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ON STRONGLY EQUIPRIME Γ− NEAR RINGS

BY

C. SELVARAJ, R. GEORGE AND G. L. BOOTH

Abstract

In this paper we obtain some equivalent conditions for

strongly equiprime Γ− near rings N and the strongly equiprime

radical Pse (N) coincides with Pse (L)
+where Pse (L) is the

strongly equiprime radical of left operator near-ring L of N.

1. Introduction

The concept of Γ− near ring, a generalization of both the concepts

near-ring and Γ− ring was introduced by Satyanarayana [12]. Later, several

authors such as Satyanarayana [11], Booth and Booth Groenewald [2, 3, 4]

studied the ideal theory of Γ− near rings. In this paper we obtain some equiv-

alent conditions for strongly equiprime Γ− near rings N and the strongly

equiprime radical Pse (N) to coincide with Pse (L)
+where Pse (L) is the

strongly equiprime radical of left operator near-ring L of N.

2. Preliminaries

In this section we recall certain definitions needed for our purpose.

Definition 2.1. A Γ - near ring is a triple (N,+,Γ) , where

(i) (N,+) is a (not necessarily abelian) group;

(ii) Γ is a non-empty set of binary operations on N such that for each γ ∈ Γ,

(N,+, γ) is a right near -ring and;
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(iii) (xγy)µz = xγ (yµz) for all x, y, z ∈ N and γ, µ ∈ Γ.

Γ-near rings generalize near-rings in the sense that every near-ring N

is a Γ-near ring with Γ = {·} , where · is the multiplication defined on N .

Another example is the following : Let X and G be a non empty set and an

additive group respectively. Let N = M(X,G) and let Γ = M(G,X), where

M(A,B) denotes the set of all mappings from A into B. Then N is a Γ- near

ring with the operations pointwise addition and composition of mappings.

Definition 2.2. Let N be a Γ−near ring, then a normal subgroup I of

(N,+) is said to be

(i) left ideal (right ideal) if aα (b+ i) − aαb ∈ I ∀ a, b ∈ N, i ∈ I and

α ∈ Γ,

(ii) right ideal if iαa ∈ I ∀ i ∈ I, a ∈ N and α ∈ Γ,

(iii) ideal if it is both a left and a right ideal of N .

Definition 2.3. A subgroup I of (N,+) is said to be left (right) Γ−

subgroup of N if NΓI ⊆ I (IΓN ⊆ I) .

I is said to be Γ− subgroup if it is both a left and a right Γ−subgroup.

Definition 2.4. Let N be a Γ− near ring. Let L be the set of all

mappings of N into itself which act on the left. Then L is a right near-

ring with operations pointwise addition and composition of mappings. Let

x ∈ Nand α ∈ Γ. We define the mapping [x, α] : N → N by [x, α] y = xαy

∀ y ∈ N. The sub near-ring L of L generated by the set {[x, α] /x ∈ N,α ∈ Γ}

is called the left operator near-ring of N. If I ⊆ L, then

I+ = {x ∈ N/ [x, α] ∈ I ∀ α ∈ Γ} .

If J ⊆ N, J+′

= {ℓ ∈ L/ℓx ∈ J ∀ x ∈ N} . It is shown in [3] that I is an

ideal in L implies I+ is an ideal in N and J is an ideal in N implies J+′

is

an ideal in L.

A right operator near-ring R of N is defined analogously to the defi-

nition of L. Let R be the left near-ring of all mappings of N in to itself

which act on the right. If γ ∈ Γ,y ∈ N, we define [γ, y] : N → N by

x [γ, y] = xγy for all x ∈ N. R is the sub near-ring of R generated by the

set {[γ, y] /γ ∈ Γ, y ∈ N} .
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Definition 2.5. An element x of a Γ-near ring N is called distributive

if xα (a+ b) = xαa + xαb for all a, b ∈ N and α ∈ Γ. If all the elements of

a Γ-near ring N are distributive, then N is said to be a distributive Γ-near

ring.

Definition 2.6. A Γ− near ring N is said to be zero symmetric if

aγ0 = 0 ∀ a ∈ N, γ ∈ Γ.

Definition 2.7. An element m in a Γ− near ring N is said to be a left

non-zero divisor if mαx = 0 implies that x = 0 for any α ∈ Γ. An element

n is said to be a right non-zero divisor yαn = 0 implies that y = 0 for any

α ∈ Γ. An element in a Γ− near ring is said to be a non-zero divisor if it is

both left and right non-zero divisor of N .

Definition 2.8. Let N be a Γ-near ring with left operator near-ring L.

If
∑

i

[di, δi] ∈ L has the property that
∑

i

diδix = x ∀ x ∈ N, then
∑

i

[di, δi]

is called a left unity for N . A strong left unity for N is an element [d, δ] of

L such that dδx = x ∀ x ∈ N.

Definition 2.9. An ideal I of a Γ− near ring N is called a completely

prime ideal of N if a, b ∈ N and α ∈ Γ, aαb ∈ I implies a ∈ I or b ∈ I.

Definition 2.10. An ideal I of a Γ− near ring N is said to be prime if

for any two ideals A,B of N , AΓB ⊆ I implies A ⊆ I or B ⊆ I.

3. Strongly Equiprime Γ− Near Rings

In this section we shall prove that some equivalent conditions for strongly

equiprime Γ− near rings.

Definition 3.1. Let N be a Γ− near ring. N is said to be strongly

equiprime if for each a 6= 0 ∈ N, there exists finite subsets F of N and ∆ of

Γ respectively, such that aγfµx = aγfµy ∀ f ∈ F, γ, µ ∈ ∆ imply x = y

∀ x, y ∈ N. Here F is called an insulator for a.

Definition 3.2. Let N be a Γ− near ring, then

Nc = {n ∈ N/nγ0 = n ∀ γ ∈ Γ} =
{

n ∈ N/ ∀ n
′

∈ N : nγn
′

= n ∀ γ ∈ Γ
}
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is called the constant part of N.

The notations < a > and < a >Γ will denote respectively the ideal and

the Γ− subgroup generated by a in N.

Definition 3.3. Let N be a Γ− near ring and I =< a >Γ be a Γ−

subgroup of N. For any x ∈ I, γ ∈ Γ, there exists x1, x2, . . . , xn ∈ I such

that xn = x and for each 1 ≤ i ≤ n one of the following holds:

xi = ma for some m ∈ Z

xi = xj ± xk for some j, k < i

xi = rγxj for some r ∈ N, j < i

xi = xjγr for some r ∈ N, j < i.

This sequence x1, x2, . . . , xn is called a generating sequence for x.

Theorem 3.4. Let N be a strongly equiprime Γ−near ring. Then the

left operator near-ring L is strongly equiprime.

Proof. Suppose N is strongly equiprime. We shall prove that L is

strongly equiprime. Let 0 6= l ∈ L. Then there exists x ∈ N such that

lx 6= 0. Since N is strongly equiprime, there exist f1, f2, . . . fn ∈ N and

γ1, γ2, . . . γn ∈ Γ such that y, z ∈ N and (lx)γifjγky = (lx)γifjγkz for all

1 ≤ i, j, k ≤ n implies y = z. Let G = {[xγifj, γk] : 1 ≤ i, j, k ≤ n} . Let

l1, l2 ∈ L and suppose that lgl1 = lgl2 for all g ∈ G. Then lgl1y = lgl2y

for all y ∈ N. Hence l[xγifj, γk]l1y = l[xγifj, γk]l2y and so (lx)γifjγk(l1y) =

(lx)γifjγk(l2y) for all 1 ≤ i, j, k ≤ n. Hence l1y = l2y for all y ∈ N and so

l1 = l2. Hence L is strongly equiprime. �

Definition 3.5. A Γ− near ring N is said to be a left weakly semiprime

Γ−near ring if [x,Γ] 6= 0 ∀ x 6= 0 ∈ N.

Note that if N is a distributive Γ− near-ring, then the elements of L

are expressible in the form
∑

i

[xi, αi] and also N is strongly equiprime if and

only if it is strongly prime, that is, if 0 6= x ∈ N , then there exist finite

subsets F and ∆ of N and Γ respectively, such that x∆F∆y = 0 implies

y = 0, for all y ∈ N.
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Theorem 3.6. Let N be a distributive, left weakly semiprime Γ− near

ring having no zero divisor, then N is strongly equiprime if and only if L is

strongly equiprime.

Proof. Suppose L is strongly equiprime. We shall prove that N is

strongly equiprime. Let x 6= 0 ∈ N. Since L is strongly equiprime, there

exist finite subsets

F =
{

n
∑

j=1

[yjk, βjk] /k = 1, 2, . . . ,m
}

(say)

of N and ∆ of Γ respectively, such that

[x, γ] fℓ1 = [x, γ] fℓ2 ∀ f ∈ F, γ ∈ ∆ implies ℓ1 = ℓ2 ∀ ℓ1, ℓ2 ∈ L. (1)

Consider F ′ = {yjkβjkx/j = 1, 2, . . . , n, k = 1, 2, . . . ,m} . Our claim is that

F ′ is an insulator for x. Let y, z ∈ N, γ, µ ∈ ∆ such that

xγyjkβjkxµy = xγyjkβjkxµz ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m.

We shall prove that y = z. Now

xγyjkβjkxµy = xγyjkβjkµz ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m

implies

[xγyjkβjkxµy − xγyjkβjkµz,Γ] = 0 ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m.

i.e., [xγyjkβjkxµy − xγyjkβjkµz, δ] = 0 ∀ δ ∈ Γ

and ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m.

Hence

[xγyjkβjkxµy, δ ]− [xγyjkβjkµz, δ ] = 0 ∀ δ ∈ Γ

and ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m.

Then

[xγyjkβjkxµy, δ ] = [xγyjkβjkxµz, δ ] ∀ δ ∈ Γ

and ∀ j = 1, 2, . . . , n; k = 1, 2, . . . ,m,

i.e., [x, γ] [yjk, βjk] [xµy, δ] = [x, γ] [yjk, βjk] [xµz, δ]
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for all δ ∈ Γ and for all j = 1, 2, . . . , n; k = 1, 2, . . . ,m. Therefore,

[x, γ]

n
∑

j=1

[yjk, βjk] [xµy, δ] = [x, γ]

n
∑

j=1

[yjk, βjk] [xµz, δ] .

By (1) , [xµy, δ] = [xµz, δ] , i.e., [xµy − xµz, δ] = 0 for all δ ∈ Γ. Since N is

left weakly semiprime, xµy − xµz = 0. Hence xµ (y − z) = 0. Since N has

no zero divisor, y − z = 0 and hence y = z.

Converse part follows from Theorem 3.4. �

Proposition 3.7. Let N be a Γ− near ring. Then the following state-

ments are equivalent:

(1) N is strongly equiprime;

(2) Every non zero right Γ− subgroup of N contains a finite subset F such

that x, y ∈ N, fγx = fγy ∀ f ∈ F, γ ∈ Γ implies x = y;

(3) Every non zero Γ− subgroup of N contains a finite subset F such that

x, y ∈ N, fγx = fγy ∀ f ∈ F, γ ∈ Γ implies x = y.

Proof. (1) ⇒ (2): Let I 6= 0 be right Γ− subgroup of N and a 6= 0 ∈ I.

Then there exist finite subsets F and ∆ of N and Γ respectively, such that

aαfβx = aαfβy for all f ∈ F and α, β ∈ ∆ implies x = y for all x, y ∈ N.

Let G = {aαf/α ∈ ∆, f ∈ F} . Then G is a finite subset of I and it satisfies

our required result.

(2) ⇒ (3): Obvious.

(3) ⇒ (1): First we show that N is zero symmetric. For if N is not

zero symmetric, then Nc 6= 0, and so nαx = nαy = n ∀ n ∈ Nc, α ∈

Γ. Hence Nc contains no finite subset with the required property. This

contradiction shows that N is zero symmetric. Let a 6= 0 ∈ N . Suppose

that aΓN = 0, then < a > ΓN = 0. Since N is zero symmetric, < a >

is a Γ− subgroup of N and < a > 6= 0. Moreover bαx = bαy = 0 ∀ b ∈<

a >, x, y ∈ N,α ∈ Γ. Hence < a > can not contain a finite subset F such

that x, y ∈ N, fαx = fαy ∀ f ∈ F implies x = y. This contradiction shows

that aΓN 6= 0. Let n ∈ N be such that aαn 6= 0. Consider a Γ− subgroup

I =< a >Γ of N . Let ∆ be a finite subset of Γ and let f1, f2, . . . , fn ∈ I

be such that fiαx = fiαy,∀ α ∈ ∆, 1 ≤ i ≤ n implies x = y ∀ x, y ∈ N.

Let fi1, fi2, . . . , fim(i) be a generating sequence for fi, 1 ≤ i ≤ n. Each fij
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contains factors of the form aαn or (aαn) βr ∀ α, β ∈ ∆ and for some r ∈ N.

LetG = {n}∪{nαr/ (aβn)αr occurs in some fij} . Suppose x, y ∈ N ,α, β ∈

∆ and that (aαg) βx = (aαg) βy ∀ g ∈ G. It follows from the definition of

generating sequence that fijβx = fijβy ∀ 1 ≤ i ≤ n, 1 ≤ j ≤ m (i) and in

particular that fiβx = fiβy ∀ 1 ≤ i ≤ n. Hence x = y. Since G is finite, it

is an insulator for a. Hence N is strongly equiprime. �

Definition 3.8.([5]) A Γ− near ringN is said to be equiprime if a, x, y ∈

N and α, β ∈ Γ, aαnβx = aαnβy for all n ∈ N implies a = 0 or x = y.

Note that

(1) Every equiprime Γ-near ring is zero symmetric.

(2) Every strongly equiprime Γ-near ring is equiprime .

Definition 3.9. Let N be a Γ-near ring and A be a subset of N . Then

the right equalizer of A is the set

re (A) = {(x, y) ∈ N ×N/aαx = aαy ∀ a ∈ A,α ∈ Γ} .

Proposition 3.10. Let N be an equiprime Γ−near ring which satisfies

the d.c.c on right equalizers, then N is strongly equiprime.

Proof. If N = 0, then the result is trivial. So assume that N 6= 0. Let

I 6= 0 be a Γ− subgroup of N and M = {re (F ) /F is a finite subset of I} .

Since N satisfies the d.c.c. on the right equalizers, M contains a minimal

element E = re(F0) say. We claim that E = {(x, x) /x ∈ N} . For if not,

there exists (x, y) ∈ E with x 6= y. Let a 6= 0 ∈ I. Since N is equiprime,

there exists n ∈ N such that aαnβx 6= aαnβy, where α, β ∈ Γ. Let F1 =

F0 ∪ {aαn} . Then F1 ⊆ I and since F0 ⊆ F1,

re (F1) ⊆ re (F0) . (2)

Moreover, since aαnβx 6= aαnβy, (x, y) /∈ re (F1) . But (x, y) ∈ re (F0) .

Hence the inclusion in (2) is strict. This contradicts the minimality of E.

Hence E = {(x, x) /x ∈ N} . Thus if x, y ∈ N,x 6= y implies (x, y) /∈ E.

Therefore there exists f ∈ F0 such that fαx 6= fαy. It follows from Propo-

sition 3.7 that N is strongly equiprime. �
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Definition 3.11. If X is a subset of N ×N, then the left equalizer of

X is the set ℓe (X) = {a ∈ N/aαx = aαy ∀ (x, y) ∈ X,α ∈ Γ} .

Lemma 3.12. Let N be a Γ−near ring and D a left equalizer in N.

Then D = ℓe (re (D)) .

Proof. Let X ⊆ N × N be such that D = ℓe (X) . Let d ∈ D, (x, y) ∈

re (D) . Then dγx = dγy, for all γ ∈ Γ and hence d ∈ ℓe (re (D)) . This im-

plies that D ⊆ ℓe (re (D)) . A similar argument shows that X ⊆ re (ℓe (X)) .

Hence ℓere (ℓe (X)) ⊆ ℓe (X) , i.e., ℓe (re (D)) ⊆ D and consequently D =

ℓe (re (D)) . �

Lemma 3.13. Let N be a Γ−near ring. Then N satisfies the d.c.c on

right equalizers if and only if N satisfies the a.c.c. on left equalizers.

Proof. SupposeN satisfies the d.c.c. on right equalizers. Let D1 ⊆ D2 ⊆

· · · be an ascending chain of left equalizers. Then re (D1) ⊇ re (D2) ⊇ · · ·

is a descending chain of the right equalizers. Then there exists n ∈ N such

that re(Dn) = re(Dn+1) = · · · . Hence ℓe(re(Dn)) = ℓe(re(Dn+1)) = · · · , i.e.,

Dn=Dn+1= · · · by Lemma 3.12. The proof of the converse is similar. �

Corollary 3.14. Every equiprime Γ−near ring N with a.c.c. on left

equalizers is strongly equiprime.

Proof. Suppose N is an equiprime Γ− near ring with a.c.c. on left

equalizers. By Lemma 3.13, N satisfies the d.c.c. on right equalizers. It

follows from Proposition 3.10 that N is strongly equiprime. �

4. Strongly Equiprime Radicals of Γ− Near Rings

In this section we shall prove that the strongly equiprime radical Pse (N)

coincides with Pse (L)
+ where Pse (L) is the strongly equiprime radical of

left operator near-ring L of N.

Notation 4.1. For a Γ− near ring N, the prime radical and the set of

all nilpotent elements are denoted by P0 (N) and N (N) respectively.

Definition 4.2. An ideal I of a Γ-near ring N is said to be 2-primal if

P0

(

N
I

)

= N
(

N
I

)

.
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A Γ-near ring N is called strongly 2-primal if every ideal I of N is 2-

primal . If the zero ideal of N is 2-primal, then N is called 2-primal. This

is equivalent to P0 (N) = N (N) .

The following theorem characterizes 2-primalness for ideals in Γ-near

rings. The proof is a minor modification the of proof of the corresponding

theorem in near-ring theory [1].

Theorem 4.3. Let I be an ideal of a Γ-near ring N . Then

(i) I is a completely semiprime ideal if and only if I is both a semiprime

and a 2-primal ideal.

(ii) If NΓI ⊆ I, then the following are equivalent:

(a) I is a completely prime ideal;

(b) I is both a prime and a completely semiprime ideal;

(c) I is both a prime and a 2-primal ideal.

Lemma 4.4. If a Γ-near ring N is strongly 2-primal, then every prime

ideal of N is completely prime.

Proof. It follows from Theorem 4.3. �

Definition 4.5. Let N be a Γ− near ring. An ideal P is said to be

strongly equiprime if for each a /∈ P, there exists finite subsets F and ∆ of

N and Γ respectively, such that aγfµx− aγfµy ∈ P ∀ f ∈ F, and γ, µ ∈ ∆

implies x− y ∈ P ∀ x, y ∈ N.

Proposition 4.6. Let N be a Γ− near ring. If P is a strongly equiprime

ideal of N, then P+′

= {ℓ ∈ L/ℓx ∈ P ∀ x ∈ N} is a strongly equiprime ideal

of L.

Proof. Suppose P is a strongly equiprime ideal of N. We shall prove that

P+′

is a strongly equiprime ideal of L. Let 0 6= l /∈ P+′

. Then there exists

x ∈ N such that lx /∈ P. Since P is strongly equiprime ideal, there exist

f1, f2, . . . fn ∈ N and γ1, γ2, . . . γn ∈ Γ such that y, z ∈ N and (lx)γifjγky −

(lx)γifjγkz ∈ P for all 1 ≤ i, j, k ≤ n implies y − z ∈ P. Let G =

{[xγifj, γk] : 1 ≤ i, j, k ≤ n} . Let l1, l2 ∈ L and suppose that lgl1−lgl2 ∈ P+′

for all g ∈ G. Then (lgl1 − lgl2)y ∈ P for all y ∈ N. Hence l[xγifj, γk]l1y −

l[xγifj, γk]l2y ∈ P and so (lx)γifjγk(l1y) − (lx)γifjγk(l2y) ∈ P for all
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1 ≤ i, j, k ≤ n. Hence l1y − l2y ∈ P for all y ∈ N and so l1 − l2 ∈ P+′

.

Hence P+′

is strongly equiprime ideal of L. �

Proposition 4.7. Let N be a distributive strongly 2-primal Γ− near

ring with a strong left unity, and Q a strongly equiprime ideal of L. Then

Q+ = {x ∈ N/ [x, α] ∈ Q ∀ α ∈ Γ}

is strongly equiprime ideal of N.

Proof. Suppose 0 6= Q is a strongly equiprime ideal of L. We shall

prove that Q+is a strongly equiprime ideal in N. Let x /∈ Q+. Then there

exists α ∈ Γ such that [x, α] /∈ Q. Since N is distributive and Q is a strongly

equiprime ideal in L, there exists a finite subsets F =
{ n
∑

j=1
[yjk, βjk] /k =

1, 2, . . . ,m
}

of N and ∆ of Γ respectively, such that

[x, α]
n
∑

j=1

[yjk, βjk] ℓ1 − [x, α]
n
∑

j=1

[yjk, βjk] ℓ2 ∈ Q

for all k = 1, 2, . . . m and α, β ∈ ∆ implies

ℓ1 − ℓ2 ∈ Q ∀ ℓ1, ℓ2 ∈ L. (3)

Consider the collection

F ′ = {yjkβjkx/j = 1, 2, . . . n; k = 1, 2, . . . m} .

Our claim is that F ′ is an insulator for x. Let a, b ∈ N ,α, β ∈ ∆ such that

xαyjkβjkxβa− xαyjkβjkxβb ∈ Q+ ∀ j = 1, 2, . . . n; k = 1, 2, . . . m.

We shall prove that a− b ∈ Q+. Now

xαyjkβjkxβa− xαyjkβjkxβb ∈ Q+ ∀ j = 1, 2, . . . n; k = 1, 2, . . . m

implies

[xαyjkβjkxβa− xαyjkβjkxβb, γ] ∈ Q



2009] ON STRONGLY EQUIPRIME Γ− NEAR RINGS 45

for all γ ∈ Γ and for all j = 1, 2, . . . n; k = 1, 2, . . . m. Hence

[xαyjkβjkxβa, γ] − [xαyjkβjkxβb, γ] ∈ Q,

i.e., [x, α] [yjk, βjk] [xβa, γ]− [x, α] [yjk, βjk] [xβb, γ] ∈ Q

for all γ ∈ Γ and for all j = 1, 2, . . . n; k = 1, 2, . . . m.

Therefore

i.e., [x, α]

n
∑

j=1

[yjk, βjk] [xβa, γ]− [x, α]

n
∑

j=1

[yjk, βjk] [xβb, γ] ∈ Q

for all γ ∈ Γ and for all k = 1, 2, . . . ,m. By (3), [xβa, γ] − [xβb, γ] ∈ Q,

i.e., [xβa− xβb, γ] ∈ Q for all γ ∈ Γ. Hence xβa − xβb ∈ Q+. This implies

that xβ (a− b) ∈ Q+. Since Q is strongly equiprime in L,Q is prime in L.

By [3, Proposition 3.3], Q+ is prime in N . Since N is strongly 2-primal,

Q+ is completely prime in N . Hence xβ (a− b) ∈ Q+ and x /∈ Q+ implies

a− b ∈ Q+. Thus Q+ is strongly equiprime ideal in N. �

Theorem 4.8. Let N be a distributive strongly 2-primal Γ− ring with

a strong left unity. Then Pse (L)
+ = Pse (N) where L is the left operator

near-ring of N, Pse (N) is the strongly equiprime radical of N and Pse (L)

is the strongly equiprime radical of L.

Proof. Let P be a strongly equiprime ideal of L. Then by Proposi-

tion 4.7, P+ is a strongly equiprime ideal of N. Moreover (P+)
+′

= P by

[2, Proposition 5]. Suppose Q is a strongly equiprime ideal in N , then by

Proposition 4.6, Q+′ is a strongly equiprime ideal in L and
(

Q+′

)+
= Q

by [2, Proposition 5]. Thus the mapping P → P+ defines a 1-1 corre-

spondence between the set of strongly equiprime ideals of L and N. Hence

Pse (L)
+ = (∩P )+ = ∩P+ = Pse (N) . �
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