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Abstract

The main object of the present paper is to derive several further interesting properties

of the subclass Cλ(p, α) which was recently introduced and studied by Aouf et al.[Comput.

Math. Applic. 39(2000)39-48].

1. Introduction

Let A(p) denote the class of functions of the form

f(z) = zp +

∞
∑

k=1

ap+kz
p+k, (p ∈ N = {1, 2, 3, . . .}) (1.1)

which are analytic and p -valent in the open unit disk U = {z : z ∈ C and |z| <

1}.

For functions f ∈ A(p), given by (1.1), and g ∈ A(p) given by

g(z) = zp +

∞
∑

k=1

bp+kz
p+k,
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we define the Hadamard product (or convolution) of f and g by

(f ∗ g)(z) = zp +

∞
∑

k=1

ap+kbp+kz
p+k. (1.2)

A function f ∈ A(p) is said to be in the class K(p, α) of p -valently

convex functions of order α if it satisfies the condition

Re

{

1 +
zf ′′(z)

f ′(z)

}

> α, (z ∈ U ; 0 ≤ α < p). (1.3)

Next we denote by T (p) the subclass of the class A(p) consisting of

functions of the form

f(z) = zp −
∞
∑

k=1

ap+kz
p+k, (ap+k ≥ 0) (1.4)

and define further class C(p, α) by

C(p, α) = K(p, α)
⋂

T (p). (1.5)

For the class C(p, α), the following characterization was given by Owa [8].

Lemma 1 (see [8]). Let the function f be defined by (1.4). Then f is in

the class C(p, α) if and only if

∞
∑

k=1

(p + k)(p + k − α)ap+k ≤ p(p − α). (1.6)

The result is sharp.

For a function f defined by (1.4) and in the class C(p, α), Lemma 1

immediately yields

ap+1 ≤
p(p − α)

(p + 1)(p + 1 − α)
. (1.7)

In view of the coefficient inequalities (1.7), Aouf et al. [3] recently intro-

duced and studied a subclass Cλ(p, α) of C(p, α) consisting of functions of
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the form

f(z) = zp −
p(p − α)λ

(p + 1)(p + 1 − α)
zp+1 −

∞
∑

k=2

ap+kz
p+k, (1.8)

(ap+k ≥ 0; 0 ≤ α < p; 0 ≤ λ < 1).

In particular, the class Cλ(α) = Cλ(1, α) was considered earlier by Silverman

and Silvia [10].

Many interesting properties such as integral inequalities, coefficient esti-

mates, closure theorems, radius of convexity for the class Cλ(p, α) were given

by Aouf et al. [3]. In the present sequel to these earlier works, we shall derive

several interesting properties and characteristics of the δ-neighborhood and

partial sums associated with the class Cλ(p, α).

2. Main Results

We begin by recalling the following lemma which will be required in our

present investigation.

Lemma 2 (see [3]). Let the function f be defined by (1.8). Then f is in

the class Cλ(p, α) if and only if

∞
∑

k=2

(p + k)(p + k−α)ap+k ≤ p(p−α)(1−λ) (0 ≤ α < p; 0 ≤ λ < 1). (2.1)

The result is sharp for the function f given by

f(z) = zp −
p(p − α)λ

(p + 1)(p + 1 − α)
zp+1 −

p(p − α)(1 − λ)

(p + k)(p + k − α)
zp+k, (k ≥ 2).

(2.2)

Following the earlier works ([4, 9]; see also [1, 2, 5, 6, 7, 11]), we now

define the δ-neighborhood of a function f ∈ A(p) of the form (1.8) by

Nδ(f) =

{

g ∈ A(p) : g(z) = zp −
p(p − α)λ

(p + 1)(p + 1 − α)
zp+1 −

∞
∑

k=2

bp+kz
p+k

(bp+k ≥ 0)

and
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∞
∑

k=2

(p + k)(p + k − α)

p(p − α)(1 − λ)
|ap+k − bp+k| ≤ δ, (0 ≤ α < p; 0 ≤ λ < 1; δ > 0)

}

.

(2.3)

Theorem 1. Let f ∈ Cλ(p, α) be given by (1.8). If f satisfies the inclusion

condition

(f(z) + εzp)(1 + ε)−1 ∈ Cλ(p, α), (ε ∈ C; |ε| < δ; δ > 0), (2.4)

then

Nδ(f) ⊂ Cλ(p, α). (2.5)

Proof. It is not difficult to see that a function f belongs to Cλ(p, α) if and

only if

zf ′′(z) − (p − 1)f ′(z)

zf ′′(z) + (p + 1 − 2α)f ′(z)
6= σ, (z ∈ U ;σ ∈ C, |σ| = 1), (2.6)

which is equivalent to

(f ∗ h)(z)/zp 6= 0, (z ∈ U), (2.7)

where, for convenience,

h(z) : = zp +

∞
∑

k=1

cp+kz
p+k

= zp +

∞
∑

k=1

(p + k)[(2p + k − 2α)σ − k]

2pσ(p − α)
zp+k. (2.8)

We easily find from (2.8) that

|cp+k| =

∣

∣

∣

∣

(p + k)[(2p + k − 2α)σ − k]

2pσ(p − α)

∣

∣

∣

∣

≤
(p + k)(p + k − α)

p(p − α)

≤
(p + k)(p + k − α)

p(p − α)(1 − λ)
, (k = 1, 2, . . . ; 0 ≤ λ < 1). (2.9)

Furthermore, under the hypotheses of the theorem, (2.7) yields the following
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inequality:
∣

∣

∣

∣

(f ∗ h)(z)

zp

∣

∣

∣

∣

≥ δ, (z ∈ U ; δ > 0). (2.10)

Now, if we let

ϕ(z) = zp −
p(p − α)λ

(p + 1)(p + 1 − α)
zp+1 −

∞
∑

k=2

bp+kz
p+k ∈ Nδ(f),

then

∣

∣

∣

∣

(f(z) − ϕ(z)) ∗ h(z)

zp

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∞
∑

k=2

(ap+k − bp+k)cp+kz
k

∣

∣

∣

∣

∣

≤
∞
∑

k=2

(p + k)(p + k − α)

p(p − α)(1 − λ)
|ap+k − bp+k| · |z|

k

< δ, (z ∈ U ; 0 ≤ λ < 1; δ > 0).

Thus, for any complex number σ such that |σ| = 1,we have

(ϕ ∗ h)(z)/zp 6= 0, (z ∈ U),

which implies that ϕ ∈ Cλ(p, α). The proof is complete. ���

Next, we prove

Theorem 2. Let f ∈ A(p) be given by (1.8) and define the partial sums

sn(z) by

sn(z) =















zp − p(p−α)λ
(p+1)(p+1−α)z

p+1, n = 1;

zp − p(p−α)λ
(p+1)(p+1−α)z

p+1 −

n
∑

k=2

ap+kz
p+k, n = 2, 3, . . . .

(2.11)

Suppose also that

∞
∑

k=2

lp+kap+k ≤ 1 −
p(p − α)λ

(p + 1)(p + 1 − α)

(where lp+k = (p+k)(p+k−α)
p(p−α)(1−λ) ; 0 ≤ α < p; 0 ≤ λ < 1). (2.12)
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Then for n ≥ 2, we have

Re

(

f(z)

sn(z)

)

> 1 −
1

lp+n+1
(2.13)

and

Re

(

sn(z)

f(z)

)

>
lp+n+1

1 + lp+n+1
. (2.14)

Each of the bounds in (2.13) and (2.14) is the best possible.

Proof. From (2.12) and Lemma 2, we have immediately that f ∈ Cλ(p, α).Under

the hypothesis of the theorem, we can see from (2.12) that

lp+k+1 > lp+k > 1, (k = 2, 3, . . .).

Therefore, we have

n
∑

k=2

ap+k+lp+n+1

∞
∑

k=n+1

ap+k ≤

∞
∑

k=2

lp+kap+k ≤ 1−
p(p − α)λ

(p + 1)(p + 1 − α)
(2.15)

by using (2.12) again.

Set

h1(z) = lp+n+1

[

f(z)

sn(z)
− (1 −

1

lp+n+1
)

]

= 1 −
lp+n+1

∑

∞

k=n+1 ap+kz
k

1 − p(p−α)λ
(p+1)(p+1−α)z −

∑n
k=2 ap+kzk

. (2.16)

By applying (2.15) and (2.16), we find that

∣

∣

∣

∣

h1(z) − 1

h1(z) + 1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

−lp+n+1
∑

∞

k=n+1 ap+kz
k

2 − 2p(p−α)λ
(p+1)(p+1−α)z − 2

∑n
k=2 ap+kzk − lp+n+1

∑

∞

k=n+1 ap+kzk

∣

∣

∣

∣

∣

∣

≤
lp+n+1

∑

∞

k=n+1 ap+k

2 − 2p(p−α)λ
(p+1)(p+1−α) − 2

∑n
k=2 ap+k − lp+n+1

∑

∞

k=n+1 ap+k

≤ 1, (z ∈ U ;n ≥ 2), (2.17)

which shows that Reh1(z) > 0 (z ∈ U). From (2.16), we immediately obtain

the inequality (2.13).
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If we take

f(z) = zp −
p(p − α)λ

(p + 1)(p + 1 − α)
zp+1 −

1 − p(p−α)λ
(p+1)(p+1−α)

lp+n+1
zp+n+1, (n ≥ 2),

(2.18)

then f(z) satisfies the condition (2.12) and f ∈ Cλ(p, α). Thus

f(z)

sn(z)
= 1 −





1 − p(p−α)λ
(p+1)(p+1−α)

lp+n+1



 zn+1

/(

1 −
p(p − α)λ

(p + 1)(p + 1 − α)
z

)

→ 1 −
1

lp+n+1
, ( as z → 1−), (2.19)

which shows that the bound in (2.13) is the best possible.

Similarly, if we put

h2(z) = (1 + lp+n+1)

(

sn(z)

f(z)
−

lp+n+1

1 + lp+n+1

)

= 1 +
(1 + lp+n+1)

∑

∞

k=n+1 ap+kz
k

1 − p(p−α)λ
(p+1)(p+1−α)z −

∑

∞

k=2 ap+kzk
(2.20)

and make use of (2.15), we can deduce that

∣

∣

∣

∣

h2(z) − 1

h2(z) + 1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

(1 + lp+n+1)
∑

∞

k=n+1 ap+kz
k

2 − 2p(p−α)λ
(p+1)(p+1−α)z − 2

∑n
k=2 ap+kzk + (1 + lp+n+1)

∑

∞

k=n+1 ap+kzk

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

(1 + lp+n+1)
∑

∞

k=n+1 ap+kz
k

2 − 2p(p−α)λ
(p+1)(p+1−α)z − 2

∑n
k=2 ap+kzk + (lp+n+1 − 1)

∑

∞

k=n+1 ap+kzk

∣

∣

∣

∣

∣

∣

≤
(1 + lp+n+1)

∑

∞

k=n+1 ap+k

2 − 2p(p−α)λ
(p+1)(p+1−α) − 2

∑n
k=2 ap+k − (lp+n+1 − 1)

∑

∞

k=n+1 ap+k

≤ 1, (z ∈ U), (2.21)

which leads us immediately to assertion (2.14) of the theorem.

The bound in (2.14) is sharp with the extremal function given by (2.18).

The proof of the theorem is thus completed. ���
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