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DIFFUSION UNDER GRAVITATIONAL AND

BOUNDARY EFFECTS

BY

TAI-PING LIU AND SHIH-HSIEN YU

1. Introduction

Consider the initial-boundary value problem for the Boltzmann equation







∂tf + ξ · ∇~xf − ~g · ∇ξf = Q(f), ~x ≡ (x, y, z), (~x, t, ξ) ∈ H
+ × R

+ × R
3,







f(x, y, 0, t, ξ)|ξ3>0 = ρ(x, y, t)
√
2π√
θ
M(ξ)|ξ3>0,

ρ(x, y, t) =

∫

ξ∈R3

ξ3<0,

−ξ3f(x, y, 0, ξ)dξ,







(Maxwell diffuse

boundary condition)

0 ≤ f(~x, 0, ξ) ≤ ǫe−
√

x2+y2e−
gz
θ M(ξ) for some small ǫ > 0,

(1.1)

where






H
+ ≡ {(x, y, z) ∈ R

3|z ≥ 0},
R
+ ≡ {t ∈ R|t ≥ 0},

M(ξ) ≡ e−
|ξ|2
2θ

(2πθ)3/2
, (a global Maxwellian distribution in velocities

ξ ∈ R
3 with boundary temperature θ > 0),

~g ≡ (0, 0, g), g > 0 (the constant gravitational force).
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This models the propagation of gas of finite total mass in the upper half

space (x, y, z), z > 0 around the solid at (x, y, 0). We study this phenomena

on the level of Boltzmann equation in the kinetic theory. The boundary con-

dition is the classical diffuse reflection condition: The gas is reflected off the

solid with the Maxwellian distribution of the given boundary temperature

and satisfying the conservation of mass. The gravitational force pulls the

gas back to the solid surface. The main purpose of the present paper is to

study the diffusion of the gas under these two combined effects. We show

that the propagation of the gas toward vacuum is governed by a process

similar to the two-dimensional surface heat diffusion, Main Theorem A and

Main Theorem B.

For gas near vacuum, thermodynamics, in particular fluid equations such

as the Euler and Navier-Stokes equations do not apply, see Sone [13] and

Aoki [1]. In our study based on the kinetic theory, there are the following

two main analytical points. The first is that the diffusion reflection boundary

condition is modeled by a stochastic process. This approach, initiated by the

second author, [14], is physically natural as the diffuse reflection boundary

condition and the Boltzmann equation were conceived with the probabilistic

thinking. It is only through the analytical setting in [14] that the limiting

theory, such as the central limit theorem and the law of large number, can be

used to bear on the quantitative estimate of the effect of the boundary. In the

present paper, we encounter stochastic process with random variables not

independent. This causes some analytical difficulties, see (1.6) and Lemma

3.9. The second main analytical point is that we do not, and cannot, assume

the gravitational force as a perturbation with small total effect. Instead, the

gravitational force is treated as a main part; the other main part is the

boundary condition. Instead, because we are interested in the behavior

near vacuum, the collision term is viewed as a perturbation. Thus we will

carry out the main analytical steps for the free transport equation with

gravitational force and the thermal diffuse reflection boundary condition,






∂tt+ ξ · t− ~g · ∇ξt = 0,







t(x, y, 0, t, ξ)|ξ3>0 = ρ(x, y, t)
√
2π√
θ
M(ξ)|ξ3>0,

ρ(x, y, t) =

∫

ξ∈R3

ξ3<0,

−ξ3t(x, y, 0, ξ)dξ,

|t(~x, 0, ξ)| ≤ e−|x|−|y|e−
gz
θ M(ξ).

(1.2)
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With the pointwise structure of t(~x, t, ξ), we then build and justify the ansatz

for the full nonlinear Boltzmann equation. The new tool to obtain the point-

wise structure of t(~x, t, ξ) is a probability theory to represent the solution

of t(~x, t, ξ). The probabilistic representation generalizes that of [14] to take

into account of the gravitational force. The stochastic processes in [14] are

generated in a bounded gas region by the infinitely many consecutive par-

ticle collisions with the diffuse boundary. One views the reflected velocity

as a random variable. Similarly, in this paper we have a probabilistic repre-

sentation of the solution t(~x, t, ξ) due to the gravitational force, which pulls

particle towards the surface continuously to generate infinitely many con-

secutively collisions with the diffuse surface of a planet. These consecutive

collisions with the random reflected velocities generate the stochastic pro-

cesses {~xt}t∈R+ and {~vt}t∈R+ . We also denote the stochastic processes by

their components






~xt ≡ (xt, yt, zt),

~vt ≡ (v1t , v
2
t , v

3
t ).

The probability space (Ω,P 0) for the stochastic processes {~xt}t∈R+ and

{~vt}t∈R+ is defined as follows







ω ≡ {~V j}j∈N ∈ Ω ≡
∞∏

j=1

(R× R× R
+), ~V j ≡ (V 1

j , V
2
j , V

3
j ),

P 0(~V nk
∈ Ak, 1 ≤ k ≤ l) =

l∏

k=1

∫

Ak

G(v1)G(v2)H(v3)dv1dv2dv3,

where

G(v) ≡ e−
v2

2θ√
2πθ

, H(v) ≡







ve−
v2

2θ

θ
for v ≥ 0,

0 else.

For any ω ≡ {~V j}j∈N ∈ Ω the stochastic processes {~xt(~x0, ξ0, ω)}t∈R+

and {~vt(~x0, ξ0, ω)}t∈R+ can be realized as a random particle with a trajec-

tory ~x = ~X(t; ~x0, ξ0, ω) = (X1(t; ~x0, ξ0, ω),X
2(t; ~x0, ξ0, ω),X

3(t; ~x0, ξ0, ω)),

(~xt(~x0, ξ0, ω) ≡ ~X(t; ~x0, ξ0, ω), ~vt(~x0, ξ0, ω) ≡ ~̇X(t; ~x0, ξ0, ω)), with the law
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of motion in the free space by







~̈X(t; ~x0, ξ0, ω) = −~g when X3(t; ~x0, ξ0, ω) > 0,

~X(0; ~x0, ξ0, ω) = ~x0,

~̇X(0; ~x0, ξ0, ω) = ξ0,

with {~V j}j∈N the sequence of random reflective velocities at the boundary:







X3(τn; ~x0, ξ0, ω) = 0,

~̇X(τn+; ~x0, ξ0, ω) = ~V n+1,

τ0 < τ1 < τ2 < · · · ,

where {τn}n≥0 is the sequence of collision time at the diffuse boundary. From

this sequence of random reflected velocities one has a sequence of random

collision times {τj}j∈N, i.e.,






zτj = 0 for j ∈ {0} ∪ N,

0 < τ1 < τ2 < · · · < τj < · · · ,
τj − τj−1 ≡ 2V 3

j /g for j ≥ 1,

where τ0 = (
√

2gz0 + |ξ30 |2 + ξ30)/g is the initial deterministic collision time.

In Corollary 3.4 one construct a probability measure P from the prob-

ability measure P 0, the stochastic processes {~xt, ~vt}t∈R+ , and the non

negative-valued initial data t(~x, 0, ξ) to represent t(~x, t, ξ) if
∫

H+×R3 t(~x, 0, ξ)

dξd~x = 1. The probability representation of t(~x, t, ξ) is

t(~x, t, ξ)d~xdξ = P (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ) ,

and the probabilistic representation of the boundary flux function ρ(x, y, t)

is

ρ(x, y, t)dxdydt=

∞∑

j=0

P ((xτn , yτn)∈(x, x+dx) × (y, y+dy), τn ∈ [t, t+dt]) .

(1.3)

The stochastic process {(xτn , yτn)}n∈N generates a 2-dimensional diffuse

phenomenon whose wave propagation structure is closely related to heat dif-

fuse in 2-D but its physical generating mechanism is irrelevant to the thermal

diffusion for the gas dynamics. The stochastic process {~xτn}n∈N is a Marko-
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vian process. The increment {~xτn − ~xτn−1}n≥0 is an i.i.d.. This process is

related to the random reflected velocity {~V n}n∈N as follows: The three com-

ponents {V 1
n }n∈N, {V 2

n }n∈N, and {V 3
n }n∈N are three i.i.d. with distribution

functions G , G, and H. The time lapse σn and the horizontal displacement

dn = (xτn − xτn−1 , yτn − yτn−1) between two consecutive collisions under the

constant gravitational field −~g is

{

σn ≡ τn − τn−1 = 2V 3
n /g,

dn ≡ (xτn − xτn−1 , yτn − yτn−1) = (σnV
1
n , σnV

2
n ).

(1.4)

By a strong central limit theorem, (which can be obtained through Fourier

transformation and complex contour integral), one can relate the time lapse

Tn ≡
n∑

j=1

σj (random time for first consecutive n-collision)

and the horizontal displacement

Dn ≡
n∑

j=1

dj (random walk for first consecutive n-collision)

to the number n of collisions as follows:






P (Tn ∈ (t, t+ dt)) ≤ C

(

e
− |t−nE[σ1]|2

CVar[σ1]√
n

+ e−
|t−nE[σ1]|+t

C

)

dt,

P (Dn ∈ (x, x+ dx)×(y, y + dy)) ≤ C

(

e
− x2+y2

CVar[σ1]

n
+ e−

|x|+|y|+n

C

)

dxdy

(1.5)

for some constant C > 0. From this, we see that the decaying rates of P (Tn ∈
(t, t + dt)) and P (Dn ∈ (x, x + dx) × (y, y + dy)) are exponentially fast at

infinity. This yields the weak, exponentially decaying connection between the

space and time variables outside the region |x| > O(1)(1+t)1/2. One needs to

study the strong connection between the space-time variable in the diffusion

region |x| ≤ O(1)(1 + t)1/2. In the neighborhood of the diffusion region, one

needs to estimate the joint probability distribution of Tn and Dn when |Dn| ≤
O(1)n

1
2
+γ for some γ ∈ (0, 1/6). The joint probability distribution function

is almost a product of the marginal probability distribution functions in the
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diffusion region |x| ≤ n
1
2
+γ

P (Dn ∈ (x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt))

≤ C




e−

(x2+y2)+(t−nE[σ1])
2

Cn

n3/2
+ e−

√
x2+y2+t

C



 dxdydt. (1.6)

To obtain (1.6) one needs rather detailed analysis than that for (1.5), since

the random variables Tn and Dn are not independent. An auxiliary stochas-

tic process
∑n

k=0(σk)
2 is introduced to analyze the fluctuation of Tn for the

purpose of estimating the joint probability of Tn and Dn in a diffusion region,

see Lemma 3.9

By the marginal probability distributions P(Tn ∈ (t, t+dt)) and P(Dn ∈
(x, x + dx) × (y, y + dy)) in (1.5), the estimate in (1.6) for the joint proba-

bility distributions of Tn and Dn within the region |Dn| ≤ n1/2+γ , and the

expression of ρ(x, y, t) in (1.3), one will obtain a global diffusion property on

the boundary flux function ρ(x, y, t)

ρ(x, y, t) ≤ C




e
− (x2+y2)

C(1+t)

(1 + t)
+ e−

√
x2+y2+t

C



 .

This diffusion property of the boundary flux function implies the Main The-

orem A, Section 3:

Theorem 1.1.(Main Theorem A) Suppose that the initial configuration

t(~x, 0, ξ) of (1.2) satisfies

|t(~x, 0, ξ)| ≤ e−
√

x2+y2
(

e−
gz
θ M(ξ)

)α
, (1.7)

for a given α ∈ (0, 1). Then, there exists C∗ > 0 such that the solution

t(~x, t, ξ) of (1.2) satisfies

|t(~x, t, ξ)| ≤ O(1)




e
− x2+y2

C∗(1+t)

(1 + t)
+ e−(|x|+|y|+t)/C∗





(

e−
gz
θ M(ξ)

)α
. (1.8)

Furthermore, if the initial data t(~x, 0, ξ) satisfies a zero total excess mass

condition (or zero total fluctuation condition)

∫

H×R3

t(~x, 0, ξ)dξd~x = 0, (1.9)
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then the solution t(~x, t, ξ) satisfies

|t(~x, t, ξ)| ≤ O(1)

(
e
− x2+y2

C∗(1+t)

(1 + t)1+γ′ + e−(|x|+|y|+t)/C∗

)(

e−
gz
θ M(ξ)

)α

for some γ′ ∈ (0, 1/6). (1.10)

The equation (1.1) is treated as the perturbation of (1.2) when the gas

is sufficiently rarefied. The main complications in dealing with the nonlinear

collision term Q(f) are:

(1) Main Theorem A needs not impose that the solution t(~x, t, ξ) is a positive-

valued function, though the notion of a probability measure would re-

quire it. Any initial data t(~x, 0, ξ) can be decomposed into a difference of

two positive-valued functions t(~x, 0, ξ) = (t(~x, 0, ξ)∧0)+(t(~x, 0, ξ)∨0) so
that Main Theorem A can be applied to both initial data −(t(~x, 0, ξ)∧0)

and (t(~x, 0, ξ) ∨ 0). From the linear superposition property of (1.2), one

will have the estimates for the solution of t(~x, t, ξ) without the condi-

tion t(~x, 0, ξ) ≥ 0. In contrast to this, for the nonlinear problem (1.1), a

non-negative valued function,

f(~x, 0, ξ) ≥ 0

is needed. When this condition is false, the damping effect in the collision

operator Q could become an amplifying effect. In particular, for a hard

potential model the amplifying effect could become un-manageable for

constructing a solution local in time.

(2) Compared to (1.8), in (1.10) there is an extra decaying property in the

time variable. This extra decaying factor is necessary in order to obtain a

global in time existence theory. Such an extra time decaying property is

common in much existing research on the nonlinear problems for viscous

conservation laws.

(3) One can not have sharp estimates in the (x, y)-(z, ξ) variables at the same

time. One can not have sharp information in (x, y)-variable from those

particles with high velocity or at a high altitude, since these particles

can travel from far away in the space. One shall not expect any fluid-

like structure for those particles such as an extra exponentially decaying

factor in the (x, y)-variable. We introduce a norm to reflect this fact and
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use it to analyze this nonlinear problem:

|||g|||T ≡ sup
t∈[0,T ]

(

sup
~x∈H,
ξ∈R3

|g(~x, t, ξ)|
(
e
− x2+y2

C0(1+t)

(1+t) + e−(|x|+|y|+t)/C0

)√

e−
gz
θ M(ξ)

+ sup
~x∈H
ξ∈R3

|g(~x, t, ξ)|
(

e−
gz
θ M(ξ)

)3/4

)

(1.11)

with C0 =
3
2C∗ where C∗ is given in Main Theorem A.

We use the method of continuity to show that

{T ∈ R
+ : |||f|||T < ǫ2/3} = R

+ where f(~x, t, ξ) is the solution of (1.1).

Finally in Section 4, we prove the following theorem.

Theorem 1.2.(Main Theorem B) There exist ǫ0 > 0 and C0 > 0 such

that when ǫ < ǫ0 the solution of the initial value problem (1.1) satisfies

0 ≤ f(~x, t, ξ) ≤ C0ǫ







(

e−
gz
θ M(ξ)

)3/4

(

e
− x2+y2

C0(1+t)

1+t + e
−
√

x2+y2+t

C0

)
√

e−
gz
θ M(ξ).

(1.12)

As in [14], our approach is based on the stochastic formulation of the

free transport motion (1.2). The stochastic formulation yields explicit solu-

tion representation. In this, we are following the classical approach of using

the Green’s function. For the Boltzmann equation, the Green’s function

approach has been initiated in [9], [10] in the case without the boundary

effects. The study of Green’s function for initial-boundary value problem in

[11] is for the perturbation around a Maxwellian and is therefore not appli-

cable here. For the study of gases near vacuum, it is natural to consider the

free transport equation, as is the case in the present consideration. For the

study on the well-posedness of initial value problem for gases near vacuum

based on the free transport motion, see [8] and references therein. For the

study of the Boltzmann equation with a source, it is common to consider

the Boltzmann equation without the source first and then use the Duhamel’s

principle to study the effect of the source. Such an approach works either
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for local in time, [2], or for the case when the source is small, see [5] and

references therein. In our case here, the source is the gravitational force and

thus is not small. We need to consider the source as an essential part of our

stochastic formulation for the explicit representation. For analytical study

of the boundary thermal effects, see [12], [13] [4], and references therein.

2. Preliminaries

The collision operator Q with Grad’s angular cutoff potential with an

inverse power force law r−s is defined in the form:







Q(f) ≡ Q+(f)−Q−(f) (gain-loss decomposition)

Q+(f) ≡ B+(f, f), (gain operator)

Q−(f) ≡ B−(f, f), (loss operator)

B+(f, g) ≡
1

2

∫

R3×S2

q(V, θ)(f(ξ′)g(ξ′∗) + g(ξ′)h(ξ′∗))dξ∗dω,

B−(f, g) ≡
1

2

∫

R3×S2

q(V, θ)(f(ξ)g(ξ∗) + g(ξ)h(ξ∗))dξ∗dω,

(2.1)

where
{

ξ′ = ξ − ((ξ − ξ∗) · ω)ω,
ξ′∗ = ξ∗ + ((ξ − ξ∗) · ω)ω,

V = |ξ − ξ∗|, θ = cos−1

(
(ξ − ξ∗)
|ξ − ξ∗|

· ω
)

.

Here, the condition for Grad’s angular cutoff potential for an inverse power

force law imposes the following on q(V, θ):

q0V
γ | cos θ| < q(V, θ) < q1V

γ | cos θ| for some 0 < q0 < q1,

γ ≡ (s− 4)

s
.

Those collision operators are classified as follows:

s < 4 s = 4 s > 4 s = ∞
Collision model: Q soft potential Maxwell molecule hard potential hard sphere
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Maxwellians and Collision Invariants

Theorem 2.1.(Boltzmann (1872)) If Q(M) ≡ 0, then the state M is

called a Maxwellian distribution and it is in the form

M(ξ) = M[ρ,~u,θ] ≡ ρ
e−

|ξ−~u|2
2θ

√

(2πθ)3
, ρ > 0, θ > 0, ξ ∈ R

3.

The collision invariants χi, i = 0, 1, 2, 3, 4, are the five polynomials in ξ ∈ R
3







χ0(ξ) = 1,

χi(ξ) = ξi for i = 1, 2, 3,

χ4(ξ) = |ξ|2.

Those collision invariants are orthogonal to the collision operator Q:
∫

R3

χi(ξ)Q(h)dξ = 0 for i = 0, . . . , 4, for any h under consideration.

Lemma 2.2.(Positive-valued operators) Suppose that h is a non-negative

valued function in ξ. Then,

q−[h](ξ) ≡
Q−(h)(ξ)

h(ξ)
≥ 0 for all ξ ∈ R

3,

Q+(h)(ξ) ≥ 0.

The equal sign holds only when the non-negative valued function h is identical

to 0.

This lemma follows directly from the definition of Q− and Q+ in (2.1).

Grad’s Estimates on Collision operator

Theorem 2.3.(Grad [6]) Suppose that the collision operator Q satisfies

the Grad’s angular cutoff condition for a potential with an inverse power

force law r−s. Then, for given M = M[1,~u,θ] and α > 0 there exists C0 such

that

‖(1 + |ξ|)1−γM−αB+(M
αg,Mαh)‖L∞

ξ
≤ C0‖g‖L∞

ξ
· ‖h‖L∞

ξ
, (2.2)

where γ = (s−4)
s , ‖g‖L∞

ξ
≡ supξ∈R3 |g(ξ)|.
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3. Stochastic Representations of Solutions of the Transport

Equation

3.1. Probabilistic representation of a transport equation with dif-

fuse reflection boundary condition

One can derive a probabilistic representation for the solution of the

transport equation







∂tt+ ξ · ∇~xt− ~g · ∇ξt = 0,

t(x, y, 0, t, ξ)|ξ3>0 = ρ(x, y, t)
√

2π
θ M(ξ)|ξ3>0,

ρ(x, y, t) =

∫

ξ∈R3,
ξ3<0

−ξ3t(x, y, 0, t, ξ)dξ

∫

R3×H+

t(~x, 0, ξ)dξd~x = 1, t(~x, 0, ξ) ≥ 0.

(3.1)

The sample space and the probability measure

The probability space (Ω,P 0) is defined by the sample space

Ω ≡
∞∏

j=1

H
+

with the probability measure P 0 given by

P 0

(

(π−1
j Aj) ∩ (π−1

i Bi)
)

= P 0

(

π−1
j Aj

)

P 0

(
π−1
i Bi

)
for Ai, Bj⊂H

+, i 6=j,

and

P 0

(
π−1
i Ai

)
≡
∫

Aj

G(v1)G(v2)H(v3)dv1dv2dv3,

where πi : {~V j}j∈N ∈ Ω 7−→ ~V i ∈ H
+ and

G(v) ≡ e−
v2

2θ

√
2πθ

, H(v) ≡







v

θ
e−

v2

2θ for v > 0,

0 for v < 0.

For any (~x0, ξ0, ω) ∈ H
+ × R

3 × Ω, we introduce the following stochastic

processes
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Basic parameters

notion ~x0 ∈ H
+ ξ0 ∈ R

3 ω ∈ Ω

definition ~x0=(x0, y0, z0) ξ0=(ξ10 , ξ
2
0 , ξ

3
0) ω=(~V 1, ~V 2, ~V 3, ~V 4, · · · ),

~V j=(V 1
j , V

2
j , V

3
j ) ∈ H

+

Deterministic variables

τ0=((|ξ30 |2+2gz0)
1
2+ξ30)/g d0 = τ0(ξ

1
0 , ξ

2
0) W0=(x0, y0)+d0

description first collision time horizontal dis- location where

placement up to the first collision

the first collision taking place

mutual independent i.i.d.’s

{V 1
j }j∈N ∈

∞∏

j=1
R {V 2

j }j∈N ∈
∞∏

j=1
R {V 3

j }j∈N ∈
∞∏

j=1
R
+

Distribution G(v) = G(v) = H(v) =

function
P 0(V 1

j ∈(v,v+dv))

dv

P 0(V 2
j ∈(v,v+dv))

dv

P 0(V 3
j ∈(v,v+dv))

dv

random variables between two collision

σn = 2V 3
n /g the time lapse between the n-th and n+ 1-th

collision, n ≥ 1

dn = (σnV
1
n , σnV

2
n ) the horizontal displacement between the n-th and

n+ 1-th collision, n ≥ 1

random walks

Tn=
∑n

l=1 σl the time lapse between n+1 and the first collision

τn=Tn + τ0 n+ 1-th collision time

Dn=
∑n

l=1 dl the horizontal displacement between n+1 and the

first collision

Wn=(x0, y0)+d0+Dn the location where n+ 1-th collision taking place

Sn=
∑n

l=1(σl)
2 an auxiliary process

(3.2)
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The continuous processes (random path): ~X(t; ~x0, ξ0, ω) ≡ (X1(t; ~x0, ξ0, ω),

X2(t; ~x0, ξ0, ω), X
3(t; ~x0, ξ0, ω))

the dynamics the initial data the random reflected velocity

~̈X(t; ~x0, ξ0, ω) = −~g ~X(0; ~x0, ξ0, ω) = ~x0
~̇X(τn−1+; ~x0, ξ0, ω) = ~V n

for t 6∈ {τ0, τ1, . . . , } ~̇X(0; ~x0, ξ0, ω) = ξ0 X3(τn−1; ~x0, ξ0, ω) = 0

for n = 1, . . .

The stochastic process

notions definition

~xt ≡ (xt, yt, zt) (xt, yt, zt) ≡ ~X(t; ~x0, ξ0, ω)

~vt ≡ (v1t , v
2
t , v

3
t ) (v1t , v

2
t , v

3
t ) ≡ ~̇X(t; ~x0, ξ0, ω)

(3.3)

Remark 3.1. The random variables dn and σn are not independent.

Lemma 3.2.

P 0

{

lim
n→∞

n∑

j=0

σj = ∞
}

= 1. (3.4)

Proof. The random variables {σi}i≥1 are i.i.d. Define the event Ei ≡
{σi > 1}. Thus, one has that

∞∑

i=1

P 0(Ei) = lim
n→∞

nP 0(E1) = ∞.

Then, by the Borel-Cantelli Lemma one has

P 0 {Ei infinite often} = 1.

This and σi ≥ 0 yield this lemma. �

From (3.4), one has limn→∞ τn = ∞. This limit yields that for almost

all ω ∈ Ω for any t ∈ R
+ there exists n such that

τn(ω) ≤ t ≤ τn+1(ω) or 0 < t < τ1(ω).

With this, one can define the random trajectory ~x = ~X(t; ~x0, ξ0, ω)(≡ ~xt ≡
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(xt, yt, zt)) is defined by

for t ∈ (0, τ0)

~xt = ~x0 + tξ0 − t2

2 ~g,

for t ∈ (τn−1, τn)





(xt, yt) ≡ Wn−1 + (t− τn−1) (V
1
n , V

2
n ),

zt = V 3
n (t− τn−1)−

g

2
(t− τn−1)

2 .

The trajectory of the random particle ~x = ~X(t, ~x0, ξ0, ω) is illustrated

in Figure 1.

Figure 1.

Theorem 3.3. The probabilistic representation of the solution t(~x, t, ξ)

of (3.1) is

t(~x, t, ξ)d~xdξ = χ(z−ξ3t− g

2
t2)t(x−ξ1t, y−ξ2t, z−ξ3t− g

2
t2, 0, ξ+~gt)d~xdξ

+

∫

(~x0,ξ0)∈H×R3

χ(t− τ0)P 0 (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ)

×t(~x0, 0, ξ0)d~x0dξ0, (3.5)

ρ(x, y, t)dxdydt

=

∫

ξ30<
gt
2

ξ0∈R3

−(ξ30 − gt)t(x− ξ10t, y − ξ20t,−ξ30t+
g

2
t2, 0, ξ0)dξ0dxdydt

+

∫

H+×R3

χ(t− τ0)

∞∑

n=1

P 0(τn ∈ (t, t+ dt),
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Wn ∈ (x, x+ dx)× (y, y + dy))t(~x0, 0, ξ0)d~x0dξ0, (3.6)

where χ(x) is a characteristic function for the set {x| x > 0}, and both τn

and Wn are functions of (~x0, ξ0, ω) ∈ H
+ × R

3 × Ω.

Proof. Let t̃(~x, t, ξ) denote the probability density function of

t̃(~x, t, ξ)d~xdξ

= χ(z − ξ3t− g

2
t2)t(x− ξ1t, y − ξ2t, z − ξ3t− g

2
t2, 0, ξ + ~gt)d~xdξ

+

∫

(~x0,ξ0)∈H×R3

χ(t− τ0)P 0 (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ) t(~x0, 0, ξ0)d~x0dξ0. (3.7)

From the definition of the random path ~X(t), for any regular set Γ0 ⊂
H

+×R
3 and its trajectory Γt under the flow ~̇x = ξ, ξ̇ = −~g, the probability

enclosed in the region Γt is invariant in time whenever Γt stays away from

the boundary z = 0. Thus,

d

dt

∫

Γt

(∫

H+×R3

P 0

(
~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ

)
t(~x0, 0, ξ0)d~x0dξ0

)

d~xdξ = 0

for any Γ0 ⊂ H
+ × R

3. By letting |Γ0| → 0 and the above yields that the

probability density function t̃(~x, t, ξ) satisfies

∂tt̃+ ξ · ∇~xt̃− ~g · ∇ξ t̃ = 0. (3.8)

The function
∫

ξ30<gt/2

ξ0∈R3

−(ξ30 − gt)t(x− ξ10t, y − ξ20t,−ξ30t+
g

2
t2, 0, ξ0)dxdydtdξ0

represents the number of the first collision particles (the deterministic colli-

sion) in the region given by x ∈ x + dx, y ∈ y + dy, z = 0, τ0 ∈ (t, t + dt).

Thus, the function ρ̃(x, y, t)dxdydt denotes the number of particles with all

possible number of collisions (with random and deterministic collisions ) at

x ∈ (x, x+ dx), y ∈ (y, y + dy), z = 0, t ∈ (t, t+ dt)

ρ̃(x, y, t)dxdydt

=

∫

ξ30<gt/2

ξ0∈R3

−(ξ30 − gt)t(x− ξ10t, y − ξ20t,−ξ30t+
g

2
t2, 0, ξ0)dxdydξdt
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+

∫

H+×R3

χ(τ0 − t)

∞∑

n=1

P 0(τn ∈ (t, t+ dt),

Wn ∈ (x, x+ dx)× (y, y + dy))t(~x0, 0, ξ0)d~x0dξ0. (3.9)

Here, the random variables τn and Wn are functions of ~x0, ξ0, and ω. This

function can be estimated directly from the stochastic process given in (3.2).

Next, we will need to relate ρ̃(x, y, t) to t̃(~x, t, ξ). Since t̃(~x, t, ξ) is time-

reversible in the interior domain through the flow generated by (3.8), the

only non time-reversible part appears at the boundary z = 0. Thus, we just

need to relate ρ̃(x, y, t)dxdydt and t̃(~x, t, ξ)dξd~x|z=0,ξ3>0. Let

dz = −ξ3dt (3.10)

the infinitesimal line element in the z-component for particle arriving bound-

ary z = 0 with impinging velocity ξ. This yields, for n ≥ 1,

∫

ξ3<0
ξ∈R3

(∫

(~x0,~v0)∈H+×R3

P 0(xt ∈ x+ dx, yt ∈ y + dy, zt ∈ z + dz, t = τn,

ξ ∈ ξ + dξ)d~x0dξ0

)

dξ

=

∫

(~x0,~v0)∈H+×R3

P 0(xτn ∈ x+ dx, yτn ∈ y + dy, τn ∈ (t, t+ dt))t(~x0, 0, ξ0)d~x0dξ0

=

∫

(~x0,~v0)∈H+×R3

P 0(Wn ∈ (x, x+ dx)× (y, y + dy), τn ∈ (t, t+ dt))

×t(~x0, 0, ξ0)t(~x0, 0, ξ0)d~x0dξ0. (3.11)

Again by (3.10), one has

∫

ξ3<0
ξ∈R3

(
−ξ3t̃(x, y, 0, t, ξ)dxdydt

)
dξ

=

(∫

ξ30<
gt
2

ξ∈R3

−(ξ30 − gt)t(x− ξ10t, y − ξ20t,−ξ30t+
1

2
gt2, 0, ξ0)dξ0

)

dxdydt

+

∫

ξ3<0
ξ∈R3

(∫

(~x0,ξ0)∈H×R3

χ(t− τ0)P 0(xt ∈ x+ dx, yt ∈ y + dy, zt ∈ z + dz,

~vt ∈ ξ + dξ)t(~x0, 0, ξ0)d~x0dξ0

)

dξ

∣
∣
∣
∣
z=0

. (3.12)

One can partition the event {zt = 0} into ∪∞
n=0{τn = t} and use (3.11) to
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result in that
∫

ξ3<0
ξ∈R3

(−ξ3t(x, y, 0, t, ξ)dxdydt)dξ

=

(∫

ξ30<
gt
2

ξ∈R3

−(ξ30 − gt)t(x− ξ10t, y − ξ20t,−ξ30t+
1

2
gt2, 0, ξ0)dξ

)

dxdydt

+
∞∑

n=1

∫

(~x0,ξ0)∈H×R3

χ(t− τ0)P 0 (Wn ∈ (x, x+dx) × (y, y+dy), τn ∈ (t, t+dt))

t(~x0, 0, ξ0)d~x0dξ0

= ρ̃(x, y, t)dxdydt. (3.13)

This proves (3.9).

Similar to the first identity in (3.13) one has that

ρ̃(x, y, t)dxdydt =

∫

ξ3>0
ξ3t̃(x, y, 0, t, ξ)dxdydξdt =

∫

ξ3>0
t̃(x, y, 0, t, ξ)d~xdξ

On the other hand from the random velocity, one has

ρ̃(x, y, t)dxdydt =

∫

ξ3>0

√
2π√
θ
ξ3ρ̃(x, y, t)M(ξ)dξ1dξ2dξ3dxdydt

=

∫

ξ3>0

√
2π√
θ
ρ̃(x, y, t)M(ξ)dξ1dξ2dξ3dxdydz.

By comparing the above two, we conclude that

t̃(x, y, 0, t, ξ)|ξ3>0 =

√
2π√
θ
ρ̃(x, y, t)M(ξ)|ξ3>0.

From this and (3.8), the probabilistic function t̃(~x, t, ξ) solves (3.1) with the

Maxwell diffuse reflection boundary condition. (3.6) from (3.13). �

Corollary 3.4. There exists a probability measure P and two vector-

valued stochastic processes {~xt}t∈R+ and {~vt}t∈R+ such that the solution

t(~x, t, ξ) of (3.1) can be represented as follows

t(~x, t, ξ)d~xdξ = P (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ). (3.14)
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Furthermore, the boundary flux function ρ(x, y, t) can be represented as

ρ(x, y, t)dtdxdy =
∞∑

n=0

P (~xτn ∈ [x, x+ dx]× [y, y + dy], τn ∈ [t, t+ dt]) .

(3.15)

Proof. For each (~x0, ξ0, ω) ∈ H
+ × R

3 × Ω the stochastic processes

{~xt}t∈R+ and {~vt}t∈R+ are defined by

{

~xt(ω) ≡ ~X(t; ~x0, ξ0, ω),

~vt(ω) ≡ ~̇X(t; ~x0, ξ0, ω).

The probability measure P (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ) is defined by

P (~xt ∈ ~x+ d~x, ~vt ∈ ξ + dξ)

= χ(z − ξ3t− g

2
t2)t(x− ξ1t, y − ξ2t, z − ξ3t− g

2
t2, 0, ξ + ~gt)d~xdξ

+

∫

(~x0,ξ0)∈H×R3

χ(t− τ0)P 0 (~xt ∈ ~x+d~x, ~vt∈ξ+dξ) t(~x0, 0, ξ0)d~x0dξ0. (3.16)

From this definition of P and (3.6), one has (3.15). �

One can re-assembly P (~xτn ∈ [x, x+ dx]× [y, y+ dy], τn ∈ (t, t+ dt)) as

follows P (~xτn−1 ∈ [x̄, x̄ + dx] × [ȳ, ȳ + dy], τn−1 ∈ [t̄, t̄ + dt]) and projectile

trajectories from (x̄, ȳ) at t̄ to (x, y) at t according to the probability assigned

to the projectile trajectories. Then, it follows

P (~xτn ∈ [x, x+ dx]× [y, y + dy], τn ∈ (t, t+ dt))

=

∫

R3,0<v3< g
2
t
G(v1)G(v2)H(v3)

·P
(

~xτn−1 ∈
[

x− 2v1v3

g
, x− 2v1v3

g
+ dx

]

×
[

y− 2v2v3

g
, y− 2v2v3

g
+ dy

]

,

τn−1 ∈
(

t− 2v3

g
, t− 2v3

g
+ dt

))

dv1dv2dv3. (3.17)

This and (3.15) gives rise to the representation

ρ(x, y, t) =

∫ t

0

∫

R2

g

2
G(v1)G(v2)H

(
g(t− τ)

2

)

×ρ(x− v1(t− τ), y − v2(t− τ), τ)dv1dv2dτ
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+

∫

R3

v3<gt/2

|v3 − gt|t(x− v1t, y − v2t,−v3t+
g

2
t2, 0, v1, v2, v3)

dv1dv2dv3. (3.18)

We next examine this from consideration of the characteristic curve method.

At any given point (x, y, 0, ξ) ∈ ∂H+ × (−H
+), the characteristic curve

reaches (x, y, 0, ξ) at time t can be classified into two classes from t = 0

or from ∂H+:

time interval end points of the characteristic Conditions

curve in H
+ × R

3

Class 1 (0, t) (x−ξ1t, y−ξ2t,−ξ3t− 1
2t

2g, ξ+~gt), ξ3 < − t
2g

(~x, ξ)

Class 2 (t− σ1, t) (x− ξ1σ1, y − ξ2σ1, 0, ξ + ~gσ1), −2ξ3=σ1g,

(x, y, 0, ξ) 0<σ1<t

From this table, we can have that from the diffuse reflection boundary

condition given in (3.1)

ρ(x, y, t)

=

∫

ξ3<0
ξ∈R3

−ξ3t(x, y, 0, t, ξ)dξ

=

∫

ξ3<0,ξ3<− g
2
t

ξ∈R3

−ξ3t(x− ξ1t, y − ξ2t,−ξ3t− g

2
t2, 0, ξ − ~gt)dξ

+

∫

0<σ1<t,ξ∈R3

0<σ1≡− 2ξ3

g

−ξ3ρ(x− ξ1σ1, y − ξ2σ1, t− σ1)

√
2π√
θ
M(ξ)dξ

=

∫

ξ30<
g
2
t

ξ0∈R3

−(ξ30 − gt)t(x − ξ10t, y − ξ20t,−ξ30t+
g

2
t2, 0, ξ0)dξ0

+

∫

0<σ1<t,
(ξ1,ξ2)∈R2

g

2
ρ(x−ξ1σ1, y−ξ2σ1, t−σ1)G(ξ

1)G(ξ2)H(
gσ1
2

)dξ1dξ2dσ1.(3.19)

This gives an alternative derivation of (3.18). Rewrite (3.18) as an integral

equation

ρ(x, y, t) = Q(x, y, t) ∗ ρ(x, y, t) + t+(x, y, t), (3.20)
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whence

ρ(x, y, t) =

(

1 +

∞∑

l=1

Ql(x, y, t)

)

∗ t+(x, y, t). (3.21)

Here,

Q(x, y, t) =
g

2
G
(x

t

)

G
(y

t

)

H

(
gt

2

)

=
g2te−

x2+y2

2θt2
− t2g2

8θ

8πθ2
,

Ql(x, y, t) = Q(x, y, t) ∗Q(x, y, t) ∗ · · · ∗Q(x, y, t)
︸ ︷︷ ︸

l convolutions

,

h(x, y, t) ∗ g(x, y, t) ≡
∫ t

0

∫

R2

h(x− u, y − v, t− τ)g(u, v, τ)dudvdτ,

t+(x, y, t)≡
∫

R3

v3<gt
2

|v3 − gt|t(x−v1t, y−v2t,−v3t+
g

2
t2, 0, v1, v2, v3)dv1dv2dv3.

(3.22)

Remark 3.5. From the representation (3.21), we just need to obtain

a refined structure of Ql(x, y, t), then the structure of the boundary flux

function ρ(x, y, t) will follow.

Here, the functions Q(x, y, t) and Ql(x, y, t) are the joint probability

density functions of the horizontal displacement random variables
∑l

j=1 dj

and the hitting time variables
∑l

n=1 dn with respect to the total number l

of collisions:
{

Q(x, y, t)dxdydt=P (d1 ∈ (x, x+dx)×(y, y+dy), σ1 ∈ (t, t+dt)),

Ql(x, y, t)dxdydt=P (Dl∈(x, x+dx)×(y, y+dy),Tl∈(t, t+dt)) .
(3.23)

The probability density function F (t) of the random variable σn is

T (t) ≡







g2t

4θ
e−

g2t2

8θ for t > 0,

0 for t ≤ 0.

(3.24)

Lemma 3.6. The function t+(x, y, t) defined in (3.22) satisfies

∫ ∞

0

(∫

R2

t+(x, y, t)dxdy

)

dt =

∫

H+×R3

t(~x, 0, ξ)d~xdξ. (3.25)
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Proof. Suppose that t(x, 0, ξ) ≥ 0 and
∫

H×R3 t(~x, 0, ξ)d~xdξ = 1. The

measure t+(x, y, t)dtdxdy can be identified with the probability measure

t+(x, y, t)dxdydt = P ((xτ0 , yτ0) ∈ (x, x+ dx)× (y, y + dy), τ0 ∈ (t, t+ dt)).

Due to the constant gravitational field −~g, every particle will be pulled back

to the surface z = 0 in finite time. This yields
∫ ∞

0

∫

R2

P ((xτ0 , yτ0) ∈ (x, x+ dx)× (y, y + dy), τ0 ∈ (t, t+ dt))

= 1 =

∫

H×R3

t(~x, 0, ξ)d~xdξ.

Thus,

∫ ∞

0

(∫

R2

t+(x, y, t)dxdy

)

dt = 1 =

∫

H×R3

t(~x, 0, ξ)d~xdξ.

For any positive-valued initial value t(~x, 0, ξ) this lemma also holds by mul-

tiplying it with a normalizing constant. A general real-valued function

t(~x, 0, ξ) can be decomposed into the difference of two positive-valued func-

tions. Apply the above to the two positive-valued functions, and so the

lemma holds for the difference as well. �

Lemma 3.7.(Delay Estimates) For a given α ∈ (0, 1) suppose the initial

data t(~x, 0, ξ) satisfies

|t(~x, 0, ξ)| ≤
(

e−
gz
θ M(ξ)

)α
e−

√
x2+y2. (3.26)

Then, there exists C1 > 0 such that the function t+(x, y, t) satisfies

|t+(x, y, t)| ≤ O(1)e
−
(

|gt|2
θ

+
√

x2+y2
)

/C1

. (3.27)

Proof. From the definition of t+ in (3.21), one has that

t+(x, y, t) ≤
(∫

v3<gt/4
+

∫

gt/4<v3<gt/2

)

×|v3 − gt|e−
√

(x−v1t)2+(y−v2t)2−
2g(−v3t+

g
2 t2)+

∑3
j=1(v

j)2

2θ
αdv1dv2dv3

=

(∫

v3<gt/4

|v1|2+|v2|2< |x|2+|y|2
16t2

+

∫

v3<gt/4

|v1|2+|v2|2≥ |x|2+|y|2
16t2

)
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×|v3 − gt|e−
√

(x−v1t)2+(y−v2t)2−
g2

2 t2+
∑3

j=1(v
j )2

2θ
αdv1dv2dv3

+

(∫

gt/4<v3<gt/2

|v1|2+|v2|2< |x|2+|y|2
16t2

+

∫

gt/4<v3<gt/2

|v1|2+|v2|2≥ |x|2+|y|2
16t2

)

×|v3 − gt|e−
√

(x−v1t)2+(y−v2t)2−
∑3

j=1(v
j)2

2θ
αdv1dv2dv3

≤ O(1)

(

e−
3
√

x2+y2

4
− g2t2

32θ
α + e−α g2t2

8θ
−α

|x|2+|y|2
32t2θ

)

≤ O(1)

(

e
− 3

√
x2+y2

4
−α g2t2

C1θ + e
−α g

√
x2+y2

64θ
−α g2t2

C0θ

)

≤ O(1)e
−
(

g2t2

θ
+
√

x2+y2
)

/C1

for some C0, C1 > 0. (3.28)

�

3.2. Central limit theorems for space-time displacements

In this subsection we derive the central limit theorems for the 2-di-

mensional random walk Dn and the 1-dimensional random walks Tn and Sn

defined in (3.2).

From a direct calculation, one has that






E[σi] =

∫ ∞

0

2v2e−
v2

2θ

gθ
dv =

√
2πθ

g
,

Var (σi)=E[(σi)
2]−E[σi]

2=

∫ ∞

0

(
2v

g

)2 ve−
v2

2θ

θ
dv−

(√
2πθ

g

)2

=
θ(8−2π)

g2
.

(3.29)

Lemma 3.8.(Central Limit Theorem) There exists C > 0 such that the

stochastic processes Tn, Sn, and Dn given in (3.2) satisfy

∣
∣
∣
∣
∂k
t

(
P {Tn∈(t, t+dt)}

dt

)∣
∣
∣
∣
≤ C

(

e−
(|t−nE[σ1]|+n)

C +
e−

(t−nE[σ1])
2

Cn

n
1+k
2

)

for k=0, 1,

(3.30)

P {Sn ∈ (σ, σ + dσ)}
dσ

≤ C

(

e−
(|σ−nE[σ2

1]|+n)

C +
e−

(σ−nE[σ1])
2

Cn

√
n

)

, (3.31)



2008] DIFFUSION UNDER GRAVITATIONAL AND BOUNDARY EFFECTS 189

P {Dn ∈ (x, x+ dx)× (y, y + dy)}
dxdy

≤ C

(

e−
(|x|+|y|+n)

C +
e−

(x2+y2)
Cn

n

)

. (3.32)

Proof. Take the Fourier transformation of the probability density func-

tion T (t) of the random variable σj i.e.

E[e−iησj ] ≡
∫

R

e−itη
T (t)dt.

By the i.i.d. property of {σj}j∈N one has that

E[e−iηTn ] = E

[

e−iη
∑n

j=1 σj

]

=
(
E[e−itησ1 ]

)n

=

(

E

[

1− iησ1 −
σ2
1

2
η2 +O(η3)

])n

=

(

1− iηE[σ1]−
Var [σ1]

2
η2 +O(η3)

)n

= e−inηE[σ1]−Var [σ1]

2
nη2+nO(η3) for |η| ≪ 1. (3.33)

The exponentially decaying structure in T (t) results the generating function

E[e−iησ1 ] is an analytic function in η when η ∈ {η ∈ C| |η| ≪ 1} and the

function O(η) is also analytic around η = 0.

For |t−nE[σ1]| ≤ n/C (in the hyperbolic scale region) by inverse Fourier

transformation of E[e−iηTn ], using the complex contour integral method,

∂k
t

P (Tn ∈ (t, t+ dt))

dt
=

∫

R

(iη)keitηE[e−iηTn ]dη

=

∫

R

(iη)kei(t−nE[σ1])ηeinE[σ1]ηE[e−iηTn ]dη

=

∫

R

(iη)kei(t−nE[σ1])ηe−
Var [σ1]

2
nη2+O(1)nη3dη

=
1

n
k+1
2

∫

R

(iη̄)ke
i
(t−nE[σ1])√

n
η̄
e
−Var [σ1]

2
η̄2+O(1) η̄3√

ndη̄

=
e
− (t−nE[σ1])

2

2Var[σ1]n

n
k+1
2

(∫

|η̄|≤κ0
√
n
+

∫

|η̄|≥κ0
√
n

)

(iη̄)ke
−
Var [σ1]

(

η̄−i
(t−nE[σ1])√

nVar[σ1]

)2

2
+O(1) η̄3√

ndη̄

=
e
− (t−nE[σ1])

2

2Var[σ1]n

n
k+1
2

(
∫

Γ
+

∫

|η̄|≥κ0
√
n

)

(iη̄)ke
−

Var[σ1]



η̄−i
(t−nE[σ1])√
nVar [σ1]





2

2
+O(1) η̄3√

ndη̄
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≤O(1)
e
− (t−nE[σ1])

2

4Var [σ1]n

√

Var [σ1] n
k+1
2

+O(1)
e−(κ0)2n/C

√

nVar [σ1]
(3.34)

where

Γ ⊂
{

|Re(z)| = κ0
√
n, Im(z) ∈

(

0,
1

2

t− nE[σ1]
√

nVar [σ1]

)}

∪
{

|Re(z)| ≤ κ0
√
n, Im(z) =

1

2

t− nE[σ1]
√

nVar [σ1]

}

.

Here, we have used the condition that O(1)η3 is an analytic function in η in

order to apply the complex contour integral to yield the exponentially sharp

estimates.

We use weighted energy estimates to prove the exponential decaying

structure in t-variable. Denote by Tn(t) the probability density function of

Tn,

Tn(t) =
P (Tn ∈ (t, t+ dt))

dt
= T (t) ∗ T (t) ∗ · · · ∗ T (t)
︸ ︷︷ ︸

n convolutions in t.

.

We consider
(∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1]n)/CTn(t)

∣
∣
∣

2
dt

) 1
2

.

By Hölder inequality,
∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1]n)/CTn(t)

∣
∣
∣

2
dt

=

∫ ∞

−∞

∣
∣
∣
∣
e(t−

3
2
E[σ1]n)/C

∫

R

T (t− τ)Tn−1(τ)dτ

∣
∣
∣
∣

2

dt

=

∫ ∞

−∞

∣
∣
∣
∣
e−

3
2
E[σ1]/C

∫

R

T (t− τ)e(t−τ)/C
Tn−1(τ)e

(τ− 3
2
E[σ1](n−1))/Cdτ

∣
∣
∣
∣

2

dt

≤ e−3E[σ1]/C

(∫

R

T (t)et/Cdt

)2 ∫ ∞

−∞

∣
∣
∣Tn−1(τ)e

(τ− 3
2
E[σ1](n−1))/C

∣
∣
∣

2
dτ.(3.35)

Now one can expand et/C = 1 + t/C + (t/C)2 and substitute it into
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∫

R
T (t) et/Cdt to get that

(∫

R

T (t)et/Cdt

)2

= 1 + 2E[σ1]/C +O(1)1/C2 ≤ e
5
2
E[σ1]/C

for sufficiently large C > 0. This and (3.35) result in that

∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1]n)/CTn(t)

∣
∣
∣

2
dt≤e−

1
2
E[σ1]/C

∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1](n−1))/C

Tn−1(t)
∣
∣
∣

2
dt,

(3.36)

and so
∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1]n)/CTn(t)

∣
∣
∣

2
dt≤e−

1
2
(n−1)E[σ1]/C

∫ ∞

−∞

∣
∣
∣e(t−

3
2
E[σ1])/CT (t)

∣
∣
∣

2
dt.

(3.37)

Similarly we have that
∫ ∞

−∞

∣
∣
∣e−(t− 1

2
E[σ1]n)/CTn(t)

∣
∣
∣

2
dt≤e−

1
2
(n−1)E[σ1]/C

∫ ∞

−∞

∣
∣
∣e−(t− 1

2
E[σ1])/CT (t)

∣
∣
∣

2
dt.

(3.38)

The exponential decay estimates in (3.36) and (3.38) give the exponen-

tial decaying structure in t and n outside a hyperbolic region |t− nE[σ1]| >
1
2E[σ1]n. Thus the estimate (3.30) follows. By same argument, one can

prove (3.32) and (3.31). �

Lemma 3.9.(Estimates on Joint Probabilities) There exists γ ∈ (0, 1/6)

and C > 0 such that, for |x| ≤ n
1
2
+γ,

P {Dn ∈ (x, x+ dx)× (y, y + dy), Tn ∈ (t, t+ dt)}
dxdydt

≤ C




e−

(x2+y2)
Cn

− (t−nE[σ1])
2

Cn

n3/2
+ e−

(|t−nE[σ1]|+n)
C



 , (3.39)

∣
∣
∣
∣
∇x

(
P {Dn ∈ (x, x+ dx)× (y, y + dy), Tn ∈ (t, t+ dt)}

dxdydt

)∣
∣
∣
∣

≤ C




e−

(x2+y2)
Cn

− (t−nE[σ1])
2

Cn

n2
+ e−

(|t−nE[σ1]|+n)
C



 , (3.40)

and

∂t

(
P {Dn ∈ (x, x+ dx)× (y, y + dy), Tn ∈ (t, t+ dt)}

dxdydt

)
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≤ C




e−

(x2+y2)
Cn

− (t−nE[σ1])
2

Cn

n
3
2
+( 1

2
−3γ)

+ e−
(|t−nE[σ1]|+n)

C



 . (3.41)

Proof. We only prove (3.40) and (3.41), the estimate for (3.39) follows

by similar argument.

Let {~V j}j∈N denote the stochastic process representing the random re-

flected velocities, where ~V j ≡ (V 1
j , V

2
j , V

3
j ). Since V 1

j , V
2
j , and V 3

j are in-

dependent random variables, the probability measure P {Dn ∈ (x, x+ dx)×
(y, y + dy),Tn ∈ (t, t + dt)}/(dxdydt) can be represented as the following

iterated convolution integral

P {Dn ∈ (x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt)}
dxdydt

=
P (
∑n

j=1 σj(V
1
j , V

2
j ) ∈ (x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt))

dxdydt

=

∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

P (
∑n

j=1 δj(V
1
j , V

2
j ) ∈ (x, x+ dx)× (y, y + dy))

dxdy

×
n∏

j=1

T (δj)dt1 · · · dtn−1, (3.42)

where






δ1 = t1,

δi = ti − ti−1 for i ∈ {2, . . . , n− 1},
δn = t− tn−1.

Since {V 1
j }j∈N and {V 2

j }j∈N are mutual independent i.i.d. with the Gaussian

distribution function G(v), it follows that

P (
∑n

j=1 δj(V
1
j , V

2
j )∈(x, x+ dx)× (y, y + dy))

dxdy
=

e
− x2 + y2

2θ
∑n

j=1 |δj |2

2θπ
∑n

j=1 |δj |2
. (3.43)

First, we introduce the stochastic processes {∆n}n∈N:

∆n ≡
n∑

j=1

(
|σj |2 − E[σ2

1]
)
. (3.44)
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One can expand the factor x2+y2
∑

j=1 δ
2
j

= x2+y2

nE[σ2
1 ]+∆n

=
(
x2+y2

nE[σ2
1 ]

)

(1 + O(1)∆n

n ),

and split the integration domain in terms of ∆n, i.e. {|∆n| ≤ O(1)n
1
2
+γ} ∪

{|∆n| ∈ [n
1
2
+γ , 12nE[σ

2
1]]} ∪ {|∆n| > 1

2nE[σ
2
1]}. We have

∣
∣
∣
∣
∂x

(
P {Dn ∈ (x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt)}

dxdydt

)∣
∣
∣
∣

=

∣
∣
∣
∣
∂x

(∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

2θ
∑n

j=1 |δj |2

2θπ
∑n

j=1 |δj |2
n∏

j=1

T (δj)dtn · · · dt1
)∣
∣
∣
∣

≤ O(1)

∣
∣
∣
∣

(∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

1
√∑n

j=1 |δj |2
e
− x2 + y2

8θ
∑n

j=1 |δj |2

4θπ
∑n

j=1 |δj |2
n∏

j=1

T (δj)dtn · · · dt1
)∣
∣
∣
∣

= O(1)

∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

8θE[σ2
1]n

(
4θπE[σ2

1]n
)3/2

T (δn)

n−1∏

j=1

T (δj)dtn · · · dt1

+O(1)

∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

8θE[σ2
1]n

(
4θπE[σ2

1]n
)3/2

(
(x2 + y2)

n
3
2
−γ

+ nγ− 1
2

)

T (δn)

×
n−1∏

j=1

T (δj)dtn · · · dt1

+O(1)
e
− x2 + y2

8θE[σ2
1 ]n

4θπE[σ2
1 ]n

P

{

|∆n| ∈
(√

Var [σ2
1 ] n

1
2
+γ ,

1

2
nE[σ2

1]

)}

+O(1)P (|∆n| >
1

2
nE[σ2

1])

=
e
− x2 + y2
(
8θE[σ2

1 ]
)
n3/2

(
4θπE[σ2

1]n
)3/2

P (Tn ∈ (t, t+ dt))

dt

+O(1)n− 1
2
+3γ e

− x2 + y2

4θE[σ2
1]n

(
4θπE[σ2

1]n
)3/2

P (Tn ∈ (t, t+ dt))

dt
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+O(1)
e−

n2γ

C e
− x2 + y2

8θE[σ2
1]n

4θπE[σ2
1]n

+O(1)e−n/C

= O(1)
e
− x2 + y2

8θE[σ2
1 ]n

− (t− E[σ1]n)
2

4Var [σ1]n

n2
+O(1)e−n/C . (3.45)

This concludes (3.40). For (3.41) one has

∂t

(
P {Dn ∈ (x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt)}

dxdydt

)

= ∂t

(
∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

2θ
∑n

j=1 |δj |2

2θπ
∑n

j=1 |δj |2
n∏

j=1

T (δj)dtn · · · dt1
)

= ∂t

(
∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

2θE[σ2
1]n

2θπE[σ2
1]n

n∏

j=1

T (δj)dtn · · · dt1
)

+O(1)

∫ t

0

∫ t1

0
· · ·
∫ tn−1

0

e
− x2 + y2

2θE[σ2
1]n

2θπE[σ2
1]n

(x2 + y2)

n
3
2
−γ

T
′(δn)

n−1∏

j=1

T (δj)dtn · · · dt1

+O(1)
e
− x2 + y2

8θE[σ2
1 ]n

4θπE[σ2
1]n

P

(

|∆n| ∈
(√

Var [σ2
1 ] n

1
2
+γ ,

1

2
nE[σ2

1]

))

+O(1)P (|∆n| >
1

2
nE[σ2

1])

=
e
− x2 + y2

2θE[σ2
1]n

2θπE[σ2
1]n

∂t

(
P (Tn ∈ (t, t+ dt))

dt

)

+O(1)n(− 1
2
+3γ) e

− x2 + y2

4θE[σ2
1]n

4θπE[σ2
1]n

P (Tn ∈ (t, t+ dt))

dt

+O(1)
e−

n2γ

C e
− x2 + y2

8θE[σ2
1]n

4θπE[σ2
1]n

+O(1)e−n/C
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=O(1)
(

n−2+n− 3
2
− 1

2
+3γ
)

e
− x2 + y2

8θE[σ2
1]n

− (t− E[σ1]n)
2

4Var [σ1]n +O(1)e−n/C , (3.46)

and (3.41) follows. �

Lemma 3.10. For any given (x, y, t) there exists C > 0 such that the

infinite sum
∑∞

l=1Ql(x, y, t) satisfies, for t ≥ 1,

∞∑

l=1

Ql(x, y, t) ≤ O(1)

(
e
− x2+y2

C(1+t)

(1 + t)
+ e−(|x|+|y|+t)/C

)

, (3.47)

and there exists γ ∈ (0, 1/6) such that

∞∑

l=1

|∂tQl(x, y, t)| ≤ O(1)

(
e
− x2+y2

C(1+t)

(1 + t)1+γ
+ e−(|x|+|y|+t)/C

)

, (3.48)

∞∑

l=1

|∇xQl(x, y, t)| ≤ O(1)

(
e
− x2+y2

C(1+t)

(1 + t)2
+ e−(|x|+|y|+t)/C

)

. (3.49)

Proof. It is sufficient to prove (3.47), since (3.48) and (3.49) will follow

by the same argument. By (3.23) one can related Ql(x, y, t)dxdydt to P (Dl ∈
(x, x+ dx)× (y, y + dy),Tn ∈ (t, t+ dt)) estimated in Lemma 3.9.

The proof of (3.47) is done in the four cases, according to the value of

r ≡
√

x2 + y2.

Case 1. r > t.

We use (3.32) for l ∈ (0, 2r/E[σ1]) and (3.30) with k = 0 for l∈(2r/E[σ1],∞)

in the following summation of Ql:

∞∑

l=1

Ql(x, y, t) =

2r/E[σ1]∑

l=1

Ql(x, y, t) +

∞∑

l=|2~x|/E[σ1]

Ql(x, y, t)

= O(1)

( 2r/E[σ1]∑

l=1

e
− r

2

4θE[σ2
1
]l

l
+

∞∑

l=2r/E[σ1]

e
− |t−E[σ1]l|2

Var [σ1]l√
l

)

= O(1)e−r/C for some C > 0. (3.50)
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Case 2. r ∈ (t
1
2
+γ , t).

We use (3.32) for l ∈ (0, 2E[σ1]t) and (3.30) with k = 0 for l ∈ (2E[σ1]t,∞)

in the following summation of Ql:

∞∑

l=1

Ql(x, y, t) =

2E[σ1]t∑

l=1

Ql(x, y, t) +
∞∑

l=2E[σ1]t

Ql(x, y, t)

= O(1)

( 2E[σ1]t∑

l=1

e
− r

2

4θE[σ2
1]l

l
+

∞∑

l=2E[σ1]t

e
− |t−E[σ1]l|2

Var [σ1]l

√
l

)

= O(1)

(

e−t2γ− r
2

Ct + e−t/C

)

for some C > 0. (3.51)

Case 3. r ∈ (0, t
1
2
+γ).

We use (3.39) for l ∈ (12 t/E[σ1], 2t/E[σ1]), and (3.30) with k = 0 for l ∈

(0, 12t/E[σ1]) ∪ (2t/E[σ1],∞) in the following summation of Ql:

∞∑

l=1

Ql(x, y, t) =

1
2
t/E[σ1]
∑

l=1

Ql(x, y, t) +

2t/E[σ1]∑

l= 1
2
t/E[σ1]

Ql(x, y, t) +

∞∑

l=2t/E[σ1]

Ql(x, y, t)

= O(1)

( 1
2
t/E[σ1]
∑

l=1

e
− |t−E[σ1]l|2

Var [σ1]l

√
l

+

2t/E[σ1]∑

l= 1
2
t/E[σ1]

e
− r

2

4θE[σ2
1]l

l

e
− |t−E[σ1]l|2

Var [σ1]l

√
l

+

∞∑

l=2t/E[σ1]

e
− |t−E[σ1]l|2

Var [σ1]l

√
l

)

= O(1)
e
− r

2

C(1+t)

(1 + t)
for some C > 0. (3.52)

�

Before proceeding to the proof of Main Theorem A, we denote Γ(τ) a

trajectory of the flow Γ̈(τ) = −~g with condition Γ(t) = ~x and Γ̇(t) = ξ:
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For a given (~x, t) ∈ H
+ × R

+, the trajectory Γ(τ) is given by

Γ(τ) = (Γ1(τ),Γ2(τ),Γ3(τ)),






Γ1(τ) = x+ ξ1(τ − t),

Γ2(τ) = y + ξ2(τ − t),

Γ3(τ) = z + ξ3(τ − t)− g
2 (t− τ)2,

τ0 = t−
√

(ξ3)2+2gz−ξ3

g .

(3.53)

Proposition 3.11. For any fixed α0 > 0 and γ > 0 there exists C∗ > 0

such that the trajectory Γ given in (3.53) satisfies

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1)

(
e
− (x2+y2)

C∗(1+t)

2(1 + τ)γ
+ e−

(|x|+|x|+t)
C∗

)

(3.54)

and
∫ t

τ0

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0

×
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)

dτ

≤ O(1)




e
− (x2+y2)

C∗(1+t)

2(1 + τ)γ
+ e−

(|x|+|x|+t)
C∗



 for all (~x, ξ, t) ∈ H
+×R

3×R
+. (3.55)

Proof. We denote






Γ‖(τ) = (Γ1(τ),Γ2(τ), 0), Γ⊥(τ) = (0, 0,Γ3(τ)),

~x‖ = (x, y, 0), ~x⊥ = (0, 0, z),

d(τ) = |Γ‖(τ)− ~x‖|.

From the conservation law of total energy one has

|Γ̇(τ)|2 + 2gΓ3(τ) = |Γ̇(t)|2 + 2gΓ3(t) = |ξ|2 + 2gz. (3.56)
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We have the estimate for τ ∈ (τ0, t)

max
{

|Γ̇(t)|2, |Γ̇(τ)|2
}

≥ gd(τ). (3.57)

This and (3.56) yield

max

{

e−
gz
θ M(ξ), e−

gΓ3(τ)
θ M(Γ̇(τ))

}

≤ 1

(2π)3/2
e−

gd(τ)
2θ . (3.58)

Note (3.57) follows directly form the fact that v2

g is the maximum horizontal

displacement of a projectile with fixed speed v under a constant gravitational

force.

Case 1. |~x‖| ≤
√
1 + t.

In this case by the property that Γ3(τ) = z + ξ3(t − τ) − 1
2g(t − τ)2 it

follows

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1)

(

e−
gΓ3(τ)

θ

)α0
(

1

2(1 + τ)γ
+ e−

3τ
2C∗

)∣
∣
∣
∣
τ=τ0

≤ O(1)
1

(1 + t)γ
(3.59)

and
∫ t

τ0

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0

×
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)

dτ

≤ O(1)

∫ t

τ0

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ

)α0
(

1

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

≤ O(1)
1

(1 + t)γ
. (3.60)

Case 2. |~x‖| ∈ (
√
1 + t, t).

We break this case into two situations:

a. |Γ‖(τ)| ≥ 5
6 |~x‖| for all τ ∈ [τ0, t].
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In this situation one has

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1)

(

e−
gΓ3(τ)

θ

)α0
(

e
−

|~x‖|
2

C∗(1+τ)

2(1 + τ)γ
+ e−

3τ
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1)
e
−

|~x‖ |2

C∗(1+t)

(1 + t)γ
(3.61)

and
∫ t

τ0

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0

×
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)

dτ

≤ O(1)

∫ t

τ0

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ

)α0
(

e
−

|~x‖|
2

C∗(1+τ)

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

≤ O(1)
e
−

|~x‖ |2

C∗(1+t)

(1 + t)γ
. (3.62)

b. τ0 < τ∗, where

τ∗ ≡ max
τ<t

|Γ‖(τ)|=5|~x‖|/6
τ.

In this situation by (3.58) one has

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1) e−
gα0|~x‖|

10θ

(
1

2(1 + τ)γ
+ e−

3τ
2C∗

)∣
∣
∣
∣
τ=τ0

≤ O(1)
e
−

|~x‖|
2

C∗(1+t)

(1 + t)γ
(3.63)

and
(∫ t

τ∗
+

∫ τ∗

τ0

)

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0

×
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)

dτ
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≤ O(1)

∫ t

τ∗
e−

α0gΓ
3(τ)

θ

(

e−
gΓ3(τ)

θ

)α0
(

e
−

|~x‖|
2

C∗(1+τ)

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

+O(1)

∫ τ∗

τ0

e−
α0gΓ

3(τ)
θ e−

gα0|~x‖|
10θ

(
1

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

≤ O(1)
e
−

|~x‖|
2

C∗(1+t)

(1 + t)γ
. (3.64)

Case 3. |~x‖| ≥ (1 + t). We also break this case into the same situations as

(3.62) and (3.64). Here, the estimate (3.62) is also valid for |~x‖| > t. Thus,

there is only one situation need to verify:

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)∣
∣
∣
∣
∣
τ=τ0

≤ O(1) e−
gα0|~x‖|

10θ

(
1

2(1 + τ)γ
+ e−

3τ
2C∗

)∣
∣
∣
∣
τ=τ0

≤ O(1)

(

e
−

|~x‖|
2

C∗(1+t)

(1 + t)γ
+ e−

|~x‖|+t

C∗

)

(3.65)

and
(∫ t

τ∗
+

∫ τ∗

τ0

)

e−
α0gΓ

3(τ)
θ

(

e−
gΓ3(τ)

θ M(Γ̇(τ))

)α0

×
(

e
− 3(|Γ1(τ)|2+|Γ2(τ)|2)

2C∗(1+τ)

2(1 + τ)γ
+ e−

3(|Γ1(τ)|+|Γ2(τ)|+τ)
2C∗

)

dτ

≤ O(1)

∫ t

τ∗
e−

α0gΓ
3(τ)

θ

(

e−
gΓ3(τ)

θ

)α0
(

e
−

|~x‖|
2

C∗(1+τ)

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

+O(1)

∫ τ∗

τ0

e−
α0gΓ

3(τ)
θ e−

gα0|~x‖|
10θ

(
1

2(1 + τ)γ
+ e−

3τ
2C∗

)

dτ

≤ O(1)

(

e
−

|~x‖|
2

C∗(1+t)

(1 + t)γ
+ e−

|~x‖|+t

C∗

)

. (3.66)

�
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Proof of Main Theorem A. From (3.26), (3.27), and (1.7) one has that

|t+(x, y, t)| ≤ O(1)e−(
√

x2+y2+t2)/C for some C > 0. (3.67)

This, (3.47), and (3.21) yield that

ρ(x, y, t) ≤ O(1)

(

e
− x2+y2

C(1+t)

(1 + t)
+ e−(|x|+|y|+t)/C

)

for some C > 0. (3.68)

Since t(~x, t, ξ) is invariant along any characteristic curve Γ(τ) given by (3.53),

we have, from (3.54),

t(x, y, z, t, ξ1, ξ2, ξ3) = ρ
(
Γ1(τ0),Γ

2(τ0), τ0
)
M(Γ̇(τ0))

= ρ
(
Γ1(τ0),Γ

2(τ0), τ0
)
M(Γ̇(τ0))

1−αM(Γ̇(τ0))
α

= ρ
(
Γ1(τ0),Γ

2(τ0), τ0
)
M(Γ̇(τ0))

1−α
(

e−
gz
θ M(ξ1, ξ2, ξ3)

)α

≤O(1)

(
e
− (x2+y2)

C∗(1+t)

(1 + t)
+e−

|x|+|y|+t

C∗

)(

e−
gz
θ M(ξ1, ξ2, ξ3)

)α
for some C∗>C. (3.69)

This concludes (1.8) for some C∗ > 0.

To obtain (1.10) we need to obtain a space-time shift estimate for an

initial data satisfying (1.7) and (1.9). From (3.25) and (1.10) we have

∫ ∞

0

(∫

R2

t+(x, y, t)dxdy

)

dt = 0. (3.70)

We decompose t+(x, y, t) as follows

t+(x, y, t) ≡ t̄+(t)G(x)G(y) + t+∆(x, y, t),





t̄+(t) ≡
∫

R2

t+(x, y, t)dxdy,

t+∆(x, y, t) ≡ t+(x, y, t)− t̄+(t)G(x)G(y).

(3.71)

From (3.70), one has that
∫∞
0 t̄+(t)dt = 0. This and (3.67) result in that







∣
∣
∣
∣

∫ t

0
t̄+(τ)dτ

∣
∣
∣
∣
≤ O(1)e−t2/C′

for some C ′ > 0,
∫

R2

t+∆(x, y, t)dxdy ≡ 0,

|t+∆(x, y, t)| ≤ O(1)e−
t2+

√
x2+y2

C′ for some C ′ > 0.

(3.72)



202 TAI-PING LIU AND SHIH-HSIEN YU [March

Substitute the decomposition t+(x, y, t) = t̄+(t)G(x)G(y) + t+∆(x, y, t) into

(3.21) then it follow from (3.48), (3.49), and (3.72) that

ρ(x, y, t) =

(

1 +

∞∑

l=1

Ql(x, y, t)

)

∗
(

∂t

∫ t

0
t̄+(τ)G(x)G(y)dτ + t+∆(x, y, t)

)

=

( ∞∑

l=1

∂tQl(x, y, t)

)

∗
∫ t

0
t̄+(τ)G(x)G(y)dτ

+

∞∑

l=1

∫ t

0

∫

R2

(Ql(x− x̄, y − ȳ, t− τ)− Ql(x, y, t− τ)) t+∆(x̄, ȳ, τ)dx̄dȳdτ

=

( ∞∑

l=1

∂tQl(x, y, t)

)

∗
∫ t

0
t̄+(τ)G(x)G(y)dτ

−
∫ t

0

∫

R2

∫ 1

0
(x̄, ȳ) · ∇(x,y)

∞∑

l=1

Ql(x− sx̄, y − sȳ, t− τ)t+∆(x̄, ȳ, τ)dsdx̄dȳdτ

≤ O(1)

(
e
− x2+y2

C∗(1+t)

(1 + t)1+γ′ +e−(|x|+|y|+t)/C∗

)

for some γ′∈(0, 1/6), C∗>C ′. (3.73)

This estimates the boundary function ρ(x, y, t). Thus (1.10) follows from

the characteristic curve representation in (3.69) with the factor 1/(1 + t)

replaced by 1/(1 + t)1+γ′
. �

4. Construction of Solutions of the Boltzmann Equation

We will apply the method of continuity to the nonlinear problem (1.1)

together with the strong linear estimates yielded by Theorem 1.1. First, we

introduce a norm ||| · |||T with T ≥ 0 :

|||g|||T ≡ sup
t∈[0,T ]

(

sup
~x∈H,
ξ∈R3

|g(~x, t, ξ)|
(

e
− x2+y2

C0(1+t)

(1+t) + e−(|x|+|y|+t)/C0

)
√

e−
gz
θ M(ξ)

+ sup
~x∈H
ξ∈R3

|g(~x, t, ξ)|
(

e−
gz
θ M(ξ)

) 3
4

)

(4.1)

with C0 =
3
2C∗, where C∗ is the constant given in Theorem 1.1.



2008] DIFFUSION UNDER GRAVITATIONAL AND BOUNDARY EFFECTS 203

Let f(~x, t, ξ) be the solution of (1.1) and let I denote the set

I ≡ {T : |||f|||T ≤ ǫ2/3}, (4.2)

which is not an empty set since |||f|||0 = O(1)ǫ ≪ ǫ2/3. Thus

0 ∈ I .

We will show that this set is both open and close.

The close part is a direct consequence of the definition of the norm

||| · |||T . Next we continue to prove the open part.

First we decompose the collision operator Q into gain and lost parts

Q = Q+ −Q−. Then we consider the iteration scheme to construct a local

solution:






∂tf0 + ξ · ∇xf0 − ~g · ∇ξf0 = −Q−(f0),

∂tfk + ξ · ∇xfk − ~g · ∇ξfk = −Q−(fk) +Q+(fk−1) for k ≥ 1.
(4.3)

Lemma 4.1.(Local Existence) Suppose that the initial data f(~x, 0, ξ) ≥
0 and that ǫ is sufficiently small. Then, there exists α > 0 and τ0 > 0 such

that the following holds for any given t0 ∈ I and for any t1 ∈ (0, τ0)

|||f|||t0+t1 < αǫ2/3. (4.4)

Proof. First, let τ0 ≡ 1. Since the initial data f(~x, t, ξ) is a non-negative-

valued function, the solution f(~x, t, ξ) is non-negative for t = t0 ∈ I . Now,

we consider the following iteration scheme for t > t0






∂tf0 + ξ · ∇xf0 − ~g · ∇ξf0 = −Q−(f0),

∂tfk + ξ · ∇xfk − ~g · ∇ξfk = −Q−(fk) +Q+(fk−1) for k ≥ 1,

fk(~x, t0, ξ) = f(~x, t0, ξ) for k ≥ 0.

(4.5)

From Lemma 2.2 the loss operator Q−(fk) can be expressed as a product

Q−(fk)(ξ) = q−[fk](ξ) · fk(ξ). This, and the positivity of Q+ as an operator,

i.e., Q+(g)(ξ) > 0 for any non-negative valued function g, yields that the

functions fk(~x, t, ξ) are all non-negative valued functions

fk(~x, t, ξ) ≥ 0 for t ≥ t0, k ≥ 0. (4.6)
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This iteration scheme yields that







∂t(f1−f0) + ξ · ∇x(f1−f0)− ~g · ∇ξ(f1−f0)+q−[f1 + f0](f1 − f0) = Q+(f0),

∂t(fk+1−fk)+ξ · ∇x(fk+1−fk)− ~g · ∇ξ(fk+1−fk)+q−[fk+1 + fk](fk+1−fk)

= Q+(fk)−Q+(fk−1) for k≥1.
(4.7)

This gives rise to the representations:

(f1 − f0)(~x, t, ξ)

= e
−

∫ t
τ0

q−[
f1+f0
2

](Γ(s),s,Γ̇(s))ds

√
2π(ρ1 − ρ0)(Γ

1(τ0),Γ
2(τ0), τ0)√

θ
M(Γ̇(τ0))

+

∫ t

τ0

e−
∫ t
τ
q−[

f1+f0
2

](Γ(s),s,Γ̇(s))dsQ+(f0)(Γ(τ), τ, Γ̇(τ))dτ, (4.8)

and

(fk+1 − fk)(~x, t, ξ)

= e
−

∫ t
τ0

q−[
fk+1+fk

2
](Γ(s),s,Γ̇(s))ds

√
2π(ρk+1−ρk)(Γ

1(τ0),Γ
2(τ0), τ0)√

θ
M(Γ̇(τ0))

+

∫ t

τ0

e−
∫ t
τ
q−[

fk+1+fk
2

](Γ(s),s,Γ̇(s))ds(Q+(fk)−Q+(fk−1)) (Γ(τ), τ, Γ̇(τ))dτ, (4.9)

where Γ(τ) is given in (3.53), and

ρl(x, y, t) ≡ −
∫

ξ3<0
ξ3fl(x, y, 0, t, ξ)dξ for l ≥ 0.

Here the function q−[fk+1 + fk](~x, t, ξ) is a non-negative valued function

so that the integration factor e
−

∫ t
τ0

q−[(fk+1+fk)/2]ds in the representation (4.9)

is bounded by 1 from the above. Thus, we can have the comparison






|f0(~x, t, ξ)| ≤ m(~x, t, ξ),

|(fk+1 − fk)(~x, t, ξ)| ≤ mk(~x, t, ξ) for t ≥ t0,

(4.10)

where m(~x, t, ξ) and mk(~x, t, ξ) are the solutions of







∂tm+ ξ · ∇xm− ~g · ∇ξm = 0,

m(~x, t0, ξ) ≡ |f(~x, t0, ξ)|,
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∂tm0 + ξ · ∇xm0 − ~g · ∇ξm0 = |Q+(f0)|,

m0(~x, t0, ξ) ≡ 0,







∂tmk + ξ · ∇xmk − ~g · ∇ξmk = |Q+(fk)−Q+(fk−1)|,

mk(~x, t0, ξ) ≡ 0 for k ≥ 1.

Thus, we have the following estimates

|f0(~x, t, ξ)| ≤ T
t−t0 [f(·, t0, ·)](~x, ξ), (4.11)

|(f1 − f0)(~x, t, ξ)| ≤
∣
∣
∣
∣

∫ t

t0

T
t−τ
[∣
∣
∣Q+

(

f0(·, τ, ·)
)∣
∣
∣

]

dτ(~x, ξ)

∣
∣
∣
∣
, (4.12)

and

|(fk+1 − fk)(~x, t, ξ)|

≤
∣
∣
∣
∣

∫ t

t0

T
t−τ
[∣
∣
∣B+

(

(fk − fk−1)(·, τ, ·), (fk + fk−1)(·, τ, ·)
)∣
∣
∣

]

dτ(~x, ξ)

∣
∣
∣
∣

for k≥1. (4.13)

From (4.11) and Theorem 1.1, there exists α > 0 such that

|||f0|||t0+1 ≤
α

2
ǫ2/3. (4.14)

This, (4.12), (2.2), and Theorem 1.1 yield that, for t ∈ (t0, t0 + 1),

|(f1 − f0)(~x, t, ξ)| ≤ O(1)ǫ4/3α3







(

e
− x2+y2

C0(1+t)

(1+t) + e
− |x|+|y|+t

C0

)
√

e−
gz
θ M(ξ),

(

e−
gz
θ M(ξ)

)3/4
.

(4.15)

From (4.15) we can make a priori assumption that, for k ≥ 0,

|||fk|||t0+1 ≤ 2ǫ2/3α (4.16)

Under this assumption, we have from (4.16), (2.2), (4.13), and Theorem 1.1

that, for t ∈ (t0, t0 + 1),

|(fk+1 − fk)(~x, t, ξ)| ≤ O(1)ǫk/3|(f1 − f0)(~x, t, ξ)|
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≤ O(1)ǫ(k+4)/3







(

e
− x2+y2

C0(1+t)

(1+t) + e
− |x|+|y|+t

C0

)
√

e−
gz
θ M(ξ),

(

e−
gz
θ M(ξ)

)3/4
.

(4.17)

This, (4.14), and (4.16) yield that

|||f|||t0+1 ≤
1

2
α
(

1 +O(1)ǫ1/3
)

ǫ2/3. (4.18)

This concludes a priori assumption (4.16), and the lemma follows. �

Lemma 4.2.(Anastz Closure) The local solution f of (1.1) constructed

in Lemma 4.1 with the property (4.4) satisfies

|||f|||t0+1 = O(1)ǫ. (4.19)

Proof. The local solution f constructed in Lemma 4.1 satisfies that

|||f|||t0+1 ≤ αǫ2/3. (4.20)

Next we continue to compute
∫ t
t0
T
t−τ [Q(f(·, τ, ·))](~x, ξ)dτ for t ∈ (t0, t0+1].

Consider the partition of unity {χj,l}:

χj,l(x, y) =

{

1 for (x, y) ∈ [j − 1
4 , j +

1
4 ]× [l − 1

4 , l +
1
4 ],

0 for (x, y) 6∈ (j − 3
4 , j +

3
4 ]× (l − 3

41, l +
3
4),∑

j,l

χj,l(x, y) = 1.

From (1, χjl(x, y)Q(f)) = 0, we can apply (1.10) to χjl(x, y)Q(f), to show

that there exist γ ∈ (0, 1/6) and α ∈ (0, 1/2) such that

∣
∣T

t−τ [Q(f(·, τ, ·))](~x, ξ)
∣
∣ =

∣
∣
∣
∣
T
t−τ

[
∑

j,l

χjlQ(f(·, τ, ·))
]

(~x, ξ)

∣
∣
∣
∣

≤ C2
0ǫ

4
3

∑

j,l

(
e
− (x−j)2+(y−l)2

C0(t−τ)

(t− τ)1+γ
+ e−(|x−j|+|y−l|+t−τ)/C0

)

×
(
e
− 2(j2+l2)

C0τ

(1+τ)2
+e−2(|j|+|l|+τ)/C0

)

e−
αgz
θ

(

e−
gz
θ M(ξ)

)α



2008] DIFFUSION UNDER GRAVITATIONAL AND BOUNDARY EFFECTS 207

= O(1)C2
0 ǫ

4
3

1

(t−τ)γ(1+τ)

(

e
−x2+y2

C0t

(t+ 1)
+e

− |x|+|y|+t

C0

)

e−
αgz
θ (e−

gz
θ M(ξ))α.(4.21)

Now, we can use the representation

f(~x, t, ξ) = T
t[f(·, 0, ·)](~x, ξ) +

∫ t

0
T
t−τ [Q(f(·, τ, ·))](~x, ξ)dτ,

for any t ∈ (0, t0 + 1) and (4.21) to estimate ρ(x, y, t)

ρ(x, y, t) ≤
∫

ξ3<0
−ξ3Tt[f(·, 0, ·)](x, y, 0, ξ)dξ

+

∣
∣
∣
∣

∫

ξ3<0
−ξ3

(∫ t

0
T
t−τ [Q(f(·, τ, ·))] (x, y, 0, ξ)dτ

)

dξ

∣
∣
∣
∣

≤ O(1)ǫ

(
e
− x2+y2

C0(1+t)

1 + t
+ e−(|x|+|y|+t)/C0

)

+O(1)ǫ4/3
(

e
− x2+y2

C0(1+t)

(1 + t)1+γ
+ e−(|x|+|y|+t)/C0

)

. (4.22)

Next, we use

∂tf + ξ · ∇xf − ~g · ∇ξf + q−[f]f = Q+(f)

to represent the solution f(~x, t, ξ) again:

f(~x, t, ξ) = e
−

∫ t
τ0

q−[f](Γ(s),s,Γ̇(s))ds
ρ(Γ1(τ0),Γ

2(τ0), τ0)

√
2π√
θ
M(Γ̇(τ0))

+

∫ t

τ0

e−
∫ t
τ
q−[f](Γ(s),s,Γ̇(s))dsQ+(f)(Γ(τ), τ, Γ̇(τ))dτ, (4.23)

where the trajectory Γ(τ) is defined in (3.53). From (4.20),

|Q+(f)(Γ(τ), τ, Γ̇(τ))| (4.24)

≤ O(1)ǫ
4
3







e−
3gΓ3

4θ

(

e−
gΓ3

θ M(Γ̇)

) 3
4

,
(

e
−2

(Γ1)2+(Γ2)2

C∗(1+τ)

(1+τ)2 + e−2

√
(Γ1)2+(Γ2)2+τ

C∗

)

e−
gΓ3

2θ

(

e−
gΓ3

θ M(Γ̇)

) 1
2

.

From this one has

|Q+(f)(Γ(τ), τ, Γ̇(τ))|
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≤ O(1)ǫ4/3e−
3α0+2β0

4θ
gΓ3

(

e−
gΓ3

θ M(Γ̇)

) 3α0+2β0
4

×
(

e
−2 (Γ1)2+(Γ2)2

C∗(1+τ)

(1 + τ)2
+ e−2

√
(Γ1)2+(Γ2)2+τ

C∗

)β0

= O(1)ǫ4/3
(
e−gzM(ξ)

) 1
2 e−

3α0+2β0
4θ

gΓ3

(

e−
gΓ3

θ M(Γ̇)

) 3α0+2β0−2
4

×
(

e
−2

(Γ1)2+(Γ2)2

C∗(1+τ)

(1 + τ)2
+ e−2

√
(Γ1)2+(Γ2)2+τ

C∗

)β0

, (4.25)

where α0 > 0, β0 ∈ (1/2, 1), and α0 + β0 = 1. Let (α0, β0) = (14 ,
3
4) and use

q−[f] ≥ 0, (3.56), (4.23), (3.53), (4.25), (4.20), and Proposition 3.11 to yield

that for all ξ ∈ R
3

|f(~x, t, ξ)| ≤ ρ(Γ1(τ0),Γ
2(τ0), τ0)

√
2π√
θ
e−gzM(ξ)+

∫ t

τ0

|Q+(f)(Γ(τ), τ, Γ̇(τ))|dτ

≤ O(1)ρ(Γ1(τ0),Γ
2(τ0), τ0)e

−gzM(ξ)

+O(1)ǫ4/3
(
e−gzM(ξ)

) 1
2

∫ t

τ0

e−
9gΓ3

16θ

(

e−
gΓ3

θ M(Γ̇)

) 1
16

×
(

e
− 3[(Γ1)2+(Γ2)2]

2C∗(1+τ)

(1 + τ)3/2
+ e−3

√
(Γ1)2+(Γ2)2+τ

2C∗

)

dτ

≤ O(1)ǫ
√

e−
gz
θ
M(ξ)

(

e
− (x2+y2)

C∗(1+t)

2(1 + τ)
+ e−

(|x|+|x|+t)
C∗

)

. (4.26)

Next, we need to conclude the uniform bound by (e−
gz
θ M(ξ))3/4. We use the

first inequality in (4.24) to yield that

|f(~x, t, ξ)| ≤ ρ(Γ1(τ0),Γ
2(τ0), τ0)

√
2π√
θ
M(Γ̇(τ0)) +

∫ t

τ0

|Q+(f)(Γ(τ), τ, Γ̇(τ))|dτ

≤O(1)ǫe−
gz
θ M(ξ) +O(1)ǫ4/3

∫ t

τ0

e−
3gΓ3(τ)

4θ dτ
(

e−
gz
θ M(ξ)

)3/4

=O(1)ǫ
(

e−
gz
θ M(ξ)

)3/4
. (4.27)

The estimates (4.26) and (4.27) yield that

|||f|||t0+1 = O(1)ǫ. (4.28)
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�

Remark 4.3. The extra decaying factor 1/(t − τ)γ in the decaying

estimate (4.21) is the key element to close the ansatz assumption. With-

out this factor the estimate (4.22) would become ρ(x, y, t) ≤ O(1)ǫ(1 +

ǫ1/3 log(1 + t))
(

e−(x2+y2)/(C0(1+t))/(1 + t) + e−(|x|+|y|+t)/C0

)

. It would be

difficult to close the global ansatz.

Proof of Main Theorem B. From Lemmas 4.1 and 4.2, we have that the

interval (t0, t0 + 1) is contained in I . Thus, I is an open set. We have

mentioned that I is a closed set due to the definition of ||| · |||T . Thus,
I ≡ R, and

|||f|||t < ǫ2/3 for all t ∈ R.

Again, with this and Lemma 4.2 one has that

|||f|||t < O(1)ǫ for all t ∈ R,

and the theorem follows. �
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