] - b)ul)x + Tulx:c:c + 1_5€U1xxxxx = 53/2f97

where
fo = p(e (L4272 = 1)G), — Cuze + curuag),

fo= {5—3/2?{2 — G3('/4D)(iD)" — Go(e'/4D)(iD)nGo (/4 D)(iD)?

~ G4(eV/1D)(iD)?bsech (=/4D) — (iD)bGa(e/1D)(iD)* fu.

Substituting (5.15) for the above system and using (5.11) we obtain

Urt + Nz — 51/2/“7969696 = ¢hy,
1/2

N + Uiz + Talx:c:c = EhS:

where

hr = fs = g1 = (W1 d1z + urtina), )
hs = fo — g2 — (ﬁ¢1 + (77 - b)ﬂl)x - 1_5a1mmmmm-

It is better to rewrite this system in the form

U1y + Ty + €2 gy = ehe,
172 (5.20)
O Tﬁt:{:x = eho,
where
hg = /L2'F/mcmcgc +hr + 51/2/Lh7rr7
/2

1
th = §ﬂlxxxxx + h8 - Th&’c:{:
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6. Estimates for Remainder Terms

In this section we give uniform estimates for remainder terms f;, g;, and
hj, which were introduced in the previous section, with respect to small € in
appropriate norms.

We begin to give several estimates for Fourier multipliers and commu-
tators. We refer to [14] (see also Nalimov [27] and Yosihara [46]) for proofs
of the following lemmas.

Lemma 6.1. Let s > sg. There exists a positive constant C such that

[ Koulls < min{f_l/‘lHUHSa HUIHS}v
(€2 K8 + 1)ulls < C(1+ e~ =50/ D) luly,.

Lemma 6.2. Let s > 1/2. There ezists a positive constant C' such that

[Ko(uv)lls < C([[Koulls||vlls + [lulls [ Kovls)-

Lemma 6.3. Let s > sg > 1/2. There exists a positive constant C' such
that

ulls < 1+ e~ G0t al|sulls,,

ulls £ (1 + 770 lag s [lulls,,

(iD)ulls < C(1+ 70t lag s [lulls,,
Kq ' (iD)ulls < C(1+ e~ 6750 ) ag | ]fulls.

Lemma 6.4. Let s > 1/2. There exists a positive constant C such that

151(n, 0)Kg ulls < Cellnllsialulls.

Lemma 6.5. Let m be an integer such that m > 2 and 61 the constant in
Lemma 3.1. There exists a small constant 53 € (0,81] such that if n € H™1,
b e Wmnthee and e € (0,1] satisfy e(||nllme1 + |blliwmiree) < 82, then we
have

1L+ %2CK) ™ fllm < 201 fllm-

Proof. By Lemmas 3.1 and 6.1 we have ||€3/2CK f|lm < Celnllmat | fllm

if e(||nllm + ||bllyym+1,0) < 61. Therefore, taking d > 0 suitably small we
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obtain the desired estimate by the Neumann series expansion. O

For the operators P; and P, defined by (5.5) and (5.8) we have the

following lemma.

Lemma 6.6. Let M > 0, m and mq be integers such that m > mg > 2.
There exist positive constants 1 and C' such that if ||n||m+1+|b][ym+1,00 < M
and 0 < € < €1, then we have

1Pl < == fllyny, ([ Pofllm < OB ]|y

Proof. These are simple consequences of Lemmas 3.1, 6.1, 6.3 and
6.5. O

Lemma 6.7. Let My > 0, m be an integer such that m > 4, and
b € Wmt4he There erist positive constants eo and C such that if (n,u) is
a solution of (2.10) satisfying

1) lmt2 + [0 lma1 + lur @) lfma1 + uae@)llm < My, (6.1)
[ EKout (t)][m+1 + [[Koure(t) || < M1 '
for 0 <t <T, then we have
1f5(@)llm + [1f7(@) I + [ fs@)ll2 + [ fo®)]2 < C (6.2)

for0<t<T and 0 <e < ey,

Proof. By assumption, we have ||C(¢)|lm+1 + [|G(@)|lm < M;. Since

uy = Koup + I?lul, Lemmas 3.1 and 3.3 imply [Jug(¢)|[m+1 + |luze(t)]|m < C.

Since ny = ug —eCuq, we also have ||n(t) |l < C. It follows from (2.10) that

El/z(:c:c = N_l(l + E5/2C2)3/2{u1t + ¢ +euur,
+e¥2¢ (uge + euruag) — e 2u((1 +2¢A) 7)) ¢},

so that we obtain £'/2||Cy(t)||mn < C. Using these uniform estimates and
previous lemmas, we can prove ||fa(t)||lm < Ce, ||fo(t)||lm < Ce%/%, and the

desired estimates. O

Lemma 6.8. Let My > 0, m be a positive integer, and b € WmH13:00,
There exists a positive constant C such that if o = (a1, 2) is a solution of
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(4.8) satisfying ||o(7)||lms+17 < Mo for 0 < 7 < T, then we have

196 @llm + llg7(@)lm + g1 (B)ll2 + [g2(B) ]2 < C (6.3)

for0<t<T/e and 0 <e <1.

Proof. By (4.8) we have |ar(7)|m+12 + €llar(7)||ms+7 < C, which
together with the definitions (4.5)—(4.7) and (5.10) implies in turn that
1) 15+ 18-l 10+€lBor (T lmss < C ()bt 13+ 2 (7) s +
e () lmss < Co [6(8) s + 166(E) larz < €, and that

16 15 + 166 lmas < C. (6.4)

These follows easily the desired estimates. O

Lemma 6.9. Let My,Ms > 0, m be an integer such that m > 4,
and b € W13 There exist positive constants €3 and C such that if
lo(T) |17 < Ma for 0 < 7 < T and (6.1) is valid for 0 <t < T/e and
0 < e < eg3, then we have

175 (£) [l + 126 (£) 17 + 1Bo ()17 + 1hao(B) I < C(1+ &(1))
for0 <t <T/e and 0 < € < €3, where

E®) = 17O 172 + 17O 7sr + a1 O 171 + 11015

Proof. Since the assumptions of Lemmas 6.7 and 6.8 are satisfied, we
have (6.2), (6.3), and (6.4). By the second equation in (5.17) we obtain
V2| Cou ()| < C(1+ éa(t))l/z. These estimates together with Lemmas
3.1-3.3 and 6.1-6.4 yield the desired estimates. O

7. Proof of Main Theorems

Since a local existence theorem in time of solution for the initial value
problem (2.10) and (2.11) for fixed ¢ > 0 was already given in [13], it is
sufficient to derive a priori estimates of the solution (7°,u®) for the long
time interval 0 < ¢ < O(1/e). In view of the quasi-linear equations in (5.19)
we consider the linear equation

1/2

Utt + EP1Uty + EP2Ugyr — € aKOUxx:c + 51/27amK0umm + KOUm
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+ E3/2L1 (Q1, bl)u:c:c:c:c + ELl (Q2, b2)uxx =M+ EFQ; (71)

where € > 0 is a parameter, a, p1, p2, q1, 2, b1, ba, F1, and Fy are given
functions of (x,t) and may depend on €, v is a real constant, and Kj and

Li(q,b) are linear operators defined in (3.5) and (5.18), respectively.

Remark 7.1. Since the operator L;(q,b) has a smoothing property, we
can regard the last two terms of the left hand side of (7.1) as lower order
and put them into the right hand side if we fix ¢ > 0. However, if we use the
smoothing property, then we lose a power of €. Therefore, in order to obtain
uniform estimates of the solution u with respect to e, especially, for the long

time interval 0 < ¢ < O(1/e), we have to deal them as one of principal terms.

This linear equation was investigated in [14] with slight change of nota-

tion and we have the following lemma.

Lemma 7.1. Let M > 0, r > 1, and m be an integer such that m > 4.

There exist positive constants €5 and C such that if

e Maz(@)|lm + || (p1(t), p2(t), q1(t), @2 () llm + || (b1(£), b2(2)) [[wme < M,
e War®)lls + [lque®)lls + llgae ()11 + [(p2e(t), b1e(t), bt (1)) oo < M,
M~ <a(z,t) <M for (z,t)€ R x[0,T],

and w € CI([0,T]; H™+3-31/2) j = 0,1,2, is a solution of (7.1), then we

have

En(t) < c(ecstmw) + [ (@ IR+ s||F2<T>||$n)dT>

(7.2)
for0 <t <T and 0 < e < &5, where
Dtanh(eV/4D 9
En(t) = [u(t)]7 + || %)u(t)\\m
el/
2
+[\/2Y/4 D3 tanh(e /4 Dyu(t) % (7.3)

Remark 7.2. The energy function E,,(t) satisfies

e (8) 7, + 47w (0170 < Em () < [lue (@)1, + Tu®)]742-



2007] CAPILLARY-GRAVITY WAVES AND THE KAWAHARA EQUATION 209

We proceed to prove Theorem 4.1. By standard energy method and
appropriate approximation argument of the system it is not difficult to show
that under the assumption of Theorem 4.1 there exist constants 1", My > 0,
which depend only on p, m, and M, such that the initial value problem (4.8)
and (4.10) has a unique solution a = o € C([0, T|; H™*17) satisfying

la®(T)|my17 < Mg for 0<7<T, e>0.

Therefore, by the proof of Lemma 6.8 there exists a constant M3 > 0 such
that the approximate solution ¢ = ¢° defined by (5.10) satisfies

165 () 13 + 165 (Dll7gs < M§ for 0<t<T/e, 0<e<1.

Now, we assume that

E(t) = 17 (O)lFra + 17 @)1 + NGO + 85,(ON17 < NF - (74)

for 0 <t < T/e and 0 < ¢ < gy, where the constants N7 and g will be
determined later. Then, by (5.15) we have

{ I @172 + 175 ON7 1 + g OIF41 + lus, 07 < (2Ms)?,
[Eous (0)1[7, 1 + [ Kous, ()17, < (2M5)*

for 0 <t <T/eand 0 < & < g4, if we take ¢4 € (0, 1] so small that g4 < g9
and 5}1/ 2N1 < Mj3. Thanks of these estimates and Lemma 6.9 we see that
there exist constants C; > 0 independent of N; and e3 € (0, £4] such that

1hs (£)1[7, + 1 (8)17, + [Ihe()II* + [Ih1o (B)I|* < C1(1+ &(2))

for 0 <t <T/eand 0 < ¢ < 3. It follows from (5.10) and (5.15) that
ﬁ5($70) = _61/2¢§§($’0) and ﬂi(ZL‘,O) = ﬂf(l‘,()) - ﬂg(l‘,O) + 61/2 (7%(1‘70) -
75(z,0) — ¢5(x,0)), which together with (5.17) imply that there exists a
constant Cy > 0 independent of N7 such that

177 (0) 1743 + 1G5 O) 2 + 175 (0) 17 41 + 175, (0) 7, < Ca
for 0 < e <e3. (See also the proof of Lemma 6.8.)

Since ¢ and @ satisfy (5.19), by Lemma 7.1 and Remark 7.2 it holds that
there exist constants C3 > 0 independent of N; and e5 € (0, 4] such that

(G (1), Ca (1), i (2), a5 (1) 17
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< O3 ([[(¢7(0), @5,(0)) 17, + 1(C5(0), a5 (0) 17 42)

t
Oy / eCa=t=7) (|| g (1) 12, + | (7)|2,)dr
0
t
< C5Ce% + C5C e / eCs==T) (1 4 &(7))dr (7.5)
0

for 0 <t <T/e and 0 < ¢ < 5. Since 7 and @ satisfy also (5.20), we see
that

1/2
(1 @I + 1O + Sl O — 2, 0)?)
= 26((7F (1), hao (1)) + (5(1), o (1))
< (@I + 1T + o (@) + o (®)I).

Therefore, Gronwall’s inequality implies that

17 (1% + llag ()]
<

1/2, ||-€ 2, etf=¢ 2 _¢ 2 gl/? —¢ 2
£ 2uljas, O + o (I O + 115 )] + == |17:0)1?)
+e /Ot U (g (M2 + lhao (D)1” + €2, (7)) dr
< e2pl|as, (t)]? + Cae™ + (Cy + 1)e /0 tef(t—ﬂ(l +&(r))dr (7.6)
for 0 <t <T/e and 0 < e < e5. By (5.20) we also have

7 (I < 3llag, (1)l + gllffm(t)ll2 +3¢%||h1o ()|
< 3l|lag,(O)|° +e(3C1 + 1) (1 + £(1)) (7.7)

for 0 <t <T/e and 0 < € < e5. Summarizing the above estimates we see

that there exists a constant C4 depending only on v, m, and M such that
t
E(t) < Cge4® + Cue / e@a=t=7) (1 4 &(7))dr
0

for 0 <t < T/e and 0 < ¢ < gq, by taking ey € (0,e5] so small that
2¢9(3Cy + 1) < 1. This and Gronwall’s inequality imply that

E(t) < (Cy+1)e*T for 0<t<T/e, 0<e<ep.

Therefore, by setting N; = (Cy + 1)'/2e“17 we see that (7.4) holds for
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0 <t<T/eand 0 < € < gp. This easily follows (4.12). The proof of
Theorem 4.1 is complete.

We proceed to prove Theorem 4.2. One of strategies for the proof is
to compare the solution of (4.8) and (4.10) and that of (4.9) and (4.10).
However, we do not know whether the solution of (4.8) and (4.10) exists
globally in time or not, so that we can not take the time 7" arbitrarily large
if we use the solution. In order to take 1" as an arbitrarily large time, we use
the global existence theorem for the initial value problem of the Kawahara
equation, which will be given in Appendix, and we should not use the solution
of (4.8). Therefore, we have to modify the quasi-linearization carried out in
section 5.

Let a = (a!,a?) be the solution of the initial value problem for the
Kawahara equation (4.9) and (4.10) and define 8 = (81, f2) and v = (71, y2)
by (4.5) and (4.6) as before. We define an approximate solution ¢ = (¢1, ¢2)
by

o1(z,t) = ar(x —t,et) — ao(x +t,et) — gl/2 (/31 (x —t,et) — Ba(x + ¢, fst))
—e(m(z —t,et) — ya(z + t,et)),
pa(z,t) = ar(x —t,et) + aa(x + ¢, et),

in place of (5.10). Then, we have

b1t + hox + £d1b10 — €Y gy = —e(aran), + %G1,

¢2t + ¢1x + E((¢2 - b)¢1)x + %Qﬁlxmx + %E¢lxxxxx
= —E(b(al — ag))x + 53/2§2,

where
gl = ﬁ27’ - 617 + 61/2(72T - ’717)
+ (a1 — a2) (B2 = B+ €2 (v2 — 1)),
+ 22 (B2 — B+ Y2y — ’Yl))z)x7
go=((ar+ a2 —0) (B2 — B1 + V22— 1)),
+3(72 = Maea + & (B — B+ Y212 = M) s
and that

¢ = (Ko+ K1(d2,b) — €¢az) 1 — e(blar — a2))  + 73
= Ko¢1 + €95,
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where gy = g2 — g3 and gs = (7' K1(¢2,b) — d2e) 1 — (blon — a2)) , + €.
Therefore, in place of (5.14) we have

P + 2601 $11a — €V UKo D1000 + Gote + £(D10B10 + P200b1)
= e(a1z02 — a102;)q + €%/,
Pt + 261 G200t — €V 1K 0D20000 + (Ko + K1 (2,b)) $200
+ eKo12:012 + €(P200011 + P22t D12) + €[Ko, O1]P100
— (K1(¢22, V) p1e + K1 (dat,0)h1e + K1 (P01, 0)$1) — edoehoza
[ =c(blar + a2)e — Ko(aran))  + 3247,

(7.8)

where
96 = g1t + MGszza — 51/2(0417—042 + 0410427—)90
+ (M2000 — /201010 — Y2 (0102)s + €01) P1,

g7 = (Ko + K1(¢2,b) — £¢2¢) G1a
+ Gawt + €2 G1G500 — /% (blarr — @2r))
+ (E_lKl (¢27 b) - ¢2x) (M¢2xzx - 51/2¢1¢1x - 51/2(a1a2)x)x'

As before, we define remainder functions 7 and @; by (5.15) and put ¢ = 7,.

Then, in place of (5.16) we have

Uy + 2eurlingg + € (eud + 362 p(1 + £/2¢2)75/2(, ) tigy
— V2 (14 €¥/2¢) 732 Kollnga) , — €2 (K110 )aa + Gt
= 61/2(041042x — Q102)z + €ﬁ1,
Gt + 26w G — /2 p(1 + €52 732 Ko Copw — €2 1K1 G
+ (Ko + K1)G + [Ko, w]tings — (K1(¢, 0t + K1 (ne, 0)d1s)
= ¢l/2 (Ko(araz) — bloy + ag)z)m + eha,

(7.9)
where hy = hy + g6 — Gs and ho = ho + g7 — §7. Moreover, in place of (5.17)
we have

{ G = (Ko + K1)u1e + €2 (b(ar — ), +€hs, (7.10)

iy = —C + V2 ulen + 51/2(041042)x + eha,

where hs = hs + guw — Gay and hy = hy + g1 — §1. Therefore, in place of
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(5.19) and (5.20) we obtain

Unyy + 26w g + € (eu? + 362 (1 + &%/ 5/2¢, ) e
—e2pu((1+ 2% 32 Kotings) , + Kolia
— 2Ly (1, ) W1zmzr + L1 (0, D)1y = €'/%Gs + hs, (7.11)
Gt + 281 G — €12 (1 4 €5/2¢3) 732 K Cagar + Koo
— 2Ly (10, 0)Coan + €L1(0,b)Coa = €'/2Go + chg

and

Ty + 7y + Y2 Pl gen = €/2G10 + €ho,
(7.12)

_ _ 1/2 _ ~ by
N + Utz — ETnt:c:c = 51/2911 + ehqo,
respectively, where hs = hs — (hy — i~z1) + (hs — i~13),

he = ha +e2uL1(0,6)Coww — L1(0,6))¢,
+([Ko, w1 ] Ky ' (iD) — e K (e, 0) K )
x {ehs + Ky, + el/? (b(ar —a2)), . — G}
+e T KL (G V) (eha + €2 ey + € (ara2)y — ©),

hy = hy + g1 — §1, hs = hg + ga — Go,

/25

iLQ = ,U277mmmmm + ﬂ(aloQ)mmm + }~L7 + 51/2ﬂ]~17mm7
h1o = $l1gaeas — 5 (b(o1 — a2)), + hs — S5 hsas,

and
gg(x,t) = (a1(x — t,et)age (z + t,et) — arp(x — t,et)aa(x + t,et))
+ (b(z) (1 (x — t,et) — az(x + t,et)))
go(x,t) = Ko(ar(z — t,et)an(x + t,et))
— (b(z)(ar(z —t,et) + aa(x + t,et)) )
gio(x,t) = (e (z —t,et)aa(z +t,et))

L iz, t) = (b(z)(ar(z — t,et) — an(x + t,et))),

zx’

zx’

-
It is not difficult to check that i~z5, e i~110 satisfy the same estimate in Lemma

6.9 as hs,...,hig. For gg,...,g11, we have the following lemma. We refer to
[14] for the proof.

Lemma 7.2. Let m be a positive integer. There exists a positive con-
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stant C such that

198(E)]lm + 190 () lm + 1gr0 (B + l|g12 (@)l
< O+ (llaet)lmss + [bllmra,2) ll(et) [ms,2

fort >0 ande > 0.

Under the assumption of Theorem 4.2, there exists a constant M; > 0
such that the initial value problem for the Kawahara equation (4.9) and
(4.10) has a unique solution a € C([0, T]; H™17 N H™*3:2) satisfying

la(m) lm+17 + l(T)[[mts2 < My for 0<7<T, e>0,
(see Appendix for the proof) so that by Lemma 7.2 we have
1357 + [1Go ()17, + G101 + [gu@)* < Cr(1 +)~*

for 0 <t <T/e and € > 0. Now, we suppose (7.4) as before. In this case, in
place of (7.5), (7.6), and (7.7) we obtain

(G (8), (1), a5 (8), T, () |2,
< Caef9t (|| (C2(0), @, (0)) 12, + 1| (E5(0), 5 (0)) [42)
+Cy /0 eCot=D (1 1 7)2([3s(r) |2, + 130 (PII2,)
+e(lhs(r) + lhe(P)II2,) Y

t
< CgCgeC?’Et—i-CgCl/ eCSE(t_T){(1+T)_2—’—E(l—’—éD(T))}dT,
0

)7 (1), w5 (1) |
1/2
< e, (O + o= (177 (0) 2 + 185 (0) |2 + = [1:(0) )
+ [N (@ (g + o (IP)

+e(llhg (7)* + [l (7)]* + 61/2u||ﬂix(f)ll2))d7
Pl (D7 + Coe+!

+(C1 + p) /Ot (1L 4 1) 4 e(1+ &(7))

IN
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and

AT + Gl GO + 4l (O + 1 o (1)
A O + (C + D{A+7)2 +e(1+60)},

17 ()11

IN

IN

respectively. Summarizing the above estimates we see that

t
E(t) < Cue®' +Cy / e (14 1)+ e(1+ &(7)) Ydr
0

IN

t
209! + 2Cy / 1= (1 + &(7))dr
0

for 0 <t <T/e and 0 < € < gg. This and Gronwall’s inequality imply that
E(t) < (204 4+ 1)e2%T for 0<t<T/e, 0<e <e.

Therefore, by setting N; = (2C; + 1)/2e%T we see that (7.4) holds for
0 <t <T/eand 0 < e < gg. This easily follows (4.13). The proof of

Theorem 4.2 is complete.

It remains to prove Theorem 4.3. As explained in Remark 4.3, under
the assumption of Theorem 4.3 the solution a = (a1, a2) of (4.9) and (4.10)

satisfies |1 (7)|[mi17 < Ce'/? or |jan(T)|lms17 < Ce'/?, so that we have

18 (&)l + 1G9 () lm + [1G10(E)]| + [|g12(£)]] < CeM/?
for 0 <t <T/e and € > 0. Therefore, we can show Theorem 4.3 in the same

way as the proof of Theorem 4.1.

Appendix. A Priori Estimates for the Kawahara Equation

By an appropriate change of variables it is sufficient to consider the

equation

Ut + UUg + VUger + Ugzzar = 0, (Al)
where v is a real constant, under the initial condition

u(z,0) = up(z). (A.2)
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Lemma A.1. Let uw € C([-T,T); H) N CY([-T,T); H?) be a solution
of (A.1). Then, it holds that

d 1
G (IO = vl + 3 [ et =0,
dt 3 Jr

Proof. By making use of the differential equation and integration by
parts we can prove the desired equalities. O

Lemma A.2. Let s > 2 and u € C([-T,T); H*) N CY([-T,T); H?) be
a solution of (A.1)~(A.2). There exists a positive constant C' = C(s,v) such
that

lu(®)lls < lluolls exp(Clluoll2(1 + [luol|*/7)1t]) (A.3)
holds fort € [-T,T)].

Proof. We will derive estimate (A.3) assuming u € C([-T,T]; H¥*5) N
CY([~T,T); H®). This assumption will be removed by the standard technique
of mollifier. By Lemma A.1, interpolation inequality ||u|?> < &||uze||* +
C.|lu||?, and the Sobolev imbedding theorem |u|oo < C/|lul|Y/?||ug|'/?, we
obtain ||u(t)||2 < Cllug|l2(1+ ||Juo||*7). Put v = (1+|D|)*u. Multiplying the
operator (1+ |D|)® on both sides of equation (A.1) we have

Vp + Uz + VVppy + Vppazxr = fa

where f = —[(1 4 |D|)*%, ulu,. It is easy to see that || f| < C||ull2|lv]|, and
that
d 2
t
% ooy

(v(t), uz(H)o(t)) + 2(v(t), f(2))
Cllu(t)l|2|fv(t)].

IN

This and Gronwall’s inequality imply the desired estimate. O

Lemma A.3. Lets > 5+1/2 andu € C([-T,T); H*)NCY([-T,T]; H?)
be a solution of (A.1)~(A.2). There exists a positive constant C = C(|ug|s,
T,v,s) such that if ug € H~*, then

[u(®)lls—a1 < Clluolls—a1 + [luolls) (A.4)
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holds for t € [=T,T].

Proof. We will derive estimate (A.4) assuming u € C([-T,T]; H**11) N
CY[-T,T); H*~*'). This assumption will be removed by considering the
function u(z, t) exp(—1+v/1+ 22) instead of u(z,t) and letting n — +oc, and

by the standard technique of mollifier. Put w = (1 + |D|)*"*(2u). Then, by
(A.1) we have wy + vwy + VWyzy + Wagrsr = f, where

f = (L4 DI (2 + 30t + Bttgaas) — [(1+ D)~ u)(1 + D))~ .

It is easy to see that ||f|| < C(||ull?_, + ||ulls + |lul/s—a]|w]), and that

%Hw(lt)ll2 < C((lu®)lls—a + D@ + (lu®lE + [lu(®)]5))-

Therefore, Lemma A.2 and Gronwall’s inequality yield the desired es-
timate. O

Similarly, we can show the following lemma.

Lemma A.4. Let s > 9+1/2 andu € C([-T,T); H)NCY([-T,T); H?)
be a solution of (A.1)—(A.2). There exists a positive constant C' = C(]|ug|s,
T,v,s) such that if ug € H*=** N H5=82 then

[u(t)lls—s.2 < C(lluolls—s.2 + [luolls—a.1 + [luolls) (A.5)

holds fort € [-T,T].

A local existence theorem for the initial value problem (A.1)—(A.2) can
be proved by approximating equation (A.1) by an appropriate one. Since this
technique is standard, we omit it. Combining the local existence theorem
and a priori estimates in Lemmas A.2-A.4, we obtain the following global

existence theorem.

Theorem A.l. Let s > 7. For any uy € H® the initial value problem
(A.1)~(A.2) has a unique global solution u € C(R; H*) N CY(R; H*™°) sat-
isfyig (A.3). If, in addition, s > 9 +1/2 and ug € H>=H1 N H*~82, then the
solution u satisfies (A.4) and (A.5).

Remark A.1. The condition s > 7 is not optimal. However, this
theorem gives sufficient information for our purpose.
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