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Abstract
The main object of the present paper is to derive several further interesting properties
of the subclass C(p, @) which was recently introduced and studied by Aouf et al.[Comput.
Math. Applic. 39(2000)39-48].

1. Introduction

Let A(p) denote the class of functions of the form
f2)=2"+> apu?™, (peN={1,2,3,...}) (1.1)
k=1

which are analytic and p -valent in the open unit disk U = {z: z € C and |z| <
1}.
For functions f € A(p), given by (1)), and g € A(p) given by

[e.9]
g9(z) = 2% + Z bp+k2p+k7
k=1
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we define the Hadamard product (or convolution) of f and g by

(f*9)(2) = 2"+ apyrbppa ™. (1.2)
k=1

A function f € A(p) is said to be in the class K(p,«) of p -valently

convex functions of order « if it satisfies the condition

f"(2) e
Re{1+ 02 }>a, (zeU;0<a<p). (1.3)

Next we denote by T'(p) the subclass of the class A(p) consisting of

functions of the form
f(2) =22 = apz?™, (apr > 0) (1.4)
k=1
and define further class C(p, ) by

C(p,a) = K(p,a) [\ T(p)- (1.5)
For the class C(p, «), the following characterization was given by Owa []].

Lemma 1 (see [§]). Let the function f be defined by (). Then f is in
the class C'(p, «) if and only if

Y R+ k—a)apy < pp - ). (1.6)
k=1
The result is sharp.

For a function f defined by (L4) and in the class C(p,«), Lemma 1

immediately yields

p(p — )
p+1p+1-a) .7

ap+1 < (

In view of the coefficient inequalities (L), Aouf et al. [3] recently intro-

duced and studied a subclass Cy(p, ) of C(p, «) consisting of functions of
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the form

1) = - R e Za W (L)

(ap1r > 0,0 <a<p;0 <A< 1).
In particular, the class C\(«) = C\(1, a) was considered earlier by Silverman
and Silvia [10].

Many interesting properties such as integral inequalities, coefficient esti-
mates, closure theorems, radius of convexity for the class C)(p, a) were given
by Aouf et al. []. In the present sequel to these earlier works, we shall derive
several interesting properties and characteristics of the d-neighborhood and

partial sums associated with the class C)\(p, «).

2. Main Results

We begin by recalling the following lemma which will be required in our

present investigation.

Lemma 2 (see [3]). Let the function f be defined by (LX). Then f is in
the class C)\(p, ) if and only if

S p+E)p+k—a)apk <plp—a)(1-X) (0<a<p0<A<1). (21)
k=2

The result is sharp for the function f given by

p(p — )\ 1 P a)1 =N
flz)=2F — T — 2R (k> 2).
S o e M CEa o[
(2.2)
Following the earlier works (|4, [9]; see also [, 2, 15, 6, [1, [L1]), we now

define the é-neighborhood of a function f € A(p) of the form (L) by

N(f) = {geA<p>:g<z>=zp e Zb it

(bp—i—k > O)

and
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i (p+k) p—Hc a)
— pp - )

lapsr — bpti] <0, (0<a<p0<A< 1;5>0)}.
(2.3)

Theorem 1. Let f € Cy\(p,a) be given by (LH). If f satisfies the inclusion

condition
(f(z)+ez) (1 + 6)_1 € Cy(p,a), (e€C;le]l <d;0 >0), (2.4)

then

Ns(f) € Ca(p; o). (2.5)

Proof. It is not difficult to see that a function f belongs to C)(p, «) if and

only if

()~ (b= DI() el
T+ 1= 20) () #0, (zeU;o€C,lo]=1), (2.6)

which is equivalent to

(fxh)(2)/2" #0, (z€U), (2.7)
where, for convenience,
h(z) : = 2P +icp+kzp+k
k=1
_ o Z (p+k)| 22;)90-1- k —a2)04) — k] k. (2.8)

We easily find from (ZF) that

B ‘(p+k)[(2p+k—2a)a—k]‘ - p+E)(p+Ek—a)

vkl = 2po(p — ) p(p— )
(p+k)(p+k—a) _ .
< T (k=1,2,...;0 <A< 1). (2.9)

Furthermore, under the hypotheses of the theorem, (1) yields the following
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inequality:
‘(f*ziz)(z) >0, (z2€U;d>0). (2.10)
Now, if we let
o(2) = 2P p(p — a)A Zp+1__j§ibp+kzp+k € Ny(f),
P+Dp+1-0a) =
then
HERECIVCTN SRS AR
< gj S L WHNEY
< 9, (zeU0<A<1 6 >0).
Thus, for any complex number o such that |o| = 1,we have
(pxh)(2)/2" #0, (2 €U),
which implies that ¢ € C)\(p, ). The proof is complete. O

Next, we prove

Theorem 2. Let f € A(p) be given by (LV) and define the partial sums
Sn(Z) by

_ _Pp=a)X  pt1 L
i Tn Y e KA n =1
sn(2) = —a)x : . (2.11)
P — Bt N PR =23,

k=2

Suppose also that

= p(p — )X
l <1-—
2 lpwstpes <1 T

(where lyyr, = % 0<a<p, 0<A<I). (2.12)
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Then for n > 2, we have

f(z) o1
Re (Sn (2)> >1 — (2.13)
and
Sn(Z) lp—i—n—i—l
Re < 02) > > 1 o (2.14)

Each of the bounds in [ZI3) and I4) is the best possible.

Proof. From ([(ZT2) and Lemma 2, we have immediately that f € Cy(p, a).Under
the hypothesis of the theorem, we can see from ([ZIZ) that

lppky1 > oy > 1, (E=2,3,...).

Therefore, we have

n o0 o0
plp — @)X
Aprr+l a < Lyt ra <1- 2.15
kZ:; p+k T ip+n+1 kzzng_l p+k kZ:; p+kUp+k (p + 1)(p +1— Oé) ( )

by using ([ZIZ) again.

Set
f(2) 1
fle) = lpnts Ln(z) —- lptn+1
=TT e " k (2.16)
GG ? T k=2 Ap+h?

By applying (ZI0) and IH), we find that

hi(z) — 1 ‘ —lptnt1 Z?’:nH ap+kzk

2p(p—a) A
fuz) +1 2- %Z =23 im0 Ok = lpint1 2o pgr Gk

o0
Iptnt1 D i1 Op+k

<
- 2p(p—a) A
2- (p—}ﬁ%?pfl)—a) -2 22:2 ap+k — lp—i-n-i-l ZZO:n-H Ap+k
<1 (2€Uinx2), (2.17)

which shows that Rehi(z) > 0 (z € U). From (ZI6), we immediately obtain
the inequality (ZI3).
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If we take
p(p — @)X ~ G
— P _ — p+1 _ p+ p+l—« p-l,-n-l,—l > 2
1) CES RS b 2 22

(2.18)
then f(z) satisfies the condition (ZIZ) and f € Cy\(p,a). Thus

p(p—a)A

@ _ (L Zn+1/<1_ p(p — )\ Z)
(

sn(2) lptn+1 p+1)(p+1-a)

— 1 -

,(asz—17), (2.19)
lp+n+1

which shows that the bound in ([ZI3)) is the best possible.

Similarly, if we put

. lptn
ha(z) = (14 lptnt1) <?((j)) 1 Jlerp::H)

- (L4 lptnt1) Dpznst ap—i—kzk (2.20)
- T o = k ‘
— =) ¢ 2ok=2 Gptk?

and make use of ([ZI0)), we can deduce that

hg(z) —1
hg(z) +1
_ (L4 lptn+1) Zpepr Qo2
= 2p(p—a)X
2- %Z =23 g Opy k2 + (L4 Ipynt1) D2y Opa2®

(L4 lpin+1) Dpentn ap-l-kzk
2p(p—a) A
2 — GEReEe? — 2 X hea Gkt + (ot — 1) X0 4 apen®

(1 + lp+n+1) ZZO:nH Ap+k

IN

2p(p—a) A n 00
2- % =2 o pik — (ptnt1 — 1) D5t i1 Gprk
<1, (z€l), (2.21)

which leads us immediately to assertion (ZI4]) of the theorem.

The bound in (ZT4) is sharp with the extremal function given by (ZIF]).
The proof of the theorem is thus completed. O
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