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Abstract

In this paper we shall study the limit sets of groups acting
on the boundary of the visibility manifolds. As an application, we

study the developing maps of compact spherical C' R manifolds.

Introduction

Let H%H be the simply connected complex complete hyperbolic space of
(complex) dimension n+1 endowed with the group of isometries Iso(H ™) =
PU(n + 1,1) x (r) where 7 is an anti-holomorphic involution. Then H:
has a compactification whose boundary is the (2n + 1)-dimensional sphere
S§2n+1 on which the Lie group Iso(H%™!) extends to an analytic action. It is

group C Yy
known that the group PU(n + 1,1) acts as CR transformations on S2"+1.

Given a subgroup G of PU(n + 1,1), we have a limit set L(G) defined
by Chen-Greenberg [2], (compare [5] more generally). On the other hand,
when a discontinuous group I' acts on S?"*1  there is a limit set A(T") for
which T' acts properly discontinuously on the domain S?**! — A(T)). (See
[14].) In Section 3, we prove the following. Compare Theorem 3.1 for the

visibility manifolds more generally. (See also [11].)
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Theorem A. Let I" be a discrete subgroup of PU(n + 1,1). Then

In particular, if the domain of discontinuity Q = S*"*1 — L(T') # 0, then T

acts properly discontinuously on Q.

Note that the complex involution 7 of Iso(HZ) is not a CR diffeo-

morphism. However, the above equality still holds for discrete subgroups of
Iso(H).

In Section 4, we determine homogeneous spherical C R space forms re-
lated to the homogeneous Sasakian space forms (cf. [1]). Let G be the group
of pseudo-Hermitian transformations of a simply connected spherical CR
manifold X of dimension 2n + 1 (cf. [12]). When G acts transitively on X,

we shall determine the limit set L(G) in S?"*1, see Proposition 4.1.

In Section 5, we apply Theorem A to show the several properties of limit
sets of holonomy groups and developing maps of spherical C'R manifolds. In

Subsection 5.1, we obtain

Theorem B. Let M be a (2n + 1)-dimensional compact spherical CR
manifold. If the developing image misses a point of S*"*1, then dev :

M—S?"*1 s a covering map onto its image.

It is known that the link of an isolated singular point admits a canon-
ical C'R-structure (cf. [1§], [6]). In particular, the 3-dimensional Brieskorn
manifold M(p,q,r) = S° N {(21,22,23) € C3 | 20 + 2% + 2} = 0} admits a
C R-structure. Moreover, there is an S'-invariant C R-structure (cf. [L3]). In

Subsection 5.2, we study spherical C R-structures on M (p, q,r).

Theorem C. Let M(p,q,r) be the 3-dimensional Brieskorn manifold.
Putk =p t4+q 1+r=t—1. Then M(p,q,r) admits a spherical homogeneous
C R-structure such that the holonomy group T is discrete with L(T') = ), {oo}
or St according as k > 0, k = 0, or K < 0 respectively. In the case that
k < 0, T can be chosen to be indiscrete. Here S' is a smooth circle in S>.

Moreover, the developing map is a covering onto S® — L(T').
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See Theorem 5.2 for more details. In the last section, as an application,
we shall study the limit set of the boundary of a pseudo-Riemannian manifold

of negative curvature.

1. Preliminaries

1.1. Limit set of geometric model

Let X be a locally compact Hausdorff space on which a discontinuous
group I' acts topologically. We shall define the limit sets for I' action on X
successively. The notion of limit sets here is due to Kulkarni (cf. [14]). We
consider the following sets.

Ao = the closure of the set {z € X| I'; is an infinite subgroup}.
Ay = the closure of the set of cluster points of {yy| v € I'}
(Vy e X — Ap).
Ay = the closure of the set of cluster points of {yK | v € I'}
(V compact subset K C X —{Ag UA1}).

Definition 1.1. The set A = A(T') = AgUA; UAs is said to be the limit
set of I'. The set Q(I') = X — A(T") is called the domain of the discontinuity
for I'.

It is the fundamental result [14] that

Proposition 1.1. If Q # (), then I" acts properly discontinuously on €.
In particular T" is discrete.

1.2. Visibility manifolds

A Hadamard manifold Y is a complete, simply connected Riemannian
manifold of dimension n > 2 having sectional curvature k£ < 0. Denote by d
the distance function on Y. Given two geodesics a, 3: (—o0,00) — Y, v and
[ are asymptotic if there exists a number L such that d(«a(t), 5(t)) < L(t >
0). Denote by a(co) an asymptote class (equivalence class of asymptotic
relation) of a. Note there is another asymptote class a(—o0). An asymptotic
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class of geodesics of Y is said to be a point at infinity. Let Y be the set
of all points at infinity. The union ¥ = Y U dY together with the cone
topology is homeomorphic to the closed ball. (Compare [].) Let Iso(Y) be
the group of isometries of Y. Setting h(a(o0)) = (ha)(oo) for each element
h € Iso(Y), h extends to a homeomorphism of Y onto itself.

Definition 1.2. If a Hadamard manifold Y satisfies that for any points
x # y in OY there exists at least one geodesic joining x and y, then Y is

said to be a wvisibility manifold.

For brevity, any Riemannian manifold (also orbifold) whose universal
cover is isometric to a visibility manifold is also called a visibility manifold.

We recall the several results from [3].

Proposition 1.2. Let Y be a visibility manifold. If a non-elliptic
isometry g fixes distinct points x and y of 0Y, then it translates a geodesic

joining = to y.

Definition 1.3. Let I" be a subgroup of Iso(Y'). Points z,y in 9Y, not
necessarily distinct, are said to be dual relative to I' provided that given any

neighbourhood U,V of z and y respectively in Y there exists ¢ € T' such
that g(Y — U) C V and hence g~ }(Y — V) C U.

Proposition 1.3. If z,y are dual points in Y, then there exists a
sequence {g,} < T such that g, ' (p) — = and g,(p) — y as n — oo for any
pointp e Y.

Proposition 1.4. Let Y be a visibility manifold. For z,y € 9Y, let
{gn} < T be a sequence such that for p € Y we have g,(p) — y and
g, (p) — x asn — oo. Then = and y are dual. Moreover if U and V

are neighbourhoods in'Y of x and y respectively, then for n sufficiently large
gn(Y =U) CV and g;"(Y = V) CU.

2. Limit Sets of Visibility Manifold

Let Y be a Hadamard manifold for which 9Y is called the boundary
sphere of Y. When T' is a discontinuous group of Iso(Y"), we can discuss the
limit set A = A(T") and a properly discontinuous action of I" on 9Y — A. We
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introduce another limit set for a subgroup (not necessarily discontinuous) of
isometries of Y acting topologically on 0Y.

Definition 2.1. Let G be a subgroup of Iso(Y). The limit set L(G) is
defined to be the set of cluster points of the orbits G -p in 9Y (p € Y);

L(G)=G-pndYy

We must show that the above definition does not depend on the choice
of p. Let p,q € Y. Then there is a geodesic connecting p to g which we
denote by [p,q] in Y. Similarly if there is a geodesic between z,y € 9Y with
T # y, we write also [z,y] in Y.

Lemma 2.1. Given any two points p,q in'Y,
G-pnadY =G -qN oy,
L(G) is well defined.

Proof. For a sequence {g;}icny of G, suppose lim g;p = z € 9Y and
1— 00
lim g;qg = y € 0Y. Let d be the distance function on Y. Note that d is
1—00

invariant under Iso(Y’). Suppose z # y. As [p, g| is a geodesic segment in Y,
it follows

oo > length(p, q| = d(p, q) = d(gip, 9iq) = length[g;p, giq]—oo0.

This contradiction shows x = y or L(G) is independent of the choice of
points in Y. N

Lemma 2.2.(Minimality [2]) Let A be any G-invariant closed subset in
dY . If A contains more than one point, L(G) C A.

Proof. Choose distinct points {z,y} from A. Let z = lim ¢g;p € L(G)
1—00
for p € Y. As A is G-invariant, it is sufficient to show that lim g;x = z

71— 00
or lim g;y = z. If a is a geodesic between x and y, then g;« is a geodesic
71— 00

between g;x and g;y. Choose a point ¢ in Inta. As giq € g;a (Vi), the

sequence ¢;q converges to a point on the closure of the geodesic between

lim g;z and lim g;y (possibly lim g;z = lim g;y). On the other hand, the

1—00 1— 00 71— 00 1—00

point w = lim g;q belongs to dY and thus it is either one of the endpoints
1—00
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{lim g;z, lim g;y}, say w = lim g;x € A. Hence by Lemma 2.1, w =
71— 00 1—00 1—00

lim g;p = 2 O
1—00

We have the following properties of the limit sets.

Proposition 2.1.

(1) If G’ is a subgroup of finite indez, then L(G') = L(G).

(2) L(G) = L(G).

(3) If a normal subgroup H of G has no common fized point and satisfies
that L(H) # 0, then L(H) = L(QG).

The proofs in [2] work similarly.

Proposition 2.2. Let N be a normal subgroup of G. Suppose that one
of the following conditions is satisfied:

(i) L(N) = 0.
(ii) N is abelian and the elements of G do not have the common fized point
in JY .

Then N leaves each point in L(G) fized.

Proof. (i) If L(N) = () then by Property (2), L(N) = 0. It follows
that NV is compact which has a fixed point in Y. Let X be a subset of Y
fixed by every element of N. Since NN is normal in G, X is invariant under
G. Now let + € L(G) and p € X. There is a sequence {gr} < G such
that klingo gx(p) = z. Since gi(p) € X is fixed by N, the same is true for
z = lim gi(p).

(ii) Suppose L(N) # 0. By the condition (ii), Property (3) implies that
L(N) = L(G). Let z € L(G) and p € Y. Then there is a sequence {n;} < N
such that klirgo nig(p) = x. Each n € N satisfies that n(q) = klir]élo nnk(p)=

Jm ng(n(p)) = q. 0

3. Limit Sets

Suppose that Y is a visibility manifold (cf. Definition 1.2). Put X = 9Y.
We prove the following. (Compare [11].)
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Theorem 3.1. Let I' be a discrete subgroup of the isometry group
Iso(Y). Then

In particular, if the domain of discontinuity Q@ = X — L(T') # 0, then T' acts

properly discontinuously on €.
Proof of Theorem 3.1. First we prove some general facts.

Lemma 3.1.
(1) Ao C L(F).
(2) A C L(F).
Proof. Let a € Ag. The point a is fixed by some element v € T'. Define
b= lim 7"p € X which is a fixed point of v (p € Y'). By Proposition 1.2,
n—oo
there exists a geodesic « joining a and b which is translated by . Then
either a(oco) = lim 7" a(0) or a(—o0) = lim v "a(0) which is equal to a,
n—oo n—oo
thus a € L(I") by definition of L(I").
Let a; € A;. Then a; = lim g;z (2 € X —Ap). Consider the dual points
1— 00

(cf. Proposition 1.4); x = lim g;p, 2’ = lim g;'p (p € Y). If z = 2/, then
1—00 1—00
z € L(I') which is I'-invariant, closed so a; = lim g;z € L(I') = L(I"). If
71— 00
z # a/, then choose a neighborhood V' C X of 2/ such that z ¢ V. For any

neighborhood of x in X, the dual points satisfy that
gi(X —-V)cU (i> N for sufficiently large V).

As z € X — V| this implies that lim g;z = x. Since a; = lim g;z as above,
1— 00

1—00

it follows that a; = € L(I'). In each case, we obtain that Ay C L(I"). O

Lemma 3.2. Suppose that As O as. By definition, there exist a se-
quence {g;} of T' and some compact set K C X — {AgU A1} such that every
neighborhood W of as meets g;K for i > N for sufficiently large N. If

KNL) =0, (3.1)

then as € L(T).
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Proof. Let b = lim g;p, b = lim gl-_lp be the dual points. If ay # b,
1—00 1—00
then choose a neighborhood U > b and a neighborhood W > ay such that

Unw =40. (3.2)
On the other hand, we can find a neighborhood V' 3 ¥’ such that
VNK=1{. (3.3)

For this, if every neighborhood of ¥ has nontrivial intersection with K, then
V¥ € K = K, sothat L(I')NK # (). This contradicts our hypothesis (B]). By
duality, we have ¢;(X —V) C U, i > N for sufficiently large N. Therefore, as
KcX-Vby B3, ;K CU. From B2), g; K "W = (). This contradicts

the condition of the lemma. Hence ag = b as above so that as € L(I'). O

The proof of Theorem 3.1 splits into two cases that Ag consists of one

point or consists of more than one point.

Case I. Suppose that Ag = {a}.

Subcase 1. A; consists of a single point. If so, Ay is fixed by I, so it belongs
to Ao, ie. A1 = {a}

We show that L(I") = {a}. If z € L(T") is any point, then there exists a
sequence {7;} of ' such that lim v;p =z (p € Y). Take the dual point 2’ =
1— 00

lim ~, Lp. If 2/ # a, there exist a neighborhood V of 2’ and a neighborhood
W of a in X such that VN W = (). For any neighborhood U of z, it follows
that for a sufficiently large N

(X —=V)cU (Vi>N). (3.4)

Asa € X—V, this implies that lim ~;a = z. But a is fixed by any element of

I’ by the hypothesis of Case I. It follows that a = . If 2’ = a, then choose
z € X —Ag where Ag = {a}. For a neighborhood V of 2’ such that z € X -V

and any neighborhood U of z, the equation (BZ]) holds, i.e. lim ~;z = z. On
1—00
the other hand, lim v;z € A; by definition. As Ay = {a}, it follows that

11— 00

xz = a. Hence L(T") = {a}.



2009] ON THE LIMIT SETS OF SPHERICAL CR MANIFOLDS 197

Moreover, in this case, since L(I') = {a}, for any compact set K C
X — {AoUA;} where Ag UA; = {a}, it follows that K N L(T') = () which
satisfies the condition (BJJ) of Lemma 3.2. Thus Ay C L(T'). As Ay C Ay # 0
when we take a point as K. So Ay = L(T').

Subcase 2. A; contains more than one point. Then by Minimality, L(T") C
A;. By (2) of Lemma 3.1, we have L(I') = Ay. As L(I') C Ay UA;, K C
X —{AoUA; } satisfies (B]), Lemma 3.2 implies that Ay C L(I'). As Ay C Ag,
L) = As.

Under the assumption Ay = {a}, we conclude that

{ Subcase 1 Ag = Ay = Ay = L(I') = {a}. (3.5)

Subcase 2 Ag = {a} C Ay = Ay = L(I).
In particular, L(T') = A.

Case II. Suppose that Ay contains more than one point. Then by Minimality
L(T") C Ag so that L(I") = Ag by (1) of Lemma 3.1. Note that A, Ay contain
more than one point respectively. For this, if A is a single point {a; } which
is fixed by I', then the above argument of Subcase 1 can be applied to show
that L(T") = {a1}, being contradiction. In particular, A; contains more than
one point so that A; = L(T'). As A; C Ay, Ay also contains more than one
point and so L(I") C Ay. Since K € X — {AgU A1} = X — L(T), it follows
from Lemma 3.2 that Ay C L(T'), i.e. Ao = L(T"). Hence in this case,

Ao = Ay = Ay = L(T).

This proves Theorem 3.1. U

Proof of Theorem A in Introduction. When we take Y = H%H and
X = §?"*1 the result follows from Theorem 3.1. O

4. Homogeneous Space Forms
4.1. Homogeneous CR space forms after Burns-Shnider

Suppose that M is a strictly pseudoconvex C'R manifold of dimension
2n+1. Let Autcr(M) be the group of all C' R-automorphism of M onto itself



198 YOSHINOBU KAMISHIMA AND OMOLOLA ODEBIYI [June

(cf. [3]). Burns and Shnider [1] have classified (simply connected) spherical
CR manifolds M of dimension 2n + 1 under the condition that Autcr(M)

acts transitively.

Since Autcgr(M) acts transitively on M, it is easily checked that the
developing map dev : M—S2"+1 is a covering map onto its image Q ¢ §27+1.
Here M is the universal covering space of M. By the result of Burns and

Shnider, € is determined as follows:

Theorem 4.1.
(a) §2ntl §2ntl _ G2k=1 (L —1,... n).
(b) &2t — gn.
(c) NN =N (k=1,...,n).

Note that N = §?"! — {00} where oo is the point at infinity of S?"+1.
We shall explain N}, in the next subsection where N'— A, = §27+1_— §2(n—k+1)
(k=1,...,n).

Recall that the group of CR-transformations Autcg(S*" 1) = PU(n +
1,1) for the spherical C R manifold S?"+1.

4.2. Homogeneous Sasakian space forms

We shall explain the above theorem in connection with Sasakian struc-
ture. Let n be a contact form representing a strictly pseudoconvex C'R
structure (Nulln, J) on M. Then (n,J) is a pseudo-Hermitian structure.
Denote by

Psh(M,n) = {f € Diff(M) | fuoJ = Jo fi, f'n=n}

the group of pseudo-Hermitian transformations of M. Psh(M,n) is a sub-
group of Autcr(M). For the contact form 7, the Reeb field £ is a vector field
satisfying n(§) = 1,dn(§,X) =0 (Vv X € TM). In terms of CR-structure,
the relation between Sasakian manifolds and pseudo-Hermitian manifolds is

mentioned as follows (cf. [12]):
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Definition 4.1. A Sasakian manifold is referred to a pseudo-Hermitian
manifold (n,J) whose Reeb field £ generates a one-parameter subgroup of
Psh(M,n).

In other words, the Sasakian metric is the Riemannian metric g, =
n-n+dn(J ,) where £ is Killing.

S2k;—1

Case (a) Since is viewed as the boundary of k-dimensional complex

hyperbolic space H(’é, the sphere complement S2"+1 — §26=1 is the homoge-

neous Riemannian manifold:

P(U(k,1) x U(n — k + 1)) /U(k) x U(n — k).

There is a Riemannian submersion:
Sl N S2n+1 o SQk‘—l _ Hé % (C]P;n—k‘ (41)

where HE = PU(k,1)/U(k) and the (n — k)-dimensional complex projective
space CP"~¥ = PU(n — k + 1)/U(n — k). The above principal bundle is the

Sasakian fibration (i.e. a standard pseudo-Hermitian manifold).

In particular, when k = n, $?"*1 — §2n=1 is identified with the quadric
VA — L2y, ) €CTH 2 P A |z = e P = 1)

The (2n + 1)-dimensional manifold V_Q’fJrl is not simply connected because
it is a principal S'-bundle over HZ. Denote by f/}’f“ the simply connected
manifold. Noting that P(U(n,1) x U(1)) = U(n, 1), there is the correspond-
ing lift U(n, 1)~ of U(n,1) to V! acting transitively on V2711,

As a consequence, for the group G, = P(U(k,1) x U(n — k + 1)), we
obtain that

L(Gpy) = S* 1 (k=1,...,n). (4.2)

Case (b) Let PO(k + 1,1) be the isometries of the real (k + 1)-dimensional
hyperbolic space Hﬁ“. PO(k+1,1) is naturally embedded into PU(k +
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1,1). As (PO(k + 1,1),S*) is the subgeometry of (PU(n + 1,1),8%"+1)
(k=0,...,n), we obtain that

Autep(S* ! — SF) =P(O(k + 1,1) x U(n — k)). A
L(PO(k+1,1) =S¥ (k=0,...,n). (43)
Since S™ is the boundary of the real hyperbolic space Hﬁ“, the unit

sphere bundle T} 1Hﬂ7§+1 is C' R-equivalent to the complement S?"*+1 — S" on

which the group of C' R-transformations is P(O(n+1,1)-S1) = PO(n+1,1).

PO(n+1,1) acts transitively on $?"*! — 8" such that there is the fibration:

O(n+1) PO(n+1,1) PO(n+1,1)
Oon) ~— ~ ~—Om  ~— 7 “OWmf1)

I | I (4.4)

Sn N S2n+1 _§n HIEJA'

For k # n, S?"*! — S¥ does not have a transitive group in view of ([E3).

Remark 4.1. From Z), when n = 1, T1HZ = 53 — S! is the unit
circle bundle: Sl—>T11HI]%R — H]% which is Sasakian. The unit circle bundle
718" = O(n+1)/O(n — 1) is also Sasakian as well as T} HZ :

SO(2) = O(n+1)/0O(n—1) = O(n+1)/(SO(2) x O(n —1)).
However, there is no (regular) Sasakian structure on TjR™ = R™ x S,

(c) The group N' = R x C™ (with the usual group law) denotes the
Heisenberg nilpotent Lie group and take N, = R x (R x C**) which is
the typical 2(n — k + 1)-dimensional nilpotent Lie subgroup of N (k =
1,...,n). (For k = 1, N — N} consists of two components.) Recall that
G = N x (U(n) x RY) is the subgroup of PU(n + 1,1) = Autcp(S?"+!)
whose elements stabilizes the point at infinity oo of S?"+1. Let

Gr=(Rx (CFTxRxC" k) % (Uk —1) x {1} x Un — k) x RT)

be the subgroup of G. Then they have shown that the complement N — N,
(if & = 1, one of the components) admits a simply transitive subgroup
(R x (CF1 xR x C"*)) x RT.

If wy is the usual contact form of N, then it is noted that Psh(NV,ws) =
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N % U(n) and the multiplicative group RT of G acts as homothetic trans-
formations of wee. In fact, if f = A € RT, then f*wse = A? - woo on N. This
holds similarly for N"— N such that Autcr(N — Ny) = Gg, while it follows

Psh(N = Np) = (R x (CF ' x R x C"%)) x (U(k — 1) x {1} x U(n — k)),

so that Psh(N — Nj) = Psh(N — N}, wo) s not transitive on N — N.
In this case,

L) = {00} (k=1,...,n), LN) = {oo}. (4.5)

We have the following result concerning homogeneous Sasakian space
forms (homogeneous standard pseudo-Hermitian space forms).

Proposition 4.1.

(i) For (a), (b), choosing the canonical form w on 2, Psh(Q2,w) = P(U(k, 1)
xU(n—k+1)), or PO(n+1,1) which is the transitive group of pseudo-
Hermitian transformations of €0 respectively. In each case, there is the

principal S*-bundle of Sasakian space form:

St g2l _ g2k—1 Hfé x CP" % (k=1,...,n),

4.6
Sl—>Sg—Sl—>Hﬁ. (46)

(ii) For (c), there is no transitive group of pseudo-Hermitian transforma-
tions on N — Ny, except for N where Psh(N) = N x U(n). There is

the principal bundle of Sasakian space form:

R — N —C". (4.7)

This settles a classification of all simply connected spherical homoge-

neous Sasakian space forms;

Corollary 4.1. Let (Q,w) be a spherical pseudo-Hermitian manifold
with transitive group of pseudo-Hermitian transformations. If Q is the uni-
versal covering of Q0 with its lift &, then Q is either one of the following
manifolds equipped with the canonical form indicated in (a), (b), (c):

(a' ) Sl gl — g2l (p =1, n—1), VAL
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(b/ ) SQn-H o Sn
() N.

As a consequence, if (M,n) is a simply connected homogeneous spher-
ical CR manifold, then the developing map induces a C'R diffeomorphism
dev : M—Q. Defining @ = dev—'*p, this implies that (M,Psh(M,n)) is
(Q,Psh(Q,&)) where Psh(Q,&) maps onto Psh(Q,w) which is a transitive
subgroup of Autog(S* 1.

Remark 4.2. For n = 1, note that both V3, and T{H2 (= S% — S!) are
diffeomorphic but different pseudo-Hermitian (or C'R-) structures because
they have different transitive groups U(1,1) and PO(2,1)°.

5. Application to Spherical C R Manifolds

5.1. Developing maps

In this subsection, we shall prove Theorem B in Introduction. In Sub-
section 4.1, we know that a closed subgroup of Autcr(S?"+! — §2+=1) =
P(U(k,1) x U(n—k+1)) acts properly on $2"*1 — §2k~1 because it admits a
homogeneous Riemannian metric (cf. Case (a)). On the other hand, there
is no homogeneous Riemannian metric on $2"+1 — S¥ except for k = n. For
k # n, Autor(S?" ! — S¥) = P(O(k +1,1) x U(n — k)) is not transitive on
S2n+1l _ Gk from ([E3). However we prove the following.

Lemma 5.1. Any closed subgroup of P(O(k + 1,1) x U(n — k)) acts
properly on S* 1 — Sk (L =0,...,n).

Proof. If Sim(N') = N x (U(n) x R*") is the Heisenberg similarity group
of PU(n+1,1), then R¥ x R is the maximal noncompact solvable subgroup
of PO(k 4 1,1) N Sim(N) = Sim(R*). Here we can identify:

SF=RFU{oc} € SF = (R x R¥) U {oo} € S = N U {0}, ete.
Then it follows

St _ gk — N U{oo} —RFU{oc} =N —RF =R xC" -0 xR* (5.1)
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in which R¥ x R acts as
t-A(s,2) = (N2, Az + 1) (5.2)

where A e RT,t e RF, s € R,z € C".

We prove that the group R* x Rt acts properly on S?**t!1 — §F¥ = R x
C" — 0 x R¥. Given a sequence {g; = t; - \;} < RF x R* where t; =
(th ..., tF0,...,0) € R¥ \; € RT and that

(s5i,2) = (54, (21, ...,2M) = (5,2) = (s,(2},...,2") € R x C" — 0 x RF
(i—00), suppose that

gi(siy zi)—(u,w) = (u,wt, ..., w") € R x C" — 0 x R*,

gi(si, Zz) = ()\?SZ‘, ()\Zzll + tl-l, o ,)\izf + tf, )\Z‘Zerl, RN )\Zzln),
it follows that
(1) A2s; — u.
(a) Nz} +th oo hzk +1F) — (wh, ... wb).
(2) NazF T N2P) — (Rt ).

Suppose that s # 0. As s; — s, we may assume that si_l — s~ ! for
sufficiently large i. By (1), it follows that A? — us~!. Thus {)\;} converges
to some A € RT. As (\zl + t%,...,)\izf + tf) — (w',...,w") by (2),
ti=(t}, .. tF) — (wl = A2Y, . wk = A2K), so {t;} converges to an element
in R¥. Hence {g; = t; - \;} converges in R¥ x RT.

Suppose that s = 0 in (s,2) = (s,(2!,...,2") € R x C" — 0 x R*. If
some z° ({ =k+1,...,n) is not zero, then we can assume (z£)~! — (2£)~L.
As \izf — w’ by (3), it follows again that \; — w*(z%)71, i.e. {\;} converges.
By the same argument, {¢;} and hence {g;} converges.

Suppose that all 26 =0 ({ =k +1,...,n), ie.
z = (zl,...,zk,O...,O) :(3:1+iy1,...,xk—}—iyk,O,...,O).

Since (s,2) = (0,(2',...,2%,0...,0)) € R xC"—0x R¥, there is some 2™ =
™ + iy™ with y™ # 0. We can assume (y7)~1 — (y™)~! for sufficiently
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large i. As A\i2[" + 7" = (Na]* + 1) + i\y" — w™ = a™ +ib™, it follows
that \;y™ — b™. Then \; — b™(y™) ! so {\;} converges.

In each case, the sequence {g;} converges in R¥ x R*. Hence it acts
properly on S?"*1 — §F =R x C" — 0 x RF,

Let P(O(k+1,1)xU(n—k)) = (R*xRT)-K be the decomposition where
K be the maximal compact Lie subgroup. Given a sequence {g;} < P(O(k+
1,1) x U(n — k)) and p; — p € S?**!1 — S* suppose g;p; — q € S*+1 — Gk
(i—00). Let g; = hj - k; from the decomposition. As k; € K, we may assume
k; — k for some k € K. Then k;p; — kp and g;p; = h; - (kip;) — q as above.
If we note that h; € R¥ x R*, {h;} converges to some h € RF x R*. Tt
follows that g; — h -k and hence P(O(k+1,1) x U(n — k)) acts properly on
S2n+l Gk So does any closed subgroup of P(O(k +1,1) x U(n — k)). O

We characterize the developing map. (See [11].)

Theorem 5.1. Let M be a (2n + 1)-dimensional compact spherical
CR manifold. If the developing image misses a point from S?"*1, then

dev : M—S?*1 is a covering map onto its image.

Proof. Let dev: M — §2"! be a developing map and p: m (M) —
PU(n+1,1) a holonomy map such that dev(yz) = p(y)dev(z) (v € m(M)).
Put A = 827+l — dev(M ) which is not empty by our hypothesis. Let I' =
p(m1(M)) < PU(n+ 1,1) be the holonomy group.

Step 1. If A consists of just one point, say co € S2"! then I' stabilizes
{o0}. Recall that the Heisenberg similarity group Sim(N) = N'x(U(n)xR™)
is the full subgroup of PU(n + 1,1) which stabilizes {oco}. It follows that
[ < Sim(N). As N = 2! — {0}, we have the developing pair:

(p,dev): (m (M), M) — (Sim(N), N).

There exists a canonical affine connection on M induced from that of A" by
the map dev. If M is geodesically complete, then dev : M — N is an affine
diffeomorphism. Then M is diffeomorphic to the orbit space N'/T" where T is
a discrete subgroup of Sim(N). It is easy to see that I' < E(N) = N x U(n)
is a discrete uniform subgroup and so A//T" is an infranilmanifold.

On the other hand, if M is not complete, it follows from the proof of
Fried [] (see also [11]) that there exists a I'- invariant closed subset J in AV, as



2009] ON THE LIMIT SETS OF SPHERICAL CR MANIFOLDS 205

J # () we may assume 0 € J up to conjugate. For v € T, let z = lim 7°0 € J.
Since I' fixes {oc}, the points {z,00} are dual points by ~. Sli;pogse J has
a point y different from z. Choose neighbourhoods z € U, co € V in §?7+!
such that y ¢ U. By proposition 1.4, v/(§?"*1 — U) C V (i—00). It follows

that lim 7'y = oo. Since J is a I'- invariant closed subset and y € J,
1— 00

oo = lim 4’y € J. As J C N, this is a contradiction. Hence, .J consists of a
1—00

single point (i.e.z = 0). Then T leaves {0,000} so that I' < U(n) x R*, and

dev: M — N — {0} = §21 — {0,00} ~ §?" x R* is a diffeomorphism. It

follows that a finite cover of M is diffeomorphic to a Hopf manifold S$?" x S1.

Step 2. Suppose that A contains more than one point. By Minimality, note
that L(I') C A. Put m = w1 (M).

Step 2-(i). If T' is discrete, it follows from Theorem A that I' acts prop-
erly discontinuously on S?**! — [(T'). The developing pair reduces to the

following;:

(p,dev): (m, M) — (T, §>" 1 — L(I)).

As §?"+1 — [(T') admits a I-invariant Riemannian metric by properness of I',
M admits a m-invariant Riemannian metric such that dev is a local isometry.
Since the quotient M = M /7 is compact, dev: M — S?"*1 — L(T) is a

covering map.

Step 2-(ii). Suppose I is not discrete in PU(n + 1,1). Let H = 'Y which
is the identity component of the closure of I in PU(n + 1,1).

Case(1). H is compact. Then H fixes a totally geodesic subspace HE (0 <
k < m) up to conjugate in H%“. If H = {0}, then H fixes the unique
point 0 in Hg“. As T normalizes H, T fixes {0} also. Hence I' belongs
to the stabilizer Iso(HZ™)g = U(n + 1) at 0. As U(n + 1) is maximal
compact in PU(n + 1,1), this implies that dev: M — 827+ g 4 covering.
M is diffeomorphic to the spherical space form S$?"+!/T", where I' is a finite
subgroup of U(n+1). For k # 0, as H is compact L(H) = OHE = §?*~1. As
the closure T' normalizes H, (3) of proposition 2.1 implies that L(T') = S2¢~1.

In this case, the developing pair reduces to the following:

(p,dev): (m (M), M) — (T, %+ — §2k=1y,
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In this case it follows from (a) of Subsection 4.1 that the subgroup Autcr
(§2n+1 — §2k=1) of PU(n + 1,1) is P(U(k,1) x U(n — k + 1)). As stated
earlier, §2"*1 — §2k—1 is the homogeneous Riemannian manifold such that
I <P(U(k,1) x U(n—k+1)). Hence, dev: M—S?"*+1 — §%~1 is a covering
map. Moreover, S2"t1 — §2—1 is simply connected whenever k # n. dev
becomes a diffeomorphism so that I would be discrete in P(U(k, 1) x U(n —
k+1)) <PU(n+ 1,1). This contradicts the hypothesis of Step 2-(ii). As

a consequence, we have
(p,dev): (m, M) — (I, 21 — g2n=) (5.3)

is a covering. (Compare Proposition 5.1.)

Case(2). H is noncompact. If H contains a connected normal solvable
subgroup, then H contains a nontrivial abelian subgroup A. By (ii) of
Proposition 2.2, either H has the common fixed point, say {oo} in S?**!
or A fixes L(H) pointwisely. The former case shows H < Sim(N). For the
latter case, if L(H) consists of a single point, say {co}, then H fixes {oo}
so H < Sim(N). If L(H) contains more than one point, say {0,000} at least,
then A fixes {0, 00} pointwisely as above which follows that A < U(n) x R*.
This implies A fixes {0, 00} exactly. Hence L(H) = {0,000} by (3) of Propo-
sition 2.1. Therefore, H < U(n) x R*. This reduces to Step 1, however
I' would be discrete by the classification of Step 1. As a consequence,
either this case does not occur or H must be semisimple. By the classifica-
tion of connected semisimple groups of PU(n 4 1,1) (cf. [2]), it follows that
H=P(U(k,1) x Un — k + 1)) or P(O(k +1,1) x U(n — k)).

In each case, L(H) = S?***' (k=1,...,n) or S¥ (k =0,...,n). In partic-
ular note that L(T') = S%~! or S* respectively. By Lemma 5.1 and (a) of
Subsection 4.1, there is a T-invariant Riemannian metric on S?"+1 — L(T).

As L(T') C A, we have :
(p,dev): (m, M) — (T, 82"+ — L(T)).

If L(T) = $*! and k # n, then dev: M — S§?"*+1 — §%=1 js diffeomorphic.
In particular, I' would be discrete so it does not occur. If L(I') = S* and
n#lorn=1, k=0, dev: M — §2"+1 _ Gk is diffeomorphic, again this

case does not occur. Therefore we arrive at the following conclusions:
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(i) (p,dev): (m, M) — (I, 8?"*1 — §2"~1) is an equivariant covering map
such that T = U(n,1). Here §2+! — §2n—1 = y2n+l,

(ii) (p,dev): (m,M) — (I, S — S') is an equivariant covering map such
that T' = PO(2,1). Here S® — S* = T} HZ.

We now prove that cases (i) and (ii) above do not occur. Let
1— 2U(n,1) - U(n,1) - PU(n,1) —» 1

be the extended exact sequence where ZU(n, 1) is the center S'. This lifts

to the central extension :
1-R—Un,1)~%PUn1) —1. (5.4)
As dev: M — VE?H is the covering, this lifts to a diffeomorphism :
(p.dev): (m (M), M) — (0, V)

where p(r) =T = dev - 7 - dev ! < U(n, 1)~ because (U(n, 1), V1) lifts
to (U(n,1)~, V1), There is the commutative diagram:

I < Un+1)~
°/, b pl N (5.5)
r 2L T < Un+1) 2 PU@®I)

Since dev is a diffeomorphism, T is a discrete subgroup. It follows from the

0
exact sequence () that ¢(I') is solvable (cf.[17]). On the other hand,
p(T') < ¢(T') by the commutativity of (H). As ' = U(n, 1) in this case from

(i), ¢(T) = PU(n,1) which is a contradiction.
For (ii), there is an equivariant diffeomorphism:
(p,dev): (m (M), M) — (T, 83 — S1).
Similarly, p(7) =T = dev - 7 - dev ! < 136(2, 1) is discrete. As p(I') =T,
the closure T is solvable again but this is impossible because I' = PO(2, 1).
O

As a consequence, Case (2) does not occur.
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For the rest of this subsection, we show Case (1) that H is compact

can occur.

Proposition 5.1. There exists a developing pair
(p,dev): (m, M) — (T, 5?1 — §2n~1)
such that T® = S and L(T) = S*"~1. Here S* is the center ZU(n,1).

Proof. Consider the commutative diagram:

S — Un,1) - PU(n,1)

Let I' < U(n,1) be a discrete cocompact subgroup such that p(I") is
also discrete cocompact. (For example, choose the fundamental group of a
compact complex hyperbolic manifold Hf/Q. By the exact sequence 1 —
Zns1 — SU(n,1) & PU(n,1) — 1, then put T' = p~1(Q).)

Put T = p~ (') in the vertical sequence above. Then there is a central group

extension:

1-Z-T34Q—1 (5.7)

Here we put Q = q(f‘) = p(T') which is discrete in PU(n,1). This group
extension gives a cocycle [f] € H*(Q,Z). Let [a- f] € H*(Q,R) for some
irrational number a. Taking the set aZ x () with group law:

(a’ -m, a)(a’ ' naﬁ) - (a’(m +n+ f(avﬁ))vaﬁ)v
this gives a group I, for which there is a central extension:

l1—-aZ —-Ty 5 Q—1. (5.8)

As is noted that (a - m,a) = (a-m,1)- (0,a) € R-T < U(n,1)~,
I, is a subgroup of U(n,1)~. Here we chose a normalized 2-cocycle f,
i.e. f(1,a) = f(a,1) = 0. Note that T, is discrete because both aZ and Q are
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discrete in U(n, 1) and PU(n, 1) respectively. We know that U(n,1)™ acts
properly on 52041 201 a5 well as U(n, 1) does on V2 +t = g2nt1_ g2n—1,

Hence T', acts properly discontinuously on 52041 gan—1,

Put M = §2n+1 — §2n—=1/T', Then M is a spherical C' R manifold whose
developing map is the projection:

1’5 . SQnJrl _ Sanl _ SZn-i—l o SQn—l

and the holonomy group is (I'y) < U(n,1). As p(aZ) < S for the irrational

number a, it follows that p(aZ) S'. By (BH), there is the exact sequence:

1 — p(aZ) — ﬁ(fa) — q( o) = @ — 1 such that @ is discrete as before.
0

This shows p(I'y) = p(aZ) = S' and p(I,) is cocompact in U(n,1). In

particular, we have L(p(I',)) = S?"~1. O

Remark 5.1. This gives an indiscrete holonomy group on the contrary
to the result of 4] for n = 1.

5.2. Spherical C R-structures on M (p,q,r)

It is known that the link of an isolated singular point admits CR-
structure [18], [4]. In this connection, C'R homogeneous space forms are
discussed in [6]. See also [1] for the homogeneous spherical C'R space forms.
In this subsection, we give spherical homogeneous C R-structures on the
Brieskorn manifold M (p, q,r) whose holonomy group is not necessarily dis-
crete. Theorem C of Introduction is stated more precisely:

Theorem 5.2. Let M(p,q,r) be the 3-dimensional Brieskorn manifold.
Putk =pt4+q t+r=t—1. Then M(p,q,r) admits a spherical CR structure
whose holonomy group T satisfies that L(T') = 0, {oc}, or S' according as
k >0,k =0, or kK <0 respectively. Here S is a geometric circle in S3.

Moreover, the developing map dev is a covering of the universal cover of
M(p,q,7) onto S® — L(T).

(1) The above spherical C R-structure on M (p,q,r) is homogeneous so that
dev is a diffeomorphism for k > 0, kK = 0 and an infinite cyclic covering
map for k < 0.

(2) For k <0, there is a homogeneous spherical C R-structure whose holon-
omy group s indiscrete.
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Proof. Recall that Milnor [15] has proved that there exists a 3-dimensional
simply connected Lie group G such that M(p,q,r) is diffeomorphic to II\G
where II is a discrete cocompact subgroup of G acting from the left. Ac-
cording to the sign k = p~ ' + ¢ ' + 771 — 1, G is as follows:

(i) k>0. G =S8U(2) and II is a finite subgroup.

(i) x=0. G =N, the Heisenberg Lie group and II is a cocompact sub-
group.

(ili) k<0. G= Sm), the universal covering of PSL(2,R) and II is a
cocompact subgroup.

It suffices to construct a developing pair:

(p,dev) : (I, G)—(PU(2,1), 5%)

Case (i) G = SU(2) is identified with S® by the orbit map dev(g) = gx
where z is the point (1,0,0,0) € S®. Obviously, dev is equivariant with
respect to the inclusion SU(2) — PU(2,1) so that II\G = II\S3. In this
case, dev is diffeomorphism and L(II) = 0.

Case (ii) As we have already seen that S% — {cc} = N is the Heisenberg
Lie group, it follows that II\G = II\N. In this case, dev is diffeomorphism
and L(IT) = {oo}.

For Case (i), (ii), II\G is a homogeneous spherical C'R space form.

Case (iii) We first give two homogeneous spherical C' R-structures on IT\G.
Recall that PSL(2, R) is isomorphic to PO(2,1)° or to PU(1, 1) as Lie groups
respectwely Suppose @: PSL(2,R) = PO(2,1)" is an isomorphism. Let
P SL( R)—PO(2, 1)0 be the 1somorphibm of the universal covering groups.

As PO(2, 1)0 acts transitively on B g1 — TiHZ, choosing & € 55 St
we have a diffeomorphism:

~——

dov: G = SL(2,R)— 55 — 51 (5.9)

such that dev( g) - I. Since dev is equivariant with respect to ¢, it

) = &(
follows that II\G = @(H)\S3 S1 which admits a developing map as the

projection :

(p,dev): (I, G) — (PO(2,1), T1H3)
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such that the limit set L(p(I)) = S* = OHZ.

Suppose that ¢: PSL(2,R) = PU(1, 1) is another isomorphism. As there
is a ﬁnite covering Zs — SU(1,1) — PU(1,1), we have an isomorphism
¥: SL(2, R) — SU(1, 1) of the unlversal covering groups. As PU(1, 1) acts
transitively on V3, = §3 — S! SU(I 1) acts simply transitively on 53 s,
There is a diffeomorphism (z € $3 ¢ DB

dov: SL(2,R)—53 — &1
defined by dev(g) = 1;(9) - which is equivariant with respect to ¢. There-

fore,

I\G = I\ — S
Hence IT\G admits a developing pair
(p,dev) : (I, G)—(PU(1,1), 8% — 1)

as before. In particular, L(p(I)) = S! = OH{.. In each case, the limit circle

is diffeomorphic to a geometric circle S*.

Next we give a homogeneous spherical C R-structure on II\G but the
holonomy group is indiscrete. Recall that there is the central group exten-
sion:

~——

Y
1— 72— G=SL(2,R) — PSL(2,R) = PU(1,1) — 1. (5.10)

—~—

Let SL(2,R) = K - AN be the Iwasawa decomposition where we put
K={¢"|r€R}

which is the lift of K = SO(2) < PSL(2,R) to SL(2,R). (Here R stands for
R while K is viewed as a multiplicative group.) Let the infinite group Z act
on R x SL(2,R) as

(n, (r,9)) = (n+r,e™"-g).

Since Z of (BIM) is a center of SL(2,R), Z is a central subgroup of R x
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—~—

SL(2,R). We form the Lie group G with central subgroup R;

G =R x SL(2,R).
z
Let diagR = {(r,e™") € R x K} which is invariant under Z by the above
action. Then G has the compact subgroup K = Z\diagR isomorphic to
S!. The natural inclusion ¢: G — G defined by ¢(g) = [(0,g)] induces an
equivariant diffeomorphism 7: G — G/K such that

o NG = ((IT)\G/K.
Put T' = (IT). Let 7 : G — G be the isomorphism defined by
7([r,z]) = [a-r, x].

Using the same notations of the proof of Proposition 5.1 for n = 1, it is
easily checked that 7 maps I' isomorphically onto T', (cf. &7), (EX)). The
equivariant map 7 induces a diffeomorphism:

NG -5 I\G/K - T,\G/7(K).

On the other hand, as G is identified with U(1,1)~ which acts transitively

~——

on S3 — S1 so that
G/7(K) = U(1,1)~ /r(K) = §3 — §L.

Passing to (f‘a, G) and projecting down to S® — S! by p, we get a developing
pair

(p,dev): (II,G) — (PU(1,1), 8% — Sh)
such that p(IT) = p(T,) is indiscrete in PU(1,1) with L(p(II)) = S*. 0

Remark 5.2. When our spherical CR structure on M (p,q,r) is ho-
mogeneous, by Corollary 4.1 or Theorem 5.1, the developing pair is unique.
This occurs for kK > 0. When & < 0, a finite cover L(p,q,r) of M(p,q,r) is a
nontrivial circle bundle over an oriented closed surface. Take a compact real
hyperbolic surface H%g /T'1 and a compact complex hyperbolic line H}C /Ta.
Sewing along the common geodesic circle S* = Hﬁ{ /Z gives a closed surface
Y. It is shown in [10] that there is a faithful representation of m(X) = T’
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into PU(2,1) whose limit set L(I') is a topological (non-rectifiable) circle.
Moreover S% — L(T')/T is a nontrivial circle bundle over ¥. It might be
possible that some finite cover L(p,q,r) is diffeomorphic to $® — L(T')/T.

Problem 5.1. Does M(p,q,r) admit a spherical CR-structure whose

limit set of the holonomy group is a topological circle ?

In other words, let F — L(p,q,7) — M(p,q,r) be a covering for some
finite group F. Does F preserve the spherical C R-structure of L(p,q,r) ?

See the deformation of complex hyperbolic discrete subgroups and spher-
ical C R manifolds for [19], [d].

6. Limit Set of Real Pseudo-Hyperbolic Manifolds

As an application, we shall define the limit set on the boundary of the
pseudo-Riemannian manifold. Put

Vf’QZ{xGRTHQ ’ B(.%',.%')Z.%'%‘F""i‘x%_x%—kl_x%-ﬂ<0}'

If Pg : R"2 — {0} —RP""! is the canonical projection, then the real pseudo-
hyperbolic space H%’l is defined to be Pr(V"™?). For this, the n+1-dimensional
quadrics

n,2 n+2 2 2 2 2 _
Vi={z eR"™ |27+ + 1, — 2511 — Tp0 = —1}

with Lorentz metric g is the complete pseudo-Riemannian manifold of sig-
nature (n,1) and of constant curvature —1. Since Pg(V"™?) = Pg(V";®) and
Pr: V_anHﬂTé’l is a two-fold covering, Hﬁé’l is a complete pseudo-Riemannian
manifold of signature (n, 1) and of curvature —1. The action O(n, 2) on V">
induces an action on Hﬂ%’l. The kernel of this action is the center Z/2 = {£1}
whose quotient is called the real pseudo-hyperbolic group PO(n,2). We re-
call the projective compactification of H%’l by taking the closure Hﬁé’l in

RP"+!. Consider the commutative diagram:

R* — (GL(n+2,R),R"*2—{0}) - (PGL(n+2,R),RP 1)

I U U

R* —  (0(n,2),V™?uv)y L (PO(n,2),HY U St
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It follows that

1 1 —
Hg' =Hg uS™ bl

From this viewpoint, it is easy to check that the pseudo-hyperbolic action
of PO(n,2) on Hﬁé’l extends to conformal action of S~ b1, We use the

complex coordinate so that

{[z1,. .+ 2m,w] € C™FL| 212 4 - + |2 — |w]? = =1}
(n=2m).
Hy' =< {21, ., Zm, 2, w] € C™ X R x C | (6.1)
|21 + oo [zl + 2% = wf? = 1}
(n=2m+1).

Embed S! into the subgroup 7™*! < O(n,2) as follows.

ol (el ... €l elf) n = 2m,
(e, ..., e 1;e%) n=2m+ 1.

Then S! acts properly on H%’l such that
t([21, s 2m, (), w]) = [921, ..., %2, (), Pw] (t € SY).
Since w # 0, it acts freely so that there is the principal bundle:
St met B (6.2)
where we put W = H'/S! and 9W = §»~11/S1. Put
p=(21,...,2m, (x),w)

where (x) means either empty or x depending on whether n = 2m or n =
2m + 1 and |12 + - + |2m|? + (2?) — |w|?> = —1. Since S! acts freely on

fo as above, S! induces the vector field V on V"iz such that

Vp = (iz1, ..., izm, (0),iw).

It follows that B(V,, V,) = |21]2++ -+ |zm|? — |w|*> = =1 — (22). Let & be the
vector field on Hy' with P.(V) = &. Therefore, g(¢,€) = B(V,,V,) < —1.
Hence P induces a Riemannian metric ¢ on W such that P, : T'S o rw



2009] ON THE LIMIT SETS OF SPHERICAL CR MANIFOLDS 215

is an isometry at each point of H%’l. In particular, P : (Hﬁ’l,g)H(W g)
is a pseudo-Riemannian submersion. Choose an orthonormal frame {e;} on
Hﬁé’l with respect to g. It follows from the O’Neill’s formula (cf. [16]) that

3
4k(P*ei’ P*ej) = K(ei’ ej) + Zg([ei’ ej]F’ [ei’ ej]F)

where [e;, e;]F is the summand of [e;, e;] to the fiber TS'. In particular,
g([ei, e;]7, [ei,ej]F) < 0 so that 4k(Pye;, Pee;) < —1 where K (e;,ej) = —1.
Hence (W, g) is a complete simply connected Riemannian manifold of strictly

negative curvature.

Let G < Iso(W) be a subgroup. Note that W is a visibility manifold.
So the limit set of G is defined to L(G) = G - p N W for some p € W. It
follows as before.

Proposition 6.1. Let A be a G-invariant closed subset of W . If A

contains more than one point, then L(G) C A.

Definition 6.1. Let S! be the subgroup of O(n,2) as above. Put the

centralizer

Z(SY) ={gcO0m2) | gt=tg (Vte S}
Put Z(S') = 2(5")/S! which acts on W.
It is easy to see the following.

Proposition 6.2. P : (Z(S'),Hp') — (Z2(S'), W) is equivariant. In
particular, the group 2(51) acts as isometries of (W, g).

Here comes the definition of limit set for Hﬁé’l.

Definition 6.2. Let G be a subgroup of Z(S') and p € Hﬁ’l. The limit

set of G is defined by the intersection £(G) = G - S1(p) N S~ L1

We must prove the following.

Lemma 6.1. The limit set L(G) does not depend on the choice of points
n H%’l.

Proof. Let p,q € Hﬁé’l so P(p),P(q) € W. Given a sequence {g;} <
Z(S1), suppose that lim g;p = x,lim g;q = y € OW. It suffices to prove that



216 YOSHINOBU KAMISHIMA AND OMOLOLA ODEBIYI [June

lim g;t - p = lim g;q for some ¢t € S*. Since it follows P(g;p) = §:P(p) as
above, there is a unique geodesic [§; P(p), ;P (q)] in W. On the other hand,
the length of [g; P(p), ;P (q)] is equal to that of [P(p), P(q)], so we see that
lim g; P(p) = lim g; P(q) € OW whenever they approach the boundary of W.
As P(z) = P(lim g;p) = P(lim g;q) = P(y), y = t - x for some t € S'. Hence
lim g;t - p = lim g;q. O

Proposition 6.3.(Minimality) Let A be a G-invariant closed subset in
Sn=L1 . Suppose A is invariant under the above S'-action. If the quotient
A/St contains more than one point, then L(G) C A.

Proof. Choose two points x, 3 from A such that they are distinct in A/S*.
As P(z),P(y) are also distinct points in OW, there is a unique geodesic
[P(z), P(y)] € W. Choose a point P(w) € [P(x), P(y)] for some p € Hp'.
For any infinite number of elements {g;} < G, suppose that limgw €
L(G) c 8"V As §;P(w) € [¢;P(x), 3 P(y)], it follows that lim g; P(w) =
lim §; P(x) or lim §; P(w) = lim ¢; P(y) because the geodesics [§; P(x), §; P(y)]
converges to either point of OW or a geodesic [lim g;P(x),lim g; P(y)]. In
each case, since lim g;P(z),lim g;P(y) € P(A) by Proposition 6.1. It im-
plies that P(lim g;w) = lim §; P(w) € P(A) so limg;w € S'- A = A. Hence
L(G) C A. O
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