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0. Introduction and Statement of Results

0.1. Let k be an algebraically closed field. Let G be a connected reductive
algebraic group over k. We assume that we are in one of the following two

cases.

(1): G is the identity component of a reductive group G with a fixed connected
component D.

(2): kis an algebraic closure of a finite field Fj, and G has a fixed Fj-rational
structure with Frobenius map F' : G — G.
In case (1) we set ¢ = 1 and denote by F' : G — G the identity map of
G so that GF' = G. Thus when ¢ = 1 we are in case (1) and when ¢ > 1
we are in case (2).

Let B be the variety of Borel subgroups of G. Let W be an indexing
set for the set of G-orbits on B x B for the diagonal G-action. Let O, be
the G-orbit corresponding to w € W. Note that W is naturally a Coxeter
group with length function {(w) = dim O,, — dim B.

Let I be an indexing set for the set S of simple reflections of W. Let
s; € S be the simple reflection corresponding to i € I. For B € B we have
gBg™! € B forany g € D (if ¢ = 1) and F(B) € B (if ¢ > 1). There
is a unique automorphism of W (denoted by e or by w — w®) such that
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Oype = gOyug~! for all w € W,g € D (if ¢ = 1) and Oye = F(O,,) for all
w e W (if ¢ > 1). We have [(w®) = l(w) for all w € W. Hence there is a
unique bijection 7 + ¢* of I such that s; = s;e for all < € I.

Lwa® for

Two elements w,w’ € W are said to be e-conjugate if w’ = a~
some a € W. The relation of e-conjugacy is an equivalence relation on W;
the equivalence classes are said to be e-conjugacy classes. A e-conjugacy
class C'in W (or an element of it) is said to be e-elliptic if C' does not meet
any e-stable proper parabolic subgroup of W (see [9]). (In the case where
e = 1 we say "elliptic, conjugacy class” instead of ”e-elliptic, e-conjugacy
class”.) For w € W let

B, = {(9,B) € D x B;(B,gBg ') € Oy} (if ¢ =1)
Xy = {B€B;(B,F(B)) € Oy} (if ¢ > 1).

This is naturally an algebraic variety over k. (The variety X,, is defined
in [4]. The variety B,, appears in [13] assuming that D = G and in [14] in
general.) We shall use the notation X,, for either B, or X,,. Let p : B,, — D
be the first projection.

Now G acts on X, by = : (g, B) — (zgz~',2Bxz~1) (if ¢ = 1) and by
x: B zBzx~! (if ¢ > 1).

One of the themes of this paper is the analogy between X,, and 98B,,. It
seems that 9B, is a limit case of X,, as ¢ — 1. For example it is likely that
for any 4, the multiplicities of various unipotent character sheaves on D in
a Jordan-Holder series of the (i + dim G)-th perverse cohomology sheaf of
pQ; (with ¢ = 1) are the same as the multiplicities of various irreducible
unipotent representations of G¥' in the G¥'-module Hi(X,,, Q;) (with ¢ > 1).
Here [ is a fixed prime number invertible in k.

0.2. From [, 1.11] it is known that if w € W, X, has a natural finite cov-
ering X,,. We now show that (at least if w is e-elliptic and G is semisimple),
B, has a natural finite covering 9B,,.

Let B* € B and let T* be a maximal torus of B*; if ¢ > 1 we assume in
addition that B*,T* are defined over F,. Let U* be the unipotent radical
of B*. If ¢ = 1 let d € D be such that dT*d~! = T*,dB*d~' = B*. Let
N = {n € G;nT*n~' = T*}. We identify N/T* = W by nT* < w,
(B*,nB*n~') € O,. According to Tits, for each w € W we can choose a
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representative w € N in such a way that w = wjws whenever w,wy,wsy in
W satisfy w = wiws, (w) = l(wy) + I(wz). We can also assume that, if
w' = w®, then W' = divd™! (if ¢ = 1) and W’ = F(w) (if ¢ > 1). Forw € W
let U¥ = U* NwU*w~! and let T = {t; € T*w 't = dtd~} (if ¢ = 1),
Th = {t € T*w i = F(t)} (if ¢ > 1); let

By = {(9:9Us) € Dx G/Usi g "9 € wU*d} (if g = 1),

Xy = {g'U;; € G/Us; g T'F(g) € wU*} (if ¢ > 1).

We shall use the notation X,, for either B,, or X,,. Now G acts on X,, by
z:(9,gUL) v (xgx=t,xg'U%) (if ¢ = 1) and by = : g'U} — 2g'U;; (if ¢ > 1).
Also T acts (freely) on X,, by t : (g,g'US) — (g9,¢'t~'U;) (if ¢ = 1) and
by t: U} +— ¢g't 71U (if ¢ > 1); this action commutes with the G¥'-action.
Define 7, : X,y — Xy by (9,9'Us) — (9, B*¢'~") (if ¢ = 1) and by ¢/'U%, —
g B*g'~! (if ¢ > 1). Note that 7, is compatible with the T action where
T acts on X,, trivially. Let § be the fibre of 7, at a point of X,,. Then for
some tg € T*, § can be identified with {t € T*; Ad(d)(t~")Ad(vw~1)(t) = to}
(if ¢ = 1) and with {t € T*; F(t)"*Ad(v1)(t) = to} (if ¢ > 1); hence it
is either empty or a principal homogeneous space for 7);. Now if ¢ > 1,
T is finite, hence the homomorphism 7% — T*, ¢t +— F(t)"'Ad(w1)(¢t) is
surjective and § is a principal homogeneous space for T}; so that in this case,
Ty is a principal Tp;-bundle. If for ¢ = 1 we assume that G is semisimple
and w is e-elliptic then T}, is finite, hence the homomorphism 7% — T,
t — Ad(d)(t7')Ad(w~1)(t) is surjective and §F is a principal homogeneous
space for T so that in this case, 7, is again a principal 7;;-bundle.

Here is another reason why B,, looks like X,, when ¢ — 1: assuming
that w is e-elliptic and G is semisimple, the number |T,5| (in the case ¢ = 1)
is obtained from the number |T7}| (in the case ¢ > 1) viewed as a polynomial
in ¢ by substituting g = 1.

The following result gives another instance of analogous behaviour of
X, By

Theorem 0.3. Assume that w € W is e-elliptic and that w has minimal
length in its e-conjugacy class. If ¢ = 1 assume further that G is semisimple.

(a) If g =1 (resp. q > 1), any isotropy group of the GF action on B, (resp.
Xy) is {1}.
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(b) Ifg =1 (resp. q¢ > 1), any isotropy group of the G action on B, (resp.
Xy ) is isomorphic to a subgroup of T.\; hence it is a finite diagonalizable
group.

(¢) If ¢ = 1, the varieties By, and B, are affine.

Note that (c) has the following known analogue (see [4] for sufficiently
large ¢ and [16], [9] for any q):

(d) If ¢ > 1, the varieties X, and X, are affine.
The proof of the theorem (given in §3) extends the proof of a weaker form
of (b) given in [15, 5.2].

Let G\B,, (resp. GF\X,) be the set of orbits of the G-action on B,
(resp. of the GF-action on X,). Let G\B,, (resp. G¥\X,,) be the set of
orbits of the G-action on %B,, (resp. of the GF-action on X,,). By (a)-(c)
above. G\B,, and G\B,, are naturally affine varieties (they are the set of
orbits of an action of a reductive group on an affine variety with all orbits
being of the same dimension hence closed). Similarly, by (d) above, GF\ X,
and GF'\ X, are naturally affine varieties.

The affineness properties (c),(d) can be strengthened in certain cases as
follows.

Theorem 0.4. Assume that G is almost simple of type A, Bn,Cy or D,.
We assume also that @ = 1. Let w € W be a e-elliptic element of minimal
length in its e-conjugacy class.

(a) If ¢ = 1, then G\By, is isomorphic to K"*) and G\B,, is isomorphic to
T\K®) for a T*-action on kW),

(b) If ¢ > 1, then GF\X,, is quasi-isomorphic (see 1.1) to k"®) and GF\ X,
is quasi-isomorphic (see 1.1) to T\K'®) for a T -action on k™),

This is proved in Section 4. In a sequel to this paper it is shown that
(a),(b) continue to hold without the assumption that ¢ = 1. We conjecture
that (a),(b) hold for G of any type.

0.5. Let w € W and let § be the smallest integer > 1 such that ® = 1. If
qg>1 F: X, — X, and F%: X, — X, are well defined. We propose
an extension of these maps to the case of B, namely ¥ : B, — Bye,
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(9,B) — (g,9Bg™"), see 1.2; we then have ¥ : B, — B,. In some
respects U, ¥ can be viewed as analogues for ¢ = 1 of the Frobenius maps
F, Y. Assume for example that w is e-elliptic of minimal possible length
in W. There is some evidence that, for any ¢, the (i + dim G)-th perverse
cohomology sheaf of pQ; is direct sum of mutually nonisomorphic simple
character sheaves stable under the map induced by ¥° and ¥ acts on each
of these summands as multiplication by a root of 1 which is obtained from
an eigenvalue of F® on H:(X,, Q;) (described in [11]) by ¢ — 1.

0.6. Let w € W and let i € I be such that l(w) = l(s;w) + 1 = l(s;ws;e).
When ¢ > 1 a quasi-isomorphism (see 1.1) 0; : Xy — Xws,e was defined
in [4]. In the late 1970’s and early 1980’s I observed (unpublished but men-
tioned in [2, 5A] and [3]) that by taking compositions of various ¢; one can
obtain nontrivial quasi-automorphisms of X,, corresponding to elements in
the stabilizer of w for the e-conjugacy action (see 1.3, 1.4). Further examples
of this phenomenon were later found by Digne and Michel [d]. Additional
examples are given in Section 1, 2. These examples are valid not only for X,
but also for X,,, By, or By, since in 2.3 and 2.6 we define quasi-isomorphisms
analogous to o; in the case when X, is replaced by X,,, B, or B,.

0.7. In Section 5 we give another example of the close relation between the
varieties B,,, X,y by proving (under the assumption that k is as in case 2) a
formula relating the number of rational points over a finite field of B,, x p2B,,/
and of GF\ (X, x Xu).

0.8. Notation. For any w € W we set L(w) = {i € L;l(s;w) < l(w)},
R(w) = {i € I;1(ws;) < l(w)}. For k € Z let w — w*" be the k-th power
of e. Let wy be the longest element of W. Let W be the braid group of W
with generators §; corresponding to s;. If X isaset and f: X — X is a
map we write X/ instead of {z € X; f(x) = 2}. If X is finite we write | X|
for the cardinal of X.

1. Paths

1.1. Let C be a e-elliptic e-conjugacy class in W. Let Cu, be the set
of elements of minimal length of C. If w € Cpyy and @ € L(w) then w' =

+
siws? € Cpin and i* € R(w'); we then write w——w' . Conversely if v € Cin



382 G. LUSZTIG [December

and j* € R(v) then v/ := s;jvs?

? € Cuin and j € L(v'); we then write

- i -
vsv/. Note that if w,w’ € W then the conditions w——w’ and w'-—w are
equivalent. Let I'c be the graph whose vertices are the elements of Chyin

and whose edges are the trlples wiw' with w,w’ in Cpin unordered and
+
1 € I such that either w—>w or w'~—w. The graph I'c has a canonical
+
orientation in which an edge wlw’ is oriented from w to w’ if w——w' and

i+
is oriented from w’ to w if w'——w. A path in T'c is by definition a sequence

. 1t—1 .
i of edges of I'c of the form wl\/U)giQ/ ..., Z wy. For such i we must have

— _1 i . — . . . .
wy = z; w1z where z; = s;,8;, ...5;,_; € W; we shall also set

(a) Z=8182...50 1 € "%

where ¢, = 1 if wriwrﬂ, 6 = —1 if wriwrﬂ. We shall sometime
specify i by the symbol [wy; %1, %9, ..., %;_1] where % = it if ¢ = 1 and x; =
iy if e, = —1 (e as in (a).) Note that ws,...,w; are uniquely determined
by wl,il,ig, v ,it_l).

For w, w' € Ciyin let Py, 4 be the set of paths in I'c such that the corre-
sponding sequence wy, ws, ..., w; satisfies wy; = w,w; = w’. For example if
W = Si; Siy - - - S;,. is a reduced expression in W then [w; i1, 12, .., 1] € Pyaws.

The following result is due to Geck-Pfeiffer |1, 3.2.7] (in the case where
e = 1) and to Geck-Kim-Pfeiffer [§] and He [d] in the remaining cases.

(b) For any w,w' € Cryin, the set Py, v is nonempty.

For w,w' € Cpin we identify a path [w;*q,%g,...,%_1] € Py, with the
path [w; ], %5,...,%}, ;] € Py in the following cases:
(i)t =t —2, ¥ = i,%,41 = i (for some i € I and some k), and
*’1, *’2, cey *2,_1 is obtained from 1, *2,...,%;_1 by dropping *, *x11;
(i) ¢ = t—2, ), = 4,441 = 4 (for some i € I and some k), and
), %5, ..., %), is obtained from xj,%g,..., %1 by dropping s, *j1;
(iii) ¢/ = ¢t, % = G, %k41 = J,%hs2 = 4,... (m terms), ) = j,*;ﬁl =
Q%9 = J,... (m terms), (for some i # j in I with s;s; of order m
and some k) and !, = x,, for all other indices;
(iv) f’ = t, *h = Lokl = Jy¥k42 = Gy... (m terms), * = j,* =
ik o = Jy--- (m terms), (for some i # j in I with s;s; of order m

and some k) and !, = x,, for all other indices.
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This generates an equivalence relation on P, ,; we denote by P, - the set
: ron . :
of equivalence classes. For w, w', w" € Cpin, concatenation Py, X Pyt ar —

Pw,w’

into a groupoid. In particular for w € Chuin, Pw,w has a natural group

Pw,w" induces a map Pw,w’ X Pw’,w” — ,Pumu" which makes uw’wlecmin

structure. Now i+ z; induces a group homomorphism
Tw : Pww — Wy = {2 € W, 2 lwz® = w}
and i — Z; induces a group homomorphism 7, : Py — W.

1.2. Let C be a e-elliptic e-conjugacy class in W and let w € Cpin. We
state the following conjecture.

(a) The homomorphism Ty : Py — Wy, is surjective.
In 1.5, 1.6 we sketch a proof of (a) assuming that W is of classical type and

e = 1; in 1.4 we consider in more detail a case arising from Dj.

In any case, if w® = w then w is in the image of 7,,. In particular, if
W,, is generated by w then (a) holds for w. Also from 1.1(b) we see that if
(a) holds for some w € Chyy then it holds for any w € Ciyi,. We say that
(a) holds for C if it holds for some (or equivalently any) w € Chin.

1.3. Assume that w = wy and y* = wyw™! for any y € W. Then the
e-conjugacy class of w is C' = {w} and is e-elliptic. For any y € W and any
reduced expression y = s, 8, ...s;, for y, we have i := [y;i1,42,...,1%] €
Puww, 2z = y. Thus the image of 7, is W, = W and 1.2(a) holds in this

case.

1.4. In the remainder of this section we assume that e =1 on W. We will

often denote an element s;,5;,5i, ... 5s;, of W as i1igi3... 1.

The following example appeared in the author’s work (1982, unpub-
lished). Assume that W is of type Djy. Let S = {sq,s1, 2,83} with
s1, S2, 83 commuting. Let C' be the conjugacy class of W' consisting of the
twelve elements (of length six) 0i0j0k and ¢0j0k0 (where 7,7,k is a per-
mutation of 1,2,3). Note that C' = Chy, is elliptic and any w € C has
order 4. We have £(0i0j0k) = {0,i}, R(0:050k) = {j,k}, L£(i0j0k0) =
{i,7}, R(i0j0k0) = {0,k}. We have OinOkginOkO, OinOkLOjOiOk,
z'OjOk:OLOjOk:Oi, z'OjOk‘OLiOk‘OjO for any 1, j, k.
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Let w = i0j0k0 € C = Cryin- Now W, is a nonabelian group of order
16 generated by three elements a = 0ij0, 8 = jk, v = i0ki0i satisfying

(a) yaf = afy = fya = w.

Note that § (resp. «) is the unique element of length 2 (resp. 4) in W,: if
n; is the number of elements of length i in W, and ¢ is an indeterminate,
then Yoo nit! = 141+t + 105 + 13 4+ ¢'0 + ¢12. We have

i:=[w;0,4,5,0] € Pyuw,i = [w;j,k] € Pyuw,i" = [w;i,0,k,i,0,7] € Pyw,

and z; = «, zy = B, zy» = . Thus the image of 7,, contains the generators
a, 3,7 of Wy, hence it is equal to W, and 1.2(a) holds for C. Note that a
relation like (a) also holds in the group Py -

(b) i’ii’ = ii'i"” = i'i"i = [w; 4,0, 4,0, k,0].
For example,

i"ii’ = [w;4,0,k,1,0,4,0,i,7,0,, k]
= [w;i707k7i7;767g7i7j’07j7 k] = [’LU,Z,O,]{?,],O,]{?] = [’LU,Z,O,],O,]{?,O]

Also i,1',i” commute with [w; 4,0, j,0,k,0] in Py, . It follows that Z, %, 2y
satisfy a relation like (b) in W.

1.5. Let n be an integer > 3. Definen € Nbyn =2nifniseven,n = 2n+1
if n is odd. Let W be the group of all permutations of [1, n] which commute
with the involution ¢ — n—i+1 of [1,n]. For i € [1,n — 1] define s; € W as
a product of two transpositions i «» i+ 1, n+1—i < n —¢; define s,, € W
to be the transposition n «<» n —n + 1. Then (W, {s;;¢ € [1,n]}) is a Weyl
group of type B,. In this subsection we assume that G is almost simple of
type Cy, (or By,) and we identify W with W with n = 2n (orn =2n+1) as

Coxeter groups in the standard way.

Let p. = (p1 > p2 > -+ > ps) be a sequence in Zsq such that p; +--- +
po = n. Define a partition m; +mg + --- + me = o by

p1:p2:"':pm1 >pm1+1:pm1+2:"':pm1+m2 >
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For any r € [1, 0] we define a permutation w, in W by

Pcr+1l—=pp+2— .. per+ D> N0 — Py —
n_p<r—1’—>...I—>n—p<r—pr+1’_’p<7“+1’

where pe, =", [t,r—1] Pr and all unspecified elements are mapped to them-
selves. Note that w, is a 2p,-cycle and that wy,ws,...,w, are commuting
with each other. Let w = wiws...w, and let C be the conjugacy class of
w. Note that C is elliptic and w € Ciin. For every r € [1,0 — 1] such that
Pr = pr41 We define an involutive permutation h, € W by

P<r +j = P<r+1 +j'_>p<r +j7n_p<r_j

= N = Pl — J = pey — j for j € [1,p;]

(all unspecified elements are mapped to themselves). Note that hyw,1h, =
w, and hyw; = wh, for all t{r,r + 1}. Hence h,w = wh,. The following
result is easily verified:

(a) The group W, is generated by the elements wy, w, (r € [1,0 —

1],pr41 > pr) and hy (r € [1,0 — 1], pr = Dr41).
These generators satisfy the ”braid group relations” of a complex reflection
group of type

B(Zl’ml ) BgSml +mog )

(2Pmy +--4me)
o .. X Bt ¢

X

escribed 1n |2, ; the factor By, 1s generated by Ny 4o dme 14w
described in [, 3A]); the factor BLP™1++mk) § ABY Py oty 4
(u € [1,my — 1]) and by Wy, +..-my, -

It is immediate that for r € [1, o] we have (setting a = n — (ps + po—1 +
)

i =[wja,a+1,...,n—1,n,n—1,...,a—pr+2,a — py + 1] € Py .

Note that z;, = w,.
One can verify that for r € [1,0 — 1] such that p, = p,4+1 = p we have
(setting a = n — (po + po—1 + - + Pry1)):

o/

i, == [wja,a+1,...,a+p—2,a—l,a,a+1...,a+p—4,a—2,a—1,
a,...,.a+p—06,....,.a—p+2,a+p—1l,a+p—3,...,a—p+1,
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a—p+2,...,a+p—6,....a,a—1l,a—2,a+p—4,...,a+1,

ag,a—1l,a+p—2,...,a+1,a| € Py w,

For example if p = 1 we have 2y = [w;al; if p = 2 we have 2z = [w;a,a +

1,a — 1,al; if p = 3 we have
2y = [wya,a+1,a—1,a+2,a,a —2,a—1,a+1,al.

Note that zy = h,. Using (a), we see that the image of 7,, contains a set of
generators of W,, hence 1.2(a) holds for C. (In the case where p; = ps =
-+ = pg, this result is due to Digne and Michel [5].) Note that any elliptic

conjugacy class in W is of the form C' as above. We conjecture that

(b) the braid group relations satisfied by the generators in (a) remain
valid as equations in 75w7w if wy is replaced by i, and h, is replaced by i,..
Appplying 7,, we would get corresponding braid group relations in W which

actually can be verified.

1.6. In this subsection we assume that G is almost simple of type D,,. Let
W, s; be as in 1.5 (with n = 2n > 8). Le W’ be the group of even permuta-
tions in W (a subgroup of index 2 of W). If i € [1,n—1] we have s; € W' and
we set 5,1y = SpSn—15n € W'. Then (W' {s1,52,...,80-1,8m-1y}) is a
Weyl group of type D,,. We identify W with W’ as Coxeter groups as in [15,
1.5]. Let px = (p1 = p2 > -+ > Ps), Wy, w, hy be as in 1.5; we assume that
o is even. Then w € W’. Let C’ be the conjugacy class of w in W’. Then

!
min*

For any r € [1,0 — 1] such that r € [1,0 — 1], p, = pr4+1 we have h, € W'. If

(' is elliptic and w € For any r € [1,0] we have w). := w,w, € W'.

Po—1 = Po We set h | = w, hy_1ws. The following result is easily verified:

(a) If po—1 > po then W, is generated by the elements wl, w!. (r €
1,0 — 1],pr41 > pr) and h, (r € [1,0 — 2],pr = Pr41). If Po—1 = po then
W, is generated by the elements w., w). (r € [1,0 —2],pr41 > pr), hl_4
and h, (r € [1,0 —1],pr = pry1)-

These generators satisfy the ”braid group relations” of a complex reflection

group of type

(2pm1) (2pm1+m2) (2pm1+---+m671) (2pm1+“.+me)
B, B, X ...X By, | X Dy,
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(described in |2, 3A]); the factor Bg?”1+”'+mk) (with k& < m) is generated
; if me > 1 then the

by hmy4eotmy_14u (u € [1,my — 1]) and by wm1+ g

D(2pm1+"'+me) is generated by hmy+.tm. 14+ (U € [1,me — 1]), by

Dgfmlﬁ’“'ﬁ’me)

factor

Pyt tm.—1 and by by w] if me = 1 the factor is

m4my
taken to be a cyclic group of order p,.For example the ”braid group relation”

N !/ /
ho—_lwo.h 1= 'UJ ho. 1h -1 = ho._lho—_lwo.

holds if m, > 1. (Compare with 1.4(a).)
One can verify that for r € [1, 0] we have (setting a = n — (ps + po—1 +
-+ Pry1)):

o/

i/ = [wja,a+1,...,n—1,(n—1),n—2,...,a—p.+2,a—p,+1,n—1,
n—2,...,n—Dpy+ 1] € Py .

Note that z = w/.. On the other hand for € [1,0 — 1], p, = py41 we have
h, = 2y where i}, is given by the same formula as in 1.5 (but viewed in W’);
we have i), € Py . If po—1 = po = p then

i= [wiy(n—-1Y,n—-2n-3,....p+1,p,p+1,....n—2,p—1,p,...,
n—4,...,3,42 (n—-1/,n-3,...,531,243,....,n—4,...,p,
p—Ln—2....p+1,pp+1,....,n=3,n—-2,(n—1)] € Pyw-

For example if n = 10, p = 5 then

7.6.5.6.7.8.4,5.6.3.4.2.9.7.5.3.1.9.1.3.5.5.1.5.7.6
9_]
Note that z; = h,_;. Using (a), we see that the image of 7,, contains a set of

generators of Wy, hence 1.2(a) holds for C. Note that any elliptic conjugacy
class in W is of the form C’ as above. We conjecture that

(b) the braid group relations satisfied by the generators in (a) remain
valid as equations in Py, if wl. is replaced by i, h, is replaced by i, and
h. | is replaced by i.

Appplying 7., we would get corresponding braid group relations in W which
actually can be verified.
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1.7. In this subsection we assume that C is an elliptic conjugacy class in
W such that for some w € Clnin we have w = wyws . .. w, where wy,...,w,
commute with each other, [(w) = [(w;)+I(w2)+- - -+I(w,) and the centralizer
of w is generated by wy, ..., w,. (An example of this situation is the case of
w in 1.5 with py > py > -+ > p,.) In this case it is immediate that w; is in
the image of 7, hence 1.2(a) holds for C.

Another example arises for W of type Eg (with the elements of I la-
belled as in [1]) and with C consisting of elements whose characteristic
polynomial in the reflection representation is (X + 1)(X7 + 1). The ele-
ment w = 213423454234565768 belongs to Cpin and I(w) = 18. We have
w = sox = w89 for some x such that [(x) = 17 and ss2” = wy. (This equa-
tion holds also in W) The centralizer of w is a product of a cyclic group of
order 2 generated by so and a cyclic group of order 14 generated by x. We
see that 1.2(a) holds for C.

1.8. Assume that W is of type Fg. Let C be the elliptic conjugacy class in
W consisting of the elements of order 15. We can find w € Cyin such that
w = u? where u = 12345678 so that [(u) = 8, [(w) = 16. Then the centralizer
of w consists of the powers of u. We have i := [w;1,2,3,4,5,6,7,8] € Py w,
z = u and we see that 1.2(a) holds for C'.

2. The Morphisms o, 7;

2.1. If V,V’ are algebraic varieties over k, we say that a map of sets f :

V — V' is a quasi-morphism if:

(for ¢ = 1) f is a morphism, or

(for ¢ > 1) f is composition V = V1£>V2£> . EV} = V' where for

each i € [1,t — 1], f; : V; — V;41 is either a morphism of algebraic varieties
or V; = V;41 and f; is the inverse of the Frobenius map on V; for a rational
structure over a finite subfield of k.

We say that f is a quasi-isomorphism if it is a quasi-morphism and has an
inverse which is a quasi-morphism. If in addition we have V = V' we say

that f is a quasi-automorphism.
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2.2. Let w € W. We define a morphism V¥ : X, — X,» by

(9,B) — (9,9Bg™1) if g =1 and B — F(B) if ¢ > 1.
We define a morphism ¥ : X,, — Xy by

(9,9'Us) = (9,99'd™Upe) (if ¢ = 1) and g'Uy, — F(¢")Uza (if ¢ > 1).

w

Note that each of the morphisms V¥ is a quasi-isomorphism.

2.3. For any w,w',a,b € W such that w = ab,w’ = ba®, l(w) = l(a)+1(b) =
[(w'") we define a morphism o(a) : Xy, — X, by

(9,B) — (g, B’) where B’ € B is determined by the conditions (B, B’) € O,,
(B',gBg™") € Oy (if ¢ = 1);

B — B’ where B’ € B is determined by the conditions (B, B") € O,,
(B',F(B)) € Oy (if ¢ > 1).

(If ¢ > 1, the map o(a) is defined in [4, p.107,108].) We have a commutative

diagram

a(a)

X, 29 x,,
v| v|
X,e 20 X

Note that for any w € W we have o(w) = ¥ : X, — Xye.

If w,w',a,b are as above then o(b) : X,» — Xye is defined and
o(b)o(a) : X — Xope is equal to U. Interchanging (a,b) with (b° ', a) we see
that
o(a)o(®* ') : X, o1 — Xy is equal to W. Thus o(a) : Xy — Xy is a
quasi-isomorphism.

Let w € W and let i € L(w) be such that, setting w’ = s;ws?, we have
l(w) = l(w"). Then o(s;) : Xy — Xy is a well defined quasi-isomorphism;

we shall often write o; instead of o(s;).
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2.4. Assume that w € W and 14, j are distinct elements of £(w). Let m be
the order of s;s; and let v = s;s;8;--- = sj5;5;... (both products have m
factors). Let w’ = vwv® and assume that

lw) = l(sjws;) = l(sjs,ws;s}) = -+ = [(vwo®),
l(w) = l(sjws}) = l(sisjws}sy) = -+ = l(vwv®)
so that the sequences of m maps
i Sj i
Xuw BN Xsiws; —J>X5jsiw8;s;s—> ce = Xpwos
S i S
X — XS]"LUS; S—Q(sisjwsj'.s;—J> ce = Xpoe

are defined. We show that both compositions are equal to o, : Xy — Xywoe -

Let (g9,B) € By (resp. B € X,,). We can find a unique sequence
By, B1, ..., By, in B such that By = B, (Bo, B1) € Os,;, (B1,B2) € Og,,
(B2, B3) € Os,, ... and (B, gBg™') € Oy, (if ¢ = 1), (B, F(B)) € Ouy
(if ¢ > 1). If ¢ = 1 we have 0;(9,B) = (9,B1), 0j(9,B1) = (9,B2), ...

and 0,(g, B) = (g, Bm); thus 0,(g, B) = ...00;0;(g9, B) (the product has m
factors); similarly we have o,(g, B) = ...0j0;0;(g, B) (the product has m
factors). If ¢ > 1 we have 0;(B) = By, 0j(B1) = Ba, ... and 0,(B) = By;
thus 0,(B) = ...0;050;(B) (the product has m factors); similarly we have
oy(B) = ...0j0;0;(B) (the product has m factors). If ¢ = 1, it follows
that ...0050i(9,B) = ...0j0,0;(g9, B) as required. If ¢ > 1, it follows that
...00j0;(B) = ...0j0;0;(B) as required.

2.5. Assume that w € W and w = s;,s;, ... s;, is a reduced decomposition
of w. Let

(]
W1 = W, W2 = Sjy ---Siksi;a---awk-i-l = Si;Uz; 322 =w .
Assume that {(w1) = l(we) = -+ = l[(wg+1). Then the sequence of maps
0'1;1 O'iz Uik
Xy = Xy = — Xy 4

is defined. We show that the composition is equal to ¥ : X, — Xe.

Let (g9,B) € By, (resp. B € X,). We can find a unique sequence
By, B1,...,By in B such that By = B, (B(],Bl) S Osil, (Bl,Bg) S Osi2,
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.oy (Bi-1,Bk) € Os, , and By = gBg~! (if ¢ = 1), By = F(B) (if ¢ >
1). From the definitions we have oy, (g9, B) = (g9, B1), 0i,(9,B1) = (g, B2),
‘e O'ik(g, Bk—l) = (g, Bk) if q = 1 and Uil(B) = Bl, O'Z'Q(Bl) = Bg, ey
i, (Bgk—1) = By, if ¢ > 1. The desired result follows.

2.6. Let i € I. Let U’ be the unique root subgroup of U* such that
(5°)"1U$* ¢ U* where s = s;. Let U* = {u € U*;(5*)"'us® € U*}. Note
that any u € U* can be written uniquely in the form u = wu' where uy € U/,
u' € U* and that u — w, U* — U is a homomorphism.

Now assume that w,w’,b € W are such that w = sb,w’ = bs®, l(w) =
[(b) +1=1(w). Note that

(a) BUFb~' C U*.
If g =1 we fix g € D. Let ¢ € G be such that ¢~ 1gg = wud,u € U* (if
q=1) and ¢~ F(g') = wu,u € U* (if ¢ > 1). We set ¢} = g'iub~'. Using

(a) and the definition, we have

g'l_lggi = l}uflw_lg’_lgg’wu!b_l = buflw_lwudwu;b_l

= bu; tudsbub™ = b5°((5°) " ' 5%)d(bud ™) € W' UAU* = w'U*d

g () = bur T g T R () F () F(w) F(b)
= bu!_lw_lqu(lb F(u)F(b~h)
= bu'F(8)F(buwb™b) = bF($)F (s Yu'F($)F(bub™) € w'U*
(if ¢ > 1).

Now let v € U}. We have v/ = wlvir € U*. Using this and w =
sb, l(w) = 1(b) + 1, we deduce

(b) $7vs € U*; hence ($°) " tdvd=15* € U*, (dvd™!), =1 (if ¢ = 1) and
F(§~YF()F(3) e U*, F(v), =1 (if ¢ > 1).
We have
(gv)Lggv = v g tgg'v = v hbudy = W' Trudv € WU
(ifg=1),

(dv) L F(gv) = v g T F (¢ F(v) = v YiuF (v) = W'~ 'uF (v) € wU*
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(if ¢ > 1). We define (¢'v); in terms of g’v in the same way as g} was defined

in terms of ¢’. Thus we have

(gv); = g'vwv'flu!(dvd_l)gi)—l = g’ku’,—lu,b—l (if g=1),
(g'v)1 = g'vwv'flu!F(v)!i)—l = g’ku’,—lu,b—l (if ¢ > 1);

we have used that (dvd™!), =1if ¢ =1 and F(v), = 1 if ¢ > 1, see (b). We

have (¢'v)1 = gjv1 where

v = (g'l)_l(g'v)l = bu!_lw_lg'_lg'vwv'!_IUgb_l = buflv'v'flu!b_l.

We show that vy € U;;,. We have
vy = (bud™ ) (57 ws) (b, b ™)

and this belongs to U* by (a),(b). We have

w/—lvlwl — (é.)_lzé.
where z = u,_lv’v’,_lw € U*. To show that @' ~'v;d’ € U* it is enough to

observe that 2z = u!_lv!’fu/!_lug =1 so that z € U*..

Summarizing, we see that there is a well defined morphism &; : X, —
X, such that (if ¢ = 1) (g,g'U%) — (g,g’lbu;b_lU;,) with u € U* given by
g "tgg = wud and (if ¢ > 1) U} g/wu;i)_lU{;, with u € U* given by
¢ "1F(¢') = wu. The map &; commutes with the G¥-actions, is compatible
with the T and T, actions via the isomorphism Tj — T0%,, t — §'t5
and is compatible with the map o; (see 2.3) via the maps 7y, . In the
case where T} (hence T7,) is finite so that m,, (resp. m,) is a principal T;-
(resp. T,-) bundle over X,, (resp. X,s) we deduce (using the fact that
o; + Xy — X, is bijective) that 6; is bijective; it is easy to see that in this

case, 0; is a quasi-isomorphism.

2.7. Assume that ¢ € W and iy, 49, ...,%; € I are such that each of

°
i17‘

L]
W1 = 841 Sig - - - 84, C, W2 = Sj5 843 ... 54,CS oy W1 = CSi15i2 e Sik

has length k + I(c).
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Let (9,9'Uy,) € Xy, (if ¢ = 1), gUs, € X, (if ¢ > 1). Using the
definitions repeatedly we see that

(8) Giy- e 000 (99 US) = (9:9U5,)  (fq=1)
(b) 5‘ik L 5@'25'2'1 (g/U{';l) = f],U* (if q> 1)

Wr+1

N .. PR |
g = g 5i18iy . ..8;,¢5¢ 7,

€ = gy (3%, uip (3)71) oo (89,85, - 80w (85 )7L (35) TR T,
with u;, € U} for s € [1, k].

2.8. In the setup of 2.7 we assume that ¢ = 1 so that w1 = s;,8;, ... 5,
Wg+1 = w3, (w1) = k. We show that

(a) Gy .--0i0i(9,9'Us,) = ¥(g,9'Uy,)  (ifg=1)
(b) Gy, .- 00,04, (' Usy,) = ¥ (g'Uy,) (if ¢ > 1).

From 2.5 we see that

Tiy - 05,00, (9: ' B*¢™Y) = (9,99'B*d1g7") (if ¢ =1)
iy 05,00, (¢ B*g™Y)) = F(¢)B*F(g')™* (if ¢ > 1).
hence
Giy -+ 0i 01, (9,9'Up,) = (9,99'd7 7 U) (if g = 1)
Fiy - 50z 00y (g Uspy) = (F(g")t™ Ups) (if ¢ > 1).
for some t € T,. Let d, ¢ be as in 2.7(a),(b). We have § = giééet. If
q = 1 we have ¢’"'g¢’ = wyud with u € U* hence

gg’d—lt—lU;;I = §Ups = g’wléfc'_lU;;; = gg'd_lu_lcfc'_lU{Z;.
If ¢ > 1 we have ¢’ "1 F(g') = wju with u € U* hence
F(g1t Uiy = §'Usy = g/incc™ Use = Flg'Ju™" €™ U

We see that in both cases, t71 € u_lcfc'_lU:}; C U*. Since t is semisimple
it follows that ¢ = 1. This proves (a), (b).
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2.9. Next we assume that w,w’, 7, j, m,v are as in 2.4. We have w = ve,w’ =

cv® where ¢ € W, I(¢) + m = l[(w) = l(w’) and the sequences of m maps

7 Ti  ~ Ti G <
X > Xsiws; —>ij-siws;s;—> RIS, TR
v T 5i j S
X ’ ij-wsj'. ’Xsisj-wsj'-s; S Xvuw'a

are defined. We show:

(a) the two compositions are equal.

We apply 2.7(a), (b) with k& = m, i1,49,...,i equal to i,j,4,7,... and
with w; = w, w41 = w'. Let U; be the subgroup of U* generated by U}
and U;. Le (9,9'Uy) € X, (if ¢ = 1), JU% € X, (if ¢ > 1). We have
g Y99’ = veuu"d (if ¢ = 1), ¢ 1F(g") = véu'u” (if ¢ > 1) where o' € U}
and v’ € U* N (0°U*(9*)~!) are uniquely determined.

In 2.7(a),(b) we have §’ = g'vcé¢™! where € € U;. Since (g,§'U%,) €
X, (if ¢ = 1) and §U, € Xy (if ¢ > 1), we have §¢'~'g§’ € w'U*d (if
q=1)and ¢~ F(§') € w'U* (if ¢ > 1). Thus ¢~ e 1o g ~lgg'vece™ €
W'U*d if g =1 and ¢¢ e o g = F(g)o* F(c€é™t) € w'U* if ¢ > 1. Hence
e dveée™ € w'U*d if ¢ = 1 and ¢~ /a0 F(¢ée1) € w'U* if ¢ > 1.
We have ¢€¢71 € U* hence ¢~ u'v” € 9*U*(9*)~! in both cases. Since
u” € p*U*(9°) 7! we have £t/ € v°U*(9*) L. But we have also ¢~ 1u/ € U
and U} N (0°U*(9*)~1) = {1} hence ¢ 'v/ =1 and ¢ = u/.

If we now apply 2.7(a),(b) with k = m, 41,12, ... i equal to 7,4, 7,7,...
and with w; = w, wy=1 = w’ then §’ is replaced by an element g} = g'v¢& ¢t
where & € U and by the same argument as above we have £ = u/. Thus
§ =& so that §'U;, = g{U,. This proves (a).

2.10. Let C be a e-elliptic e-conjugacy class of W and let w,w’ € Cpin. For
any i € Py, given by

i1 2 Tt—1 /
W= WI~Wa~ ... W =W

we define a quasi-isomorphism T; : X,, — X,/ as the composition

€] €9 O_ftfl
Xy, —5 Xy —2 Xy, X
wy T Ay T g T T Ay T Dy
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and a quasi-isomorphism T; : X,, — X, as the composition

s R S . o
Xy —1’Xw2 _2’Xw3 — = Xy - X
here €1,...,6_1 are as in 1.1(a). Note that T;,T; commute with the GF-

actions. From the definitions we see that WT; = Tie ¥ as maps X, — Xe
and \I/Tl = Ti.\I/ as maps Xw — Xw/. where i® is given by

b b ib
%ul ioul Y L ul
w* =wpwd e T w = w'.

If w € Cyin then i — T; (resp. i T}) defines a homomorphism of the group
opposed to 75w,w into the group G, (resp. ,C’;w) of quasi-automorphisms of
X, (resp. of X,,) which commute with the GF-action. (We use 2.4, 2.9.)
Hence if ¢ > 1 and i € Z we obtain a representation of Py %, on Hi(X,, Q)
and on Hé(Xw, Q;) which commutes with the G¥-action; if ¢ = 1 and i € Z

we obtain a representation of Py’%, on the i-th perverse cohomology sheaf of

mQ (p as in 0.1).

2.11. Let us return to the setup of 1.4. The following relation in the group
Gw (which I found in 1982 for X,,) follows from 1.4(b):

(a) ﬂ/ﬂﬂ// = ﬂ//ﬂ/ﬂ = ﬂﬂ//ﬂ/ = \I/

(An analogous relation holds for T instead of T ) Similarly, assum-
ing that 1.5(b), 1.6(b) hold we see that in the setup of 1.5, the quasi-
automorphisms 7 _, Tj, corresponding to the generators wy, h,. of W, satisfy
the braid group relations in 1.5 and that in the setup of 1.6, the quasi-
automorphisms Tir, Ty, T; corresponding to the generators wh, hy, bl of
W, satisfy the braid group relations in 1.6. The apparition of braid group
relations for quasi-automorphisms of X,, has been predicted (in the special
case where w is regular) by Broué and Michel [3] (based on the example in
1.4, that in [12, p.24] and that for the Coxeter element in [11]) as a part of
a stronger conjecture in which the cyclotomic Hecke algebras [2] enter; this
stronger conjecture has been verified for C' as in 1.5 with p; = ps = -+ = p,
in [A].
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3. Proof of Theorem 0.3

3.1. We prove 0.3(a). Using 1.1(b) and the quasi-isomorphisms &; we see
that if 0.3(a) holds for some element e-conjugate to w and of the same length
as w then it will hold also for w. Let 5T be the braid monoid attached to the
Coxeter grop W. Let wy +— w0 be the canonical imbedding W — 7, see [1,
4.1.1]. From the results on "good elements” of Geck-Michel [6], Geck-Kim-
Pfeiffer [&], He [9], we see that, after replacing w by a e-conjugate element
of the same length as w, the following holds:

(x) we can find an integer e > 1 and an element z € 3% such that

o€ N .efl

www® . w* =1 and W0 ... 0 = 1oz in BT.
Thus it is enough to prove 0.3(a) for w satisfying (*). Let sisa...si be a
reduced expression of w. Let ss5...s" be a reduced expression of wy. We

can find a sequence s7,s5,..., s, in S such that z = §/55...5). We have

(3182...8,)(3085...80) ... (3 88 ...ar ) =8, 58055

(The left (resp. right) hand side contains ke (resp. f + h) elements of S.)
We must have ke = f + h. Moreover by the definition of 3% there exist
st,s?...,8™ (m > 2) such that each s is a sequence s7,s5, ... , St in S, st

is the sequence

S1582y vy Sky STy 89 vy Shye-- ,3I671,35671, . ,3571,
(ke terms), s™ is the sequence
S1,89,...,5%,57,8%, s)
and for any r € [1,m — 1] the sequence s"*! is obtained from the sequence

s” by replacing a string s;, 1,89, ...,Sp., of the form s,t,s,¢,... (u terms,
s #tin S, st of order u in W) by the string ¢, s,¢,s,... (u terms).

Now let (g,9'Uf) € By, (if ¢ = 1) and gUS € X, (if ¢ > 1). Let
3={ceGege =g,cdUs = gUs} (if ¢ = 1), 3 = {c € GF;¢g'U;; =
gUx}Y (if ¢ > 1). If ¢ € 3 then g’"lcg’ € U} hence c is unipotent. Thus
3 is a unipotent group contained in B := ¢’B*¢’~!. We define a sequence
By, B1, ..., Bke in B by the following requirements:

B, = ¢'Bg~" (if ¢ = 1) and By, = F'(B) (if ¢ > 1) for i € [0, €],
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(Bik+j—lyBik+j) S Os;z for i € [0,6 — 1],j S [1,k].
This sequence is uniquely determined. Now conjugation by any ¢ € 3
preserves each of B,gBg~!,¢g°Bg~2%,...,g°Bg~¢ (if ¢ = 1) and each of
B,F(B),F*(B),...,F¢(B) (if ¢ > 1) hence (by uniqueness) it automatically
preserves each By, v € [0,ke]. Thus 3 C B, for any v € [0, ke]. We define a
sequence BY, B2,..., B™ such that each B is a sequence (B}, BY,...,B},)

in B satisfying (Bj_;, B}) € Os for j € [1, ke, as follows: Bl = (B, By, ...,

j—b
Bye) and for r € [1,m — 1], B! is obtained from B by replacing the string
Bl,Bj,q,-..,B;,, (where
(52—4—17 SZ+27 s )Sg-i-u) = (87t7 Sata s )

as above) by the string B.*!, Bg_ﬂ, ..., BTl defined by

1 1 1 1 1 1
B£+ = B;BH = B;—I—u’ (Bg—l— 7B£II) € O, (B2117B212) € Oy,

a+u
(Bif3.Bif) € Oy, ...
(Note that Br 1, Bgi%, ey Bgii are uniquely determined since (B}, B} ,,) €
Ostst... = Oysts... and stst. .. tsts... are reduced expressions in W.) We

note that for any r € [1, m] any Borel subgroup in the sequence B] is stable
under conjugation by any ¢ € 3. (For r = 1 this has been already observed.
The general case follows by induction on r using the uniqueness in the pre-
vious sentence.) In particular any Borel subgroup in the sequence B}" is
stable under conjugation by any ¢ € 3. From the definitions we see that
(B, Bfm) € Oy, that is, BJ", B}” are opposed Borel subgroups. Since both
are stable under conjugation by any ¢ € 3 we see that 3 C Bj' N BJC”, a
torus. Since 3 is a unipotent group we see that 3 = {1}. This proves 0.3(a).

We prove 0.3(b). Let (¢,B) € B, (if¢g=1) and B € X,, (if ¢ > 1). If
q =1 we can find (g,¢'U%) € B, such that m,(g,gU%) = (9,B). If ¢ > 1
we can find ¢'U € X,, such that m,(¢'U%) = B. Let 3¢9 = {c € G;cgc™! =
g,cBec™l = B} (if g =1), 30 = {c € GF';eBc™ = B} (if ¢ > 1). If ¢ € 3¢
then my(g,cg'Uy) = mw(9,g'Uy) (for ¢ = 1) and my(cg'Uy) = mu(g'Usy)
(for ¢ > 1); hence we have cg'U} = ¢'t U} for a unique t € T*. Note
that ¢ — ¢ is a group homomorphism 39 — 7;;. If ¢ is in the kernel of
this homomorphism then ¢ is in the isotropy group of (g,¢'Uy) (for ¢ = 1)
and of g'U} (for ¢ > 1); hence by 0.3(a) we have ¢ = 1. Thus 3¢9 — 77 is
injective. This proves (b). More precisely, we see that 309'U) C ¢'T, UL
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hence ¢'~130g' C TU;. Since ¢’ ~'30g is a finite diagonalizable subgroup
of T;UY. it is conjugate under some element of U, to a subgroup of T};.

We prove 0.3(c) by a method inspired by the Bonnafé-Rouquier [1]] proof
of 0.3(d). We can again assume that w satisfies (). Let Y be the set of
all sequences (By, By,...,Be.—1) € B¢ such that (B;, Biy+1) € O, forie
[0,e—2]. By [, Proposition 3], Y is an affine variety. Hence D xY is an affine
subvariety of D x B¢. Let Y’ be the set of all (g, By, B1,...,Be_1) € D x 3¢
such that B; = ¢ Bgg~" for i € [1,e—1]; this is a closed subvariety of D x B°.
Hence (D x Y)NY’ is a closed subvariety of D x Y so that it is affine. The
map B, — Y’ given by (g, B) — (9,B,9Bg™',¢°Bg~2,...,9° 'Bg=*t1) is
an isomorphism of B, onto (G x Y)NY’. Hence B,, is affine. Since B, is
a principal bundle over 9B, with (finite) group 7} and 9B,, is affine, we see
that B, is affine. This proves 0.3(c).

Corollary 3.2. We preserve the setup of 0.3.

(a) If ¢ = 1, any isotropy group of the U} action uy : u — w_lulu')udul_ld_l
on U* is {1}.

(b) If ¢ > 1, any isotropy group of the U}, action uy : u +— v~ tupuF (ug)~
on U* is {1}.

1

We prove (a). Let uy € U, u € U* be such that u')_lulwudul_ld_l = u.
We must show that u; = 1. Note that (wud,U;)) € By, and (ujiudui?,
wU%) = (wud,Uy). Thus u; is in the isotropy group at (wu,U;) for the
G-action on B,,. Using 0.3(a) we deduce that u; = 1, as required.

We prove (b). Let u; € Uk, u € U* be such that v~ 'upuF (u; ') = u.
We must show that u; = 1. By Lang’s theorem we can find z € G such that
27F(2) = wu. We have u1z~'F(2)F(u;') = 27'F(z) that is zu;2~" =
F(zup2z71). We set u} = zu;27! so that v} € G¥. In the G'-action on
Xy, v} € GF sends 2U € X, to u|2U} = zu U = 2U}. Thus v} is in
the isotropy group at zU} for the G-action. Using 0.3(a) we deduce that
u) =1 hence u; = 1, as required.

3.3. We preserve the setup of 0.3. Let U;;\\U* be the set of orbits of the U}
action on U* given in 3.2(a) (if ¢ = 1) or 3.2(b) (if ¢ > 1). The statements
(a), (b) below are immediate.
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(a) If ¢ > 1 we have a bijection GF\X,SU\\U*, U — w ¢ F(g)
with inverse induced by u + ¢'U; where ¢’ € G, ¢ "1 F(g') = wu. (See
U, 1.12].)

(b) If ¢ = 1 we have a bijection G\ B, >U\\U*, (g9, g'U%) — w = g 1gg'd™"
with inverse induced by u — (wud, U*).

4. Proof of Theorem 0.4

4.1. In this section we prove the assertions about GF\X,, in Theorem 0.4.
(The assertions about G¥'\X,, are then an immediate consequence.) Using
3.3 we see that it is enough to consider one group in each isogeny class.
Using 0.3(a) and 1.1(b) we see that it is enough to consider a single w (of
minimal length) in each elliptic conjugacy class of W.

Let V be a k-vector space of finite dimension n > 2. In this subsection
we assume that (if ¢ = 1) we have G = G = D = SL(V); if ¢ > 1 (so that
k is an algebraic closure of Fj) we assume that V has a fixed Fj-rational
structure with Frobenius map F : V — V (thus V¥ is an n-dimensional
F,-vector space) and that G = SL(V) with the Fj-rational structure and
Frobenius map induced by those of V.

Let w be a basis element of A"V such that F(w) = w for the map
F: A"V — A"V given by v Ava A ... Avy +— F(v1) A F(vg) A ... A F(uy).
(Recall that if ¢ = 1 we have F' = 1.) If ¢ > 1 we denote by s(V') the set of
all bijective group homomorphisms F’ : V' — V such that F'(Av) = A\ F'(v)
forallve V,\ e k.

If ¢ > 1 let s, (V) be the set of all F’ € s(V') such that F'(w) = w. We
have F € s,(V). Note that G acts on s, (V) by z : F/ + xF'z~! and that
this action is transitive; the stabilizer of F is G¥.

Let F be the set of all sequences V, = 0=V CcViCcVrC...CV,=
V') of subspaces of V such that dim V; = ¢ for i € [0,n]. Now G acts naturally
(transitively) on F. For any Vi, € F we set By, = {g € G;gVi = Vi}, a
Borel subgroup of G.

If ¢ = 1 let Z be the set of all pairs (g,Vi) € G x F such that V; #
gVh C Vo, Vo £ gV C Va, oo, Viooy # gV C Vo If g > 1 let Z be
the set of all Vi, € F such that V; # F(V1) C Vo, Vo # F(Va) C Vs, ...,
Vi1 # F(Vy—1) C V. Now (g,Vi) — (g,By,) (if ¢ = 1) and V, — By, (if
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q > 1) defines an isomorphism Z>%,, (if ¢ = 1) or Z5X,, (if ¢ > 1) for a
well defined Coxeter element w of length n — 1 in W (an elliptic element of

minimal length in its conjugacy class).

If ¢ =1 let Z' be the set of pairs (g, L) where g € G and L is a line in
V such that V = @ie[o,n—l]gi(L); if ¢ > 1 let Z’ be the set of lines L in V
such that V = @ie[o,n_l]Fi(L). We have an isomorphism Z=Z’ given by
(9, Vi) — (g, V1) if ¢ = 1 and by Vi, — Vj if ¢ > 1. Combining with the
earlier isomorphism we obtain an isomorphism 2’59, if ¢ = 1 and Z'> X,

if ¢ > 1. (For g > 1 the last isomorphism appears in |4, Sec.2].)

If ¢ = 1, let Z' be the set of pairs (g,v) € G x V such that v A g(v) A
AN G ) = w; if ¢ > 1, let Z' be the set of all v € V such that
vAF()A...NF" Y (v) = w. Note that GF acts on Z’ by z : (g,v) —
(zgz~",x(v)) (if ¢ = 1) and by z : v+ x(v) (if ¢ > 1). Define 7: 2’ — Z
by (g,v) — (g,L) (if ¢ = 1) and by v — L (if ¢ > 1) where L is the line
spanned by v. We can identify Z’ with 9B, (if ¢ = 1) or with X,, (if ¢ > 1)

in a way compatible with the G¥-actions and so that, if ¢ = 1, the diagram

Z! ——
™

B
|

7 —= 5 9B,
(and the analogous diagram with B, B, replaced by X, Xy if ¢ > 1)
is commutative. (For ¢ > 1 see M, Sec.2].) If ¢ = 1, let Z” be the set
of all (g,v0,v1,--.,0n—1) € G x V™ such that v; = g*(vg) for i € [0,n — 1],
VoAVIA. . NV = w. If g > 1, let Z(’)’ be the set of all (v, v1,...,v,-1) € V"
such that v; = Fi(vg) for i € [0,n — 1], vg Ay A ... Avp_y = w; let Z” be
the set of all (F',vg,v1,...,v,_1) € 8u(V) x V™ such that v; = F'*(vg) for
i€[0,n—1],v9 Avy Ao Ay = w.

If ¢ = 1 we have an isomorphism Z”Z’ given by (g, v, V1, . - ., Un_1) —
(9,v0); if ¢ > 1 we have an isomorphism Z{ 2’ given by (vg, v1, ... ,Vn_1) =

vg. Combining with the earlier isomorphism we obtain an isomorphism
Z"ZB, if ¢=1and Z!5X,, if ¢ > 1.
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If ¢ = 1 the G-action on B,, becomes the G-action on Z” given by

x (g, V0, V1, Up_1) — (xgx_l,x(vo),x(vl), coyx(Vp—1)).

If ¢ > 1 the GF-action on X,, becomes the GF-action on ZJ given by z :
(v, V1, ., Up—1) — (z(vo), z(v1),...,2(vp—1)). If ¢ > 1, G acts (freely) on
Z" by x: (F' 09,01, .. ,vp_1) — (@F'z= 1 z(vo), z(v1), ...,z (vp_1)). Since
G acts transitively on s, (V) and the stabilizer of F' is G we see that the
space of GF-orbits on Z(’)’ may be identified with the space of G-orbits on
Z". We must show that the space of G-orbits on Z” is an affine space for
any q. We define Z” — k™! by (g,v0,01,...,0n_1) — (a1,a2,...a,_1)
if ¢ = 1 and by (F',vo,v1,...,05-1) — (a1,a2,...a,—1) if ¢ > 1 where
a; € k are given by ¢"(vg) = agvg + a1v1 + -+ + apn—1v,—1 (if ¢ = 1) and
by F'™(vg) = agvg + a1v1 + -+ + ap—1v,—1 (if ¢ > 1); the coefficient ag is
equal to (—1)"~!. This map is constant on the orbits of G' hence it induces
amap p: G\Z” — k" !. Next we define a map in the opposite direction
k" G\Z".

Let (aq,az,...an,—1) € k™. Let vg,v1,...,0,—1 be any basis of V' such
that vg Avy A ... Avy—g = w. If ¢ = 1 define g € GL(V) by g(vg) = vy,
g(v1) = vz, .., g(Un—2) = vn-1, g(vn-1) = (=" lvg+arv+- - “+n10n-1.
We have (g,v0,v1,...,095—1) € Z"” and the G-orbit of this element of Z” is
independent of the choices and is by definition 7(a1,ag,...,an—1). If ¢ > 1
we define F’ € s,(V) by the requirement that F’(vg) = v1, F'(v1) = va,

ooy Fl(vn—2) = vp_1, F'(vn_1) = (=1)"Yog + ayvy + -+ + ap_1vp_1. We
have (F',vg,v1,...,0n—1) € Z” and the G-orbit of this element of Z” is
independent of the choices and is by definition 7(ay,az,...an—1).

It is clear that 7 is an inverse of . This completes the proof of Theorem
0.4 in our case.

4.2. Let V be a k-vector space of finite dimension n > 3. We set k = 0 if
nis even, kK = 1 if n is odd and n = (n — k)/2. Assume that V has a fixed
bilinear form (,) : V' x V' — k and a fixed quadratic form @ : V' — k such
that either

Q=0, (r,x)=0forallz € V, V+ = 0;
or

Q 75 07 (xay) = Q(ﬂj +y) - Q($) _Q(y) for T,y € V7
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Q : V+ — k is injective.

Here, for any subspace V' of V we set V/+ = {z € V;(z,V') =0}. If Q # 0
it follows that V- = 0 unless x = 1 and p = 2 in which case dim V+ = 1. If
Q =0weset e =—1; if Q # 0 we set € = 1. We have (x,y) = €(y, z) for any
x,y € V. A subspace V' of V is said to be isotropic if (,) and @ are zero on
V. In the case where k = 0,Q # 0, we fix a connected component Z of the
space of isotropic subspaces of dimension n of V.

Let Is(V') be the group of all g € GL(V') such that (g, gy) = (z,y) for
all z,y € V and Q(gz) = Q(x) for all x € V (a closed subgroup of GL(V)).
In this section we assume that (if ¢ = 1) G = D is the identity component
of Is(V); if ¢ > 1 (so that k is an algebraic closure of F;) we assume that
V has a fixed Fj-rational structure with Frobenius map F' : V. — V (so
that V! is an n-dimensional F,-vector space), that (F(z), F(y)) = (x,y)?
for all z,y € V, that Q(F(z)) = Q(x)? for al z € V and that G is the
identity component of Is(V) with the Fj-rational structure and Frobenius
map induced by those of V; in addition we assume that G is Fy-split.

Let F' be the set of all sequences V., = (0=VyCcVyCVoC...CVy =
V') of subspaces of V such that dim V; =i for i € [0,n], Qly, =0, V;t = Vs
for all i € [0,n] and (in the case where k = 0,Q # 0), V,, € Z. Now G acts
naturally (transitively) on F'.

As in 1.5, let W be the group of permutations of [1,n] which commute
with the involution 7 — n — i+ 1 of [1,n]. Let Vi, V/ be two sequences in
F'. Let ay,yr : i — a; be the permutation of [1,n] defined in [15, 1.4].
When £ = 0,Q # 0 let W’ be the group of even permutations in W (a
subgroup of index 2 of W), see 1.6. Let s; € W (i € [1,n]) be as in 1.5. Then
(W, {s1,82,--+,8n-1,5n}) is a Weyl group of type B,. If Kk = 0,Q # 0, we
have s; € W' for i € [1,n—1]; as in 1.6 we set 5,1y = SpSp—15, € W'. Then
(W', {s1,52,,8n-1,8m—1)y}) is a Weyl group of type D,,. We identify W
with W (if (1 — k)@ = 0) and with W’ (if (1 — k)@ # 0) as Coxeter groups
as in |14, 1.5]. For any V. € F' we set By, = {g € G;gV. = V.}, a Borel
subgroup of G. We identify 7' = B via V, — By,.

4.3. In the remainder of this paper we preserve the setup of 4.2.

Let p. = (p1 > p2 > -+ > ps) be a sequence in Z-o such that p; +
-++ 4+ p, =n. In the case where kK = 0, # 0 we assume in addition that o

is even. For any r € [1,0] we set po, = > -1 P Let w e W be the

r'e
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permutation of [1,n] defined in 1.5. If (1 — k)@ = 0, then w is elliptic in W
and it has minimal length in its conjugacy class C'in W. If k = 0,Q # 0,
then w € W' = W is elliptic and it has minimal length in its conjugacy class
C’"in W.

Ifg=1let Z={(g9,Vi, Vi) € G x F' x F1; V] = g(Vi),ay, v; = w}.

If g>1let Z={(V,,V)) e FF x F';V] = F(Vi),ay, v; = w}.
Note that Z =9, (if ¢=1) and Z = X, (if ¢ > 1),

If ¢ = 1 let Z' be the set of all sequences (g,v1,v2,...,05) € G x V°
such that

(g'vg,v.)=0for any 1 <t <r <o,i € [—p,p — 1]
(v, g*vr) =0 for i € [—p+1,p,—1], Q(v,)=0 and (v,, gP"v,.)=1, r€[1,0];

if Kk =0,Q # 0, the span of ¢g/vy (k € [1,0],j € [0,pr — 1]) belongs to Z.
(The span in the last condition is automatically an n-dimensional isotropic

subspace.)

If ¢ > 1 let Z(’] be the set of all sequences (v1,v2,...,vs) € V7 such that

(Fi(v),v,)=0for any 1 <t <r <o,i€ [—py,pt — 1];
(v, F¥(v,))=0 for i € [-p,+1,p,—1], Q(v,)=0 and (v,, FPr(v,))=1,
rell,ol;

if K =0,Q # 0, the span of F7(vy) (k € [1,0],7 € [0,px — 1]) belongs to Z.
(The span in the last condition is automatically an n-dimensional isotropic

subspace.) Let
T ={(A\1,A2,..., ) € (KN =1 for r € [1, 0]},
a finite group isomorphic to T75). Then if ¢ = 1, 7 acts (freely) on Z' by
(A, A2, 00) 1 (g, 01,02, .., 0g) — (g, A\1v1, Agv2, ..., Ap¥y)
and if ¢ > 1, 7 acts (freely) on Z(’) by

()\1,/\2,. .. ,/\0) : (Ul,’Ug, e ,’UU) [d ()\1’[)1,)\2’[)2, .. .,)\U’UU).
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Let Z' (if ¢ = 1) and Z) (if ¢ > 1) be the space of orbits of this 7-action.

The following result is equivalent to [15, 3.3].

If ¢ = 1 we have an isomorphism Z’-~Z induced by (g, v1,va, ..., 0s)
(9, Vi, 9(Vi)) where for any r € [1,0], i € [0,p,], Vp_,+i is the subspace of V
spanned by giv, (k € [0,r — 1], € [0,p, — 1]) and by giv, (j € [0,i — 1]);

moreover, Vi = V,_; for all i € [0,n].

Exactly the same proof as in |11, 3.3] (with the action of g replaced by

the action of F') gives the following result.

If ¢ > 1 we have an isomorphism Zj——Z induced by (v1,va,...,0s) —
(Vi,g9(Vi)) where for any r € [1,0], i € [0,py], Vp_,+: is the subspace of V
spanned by F7(vg) (k € [0,7—1],j € [0, px —1]) and by F7(v,.) (j € [0,i—1]);

moreover, Vit = V,,_; for all i € [0,7n].

Combining with an earlier identification we get an isomorphism Z'~>%,,
(if ¢ = 1) and 2}~ X, (if ¢ > 1). Similarly we get an isomorphism 2’9,
(if ¢ = 1) and Z},>X,, (if ¢ > 1) compatible with the isomorphism in the
previous sentence and such that the 7;-action and 7-action are compatible.

If ¢ > 1 let s1(V) be the set of all F/ € s(V) (see 3.1) such that
(F'(x),F'(y)) = (x,y)? for all z,y € V, Q(F'(z)) = Q(x)? for all z € V
and such that (in the case where k = 0,Q # 0) F’ maps Z onto itself and
(in the case where k = 1) F’ induces the same map as F on A®(V). Note
that G acts on s;(V) transitively by z : F/ — xF’'z~! and the stabilizer of
Fes(V)is GF.

If ¢ > 1 let Z' be the set of all sequences (F',v1,vs,...,vs) where

F’' € s1(V) and v1,v9,...,v, are vectors in V such that

(F''(v),v,) =0 forany 1 <t <r <o,i€ [~py,pr — 1];
(v, F'"(v,.)) = 0 for i € [-p, + 1,pr — 1], Q(v,) = 0 and
(v, F'Pr(v,.)) = 1, r € [1,0];

if kK =0,Q # 0, the span of F'7(v;) (k € [1,0],j € [0,pr — 1]) belongs to .
Note that G acts naturally on Z'; since G acts on s1 (V') transitively and the
stabilizer of F € s1(V) is G we see that the space of GF-orbits on Z can
be identified with the space of G-orbits on Z'.
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Let Z! be the set of all collections

(9 € Gywf € V(r€[l,0],i € [0,p, —1]);27 € V(r € [1,0],5 € [1,p])
(ifg=1),

(F" esi(V);wj € V(r€[l0],i€0,p, —1]);2] € V(r € [1,0],j € [L,p])

(ifg>1)
such that
(a) (w,wl) =0 for all t,r,4,7;
(b) Q(w!) =0 for all ¢, i;
(c) (z§,Z;,)—0f0rallt r,j > 0,57 >0;
(d) Q(z)—Oforalltj>0
(e) (wf,=27) = (wg,z H’]) if7>0,i+7 <pp;
(f) (wi,zj)=1ifj>0,i+j=py;
(8) (wi,zj)=0ifj>0,i+j>py
(h) (wf,z;) = (w, fﬂ)qz itj>0,i4+7<ppt<m
(i) (wf,2f) =0if j >0,i+37>p,t <r7;
() (fwf,z;):( O,zzﬁrj)q itj>0,i4+7 <pit>r;
(k) (wf,2f) =01if j > 0,i+7 > pg,t >7;
(1) if K =0,Q # 0, the span of 27 (r € [1,0],j € [1,pr]) belongs to T;

(m) gwj = wi,, for r € [L,0],i € [0,p, — 2], gw, | = z, forr € [1,0],
gz = zj_y forr € [L,0],j € 2,p,] (if ¢=1).
(n) F'(w]) = wi,, forr € [1,0],i € [0,p, — 2], F'(w), _;) = 2, forre[l,0],

Pr
F'(2F) = 27y forr € [1,0],5 € [2,p,] (if ¢ > 1).

If ¢ = 1 we have an isomorphism Z’~5Z/ given by

T

(97U17U27"'>U) (97 7,7 ])

where w! = g Prtiy, for r € [1,0],i € [0,p, — 1], Zj = gPr~Iv, for r €
[L,0],j € [L,pr].
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If ¢ > 1 we have an isomorphism Z’ ;Z{ given by

(F' 01,09, ... ,05) = (F' 0y, 25)

where w = F'=Prtiy, for r € [1,0],i € [0,p, — 1], Z = F'rr=iy, for r €
[1,0],5 € [1,p].
Let Z5 be the set of all collections

(wj € V(re[l,o],i€[0,p,—1]);2; € V(r €[1,0],5 €[0,p;])

such that that equations (a)-(1) hold and in addition the following equations
hold:

(I) (Z67wf)s_h) = (Ziwf)s_h_l)q for t78 € [170-]7 he [17ps - 1];

(I1) (zé,zzs_h) =0 for t,s € [1,0], h € [1,ps — 1]; (zé,zﬁs) = (z{,wf,s_l)q
for t,s € [1,0];

(I1) (2§,25) =0 for t <t in [1,0];
(IV) Q(zf) =0 for t € [1,0].

It is easy to verify that the elements w] ,zj associated with a collection in

Zﬁ form a basis of V' except if K = 1 when they form a basis of a hyperplane
in V on which (,) is nondegenerate.

We have an isomorphism Z] 7} given by
(9, (w;'n)re[l,a},ie[o,pr—l}; (Zg)re[l,a},je[l,pr-}) =
((wir)re[l,cr],ie[o,pr—l]S (z;)re[l,a],jé[o,pr]) (if g = 1),
(F/7 (wg)TE[l,o},iE[O,pr—l]; (Z;)re[l,o},je[l,pr}) =
((Wi)reft,0),ie0,0,—113 (2] Irefi,o] jefop)) (¢ >1)
where
(0) 2§ =gz} for r € [1,0] (if ¢ = 1) and 2 = F'(z]) for r € [1,0] (if ¢ > 1).
The inverse map is given by
((w;)ré[l,o},ie[o,pr—l]; (Z;)TE[I,U} ,je[O,pr}) =

(9, (W} )reqt ol iclo,pr—113 (2] Jrep ol jenp))  (fa=1),
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((wr) €[1,0],i€[0,pr—1]> ( )re[l a],]E[O,pT])

(F', (W})rep ol iclop—11; (2 )ref ol jenp,))  (f ¢ > 1),

where g € G (if ¢ =1) and F’ € s1(V) (if ¢ > 1) is defined on
w; (r € [1,0],i € [0,p, — 1], zj(r€[l,0],j € [1,p])

by (p), (q), (0); if Kk = 1, we denote by & the unique vector in V' such that
(w],€) =0, (z;,E) =0 for all r,4,7 > 0 and such that

wh Awp, A AWG AW Azt Ay N AN N2 ANE=w

(with w being a fixed basis element of A™(V')) and the value g(§) € V' (resp.
F'(§) € V) is uniquely determined by the requirement that g € G (resp.
F' € s1(V). For future reference we note that ¢ := (£,¢€) and (o = Q(&)

depend only on w and not on wy, 7.

Let Z4 be the set of all collections

(chek(re[l,o],he[l,p,—1];d;" ck(1<t<r<o;he[l,p,—1]);e" €k
(1<r<t<o;he[lp]);z" €k(t,r€[1,0],i€0,p, — 1]);y§-’rek
(t,re[1,0],5 € [1,p:]);u’ € k(t € [1,0]);u’ =0 unless k = 1)

such that the equations (i), (ii), (iii), (iv) below are satisfied.

. ps—h ts s,r ps—h ¢r
@ w'+ D (G W D (Gl Y
j€[1,h—1] rJ;r<s;j€[1,h]
S,T ps—h tpr
+ Z (dpsﬂ h)q Yj =M
7,357 >8;5€[1,pr—ps+h—1]
for any t,s € [1,0],h € [1,ps — 1], where M = (d;’:_h)qprhe if s < t,
M = (e;’:_h)qps eif s >t, M = (], h)qprhe if s =t;
¢t , it
(i) T+ Z Cpati—h) Tt + Z (d;j-m—h)q ;"
1€[0,h—1] r,4;r<s;1€[0,h—1]
b Z t7
T Z (epryip)ay" =M

Tyi;r>s;i€[07p’l‘_p5+h}
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for any t,s € [1,0],h € [0,ps — 1], where M' = (e")? e if s > t, h = 0,
M =¢ifs=t,h=0, M'=0if s <torif h > 0;

tr tr t'r tr T
(iii) > (z;"y;" +ayp )(dz—i—])
r<r’;i€[0,pr—1],5€[L,p,s]5i+j<p,.
tr tr! "o tr! r,r'\gt
+ Z ( z yj +‘T yj 6)(ei+j)
r>r'3i€[0,pr—1],5€[1,p,/];i+i<pr
tr t'r t'r tr r @
+ Z (‘T y] + ‘T y] )( Z+j)q
r34€[0,pr—1],5€[L,pr]si+i<pr
t t/ t/ t,
+ Z (;"y; "+ ) + utul ¢ = 0;

r;i€[0,pr—1],5€[L,pr];i+i=pr

for any ¢ <t in [1, 0];

. / / i
@ > a0k

r<r'5i€[0,pr —1],5€[1,p]5i+5 <D

tr tr' o ror'ygt
+ E T Yy (€i+j)
r>r'5i€[0,pr —1],5 €[1,p,r]5i+5 <pr
tr t'r, p qi
+ E: z; Y, (Cigg)
r;i€[0,pr—1],5€[L,pr];i+i<pr
t,r tr t\2 _
- > 2"y + ()G =0

r5i€[0,pr—1],5€[Lprfsitj=pr
for any t € [1,0] (if @ # 0).
We define Z — Zj by setting
tr

¢ = (wg,2) (W€ [1,p, —1]), & = (wh,2;) t <1 h € [Lp, — 1)),

t,r

ey = (wg,zp) (¢ >rh€[1,p)),

and defining 2}, y;’r and u! (if K = 1) by:

2 = Z zh Wl + Z y”r (if Kk =0)

T7Z€[07p7‘_1} 1]6[171)7‘}
7 = Z b Wl 4 Z y”zr+u£ (if k =1)
31€[0,pr—1] ;5 €[1,pr]

(€ as in the definition of the inverse of Z, — Z}.) This map is well defined
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(the equations (i), (ii), (iii), (iv) come from I, II, IIT, IV). Consider the fibre
§ of this map at a point of Z5. Then § consists of all bases of V' (if & = 0) or
“bases” (=bases with one missing element) of V' spanning a nondegenerate
hyperplane (if k = 1), with a fixed index set, such that the value of (,) at
any two basis (or “basis”) elements is prescribed, the value of ) at any basis
(or “basis”) element is prescribed, and such that (in the case kK = 0,Q # 0)
the elements of type z in this basis span a subspace in Z. These bases (or
“bases”) clearly form a single G-orbit; note that the elements in such a basis
(or “basis”) will automatically satisfy the equations I, II, III, IV. We see
that Z4 may be identified with the space of G-orbits on Z} for the obvious
(free) G-action.

We shall denote by U a universal polynomial with coefficients in k in

the quantities

¢ (relol,hel,p—1;d;"(1<t<r<o;he[lp —1);
e';;r (I<r<t<o;hell,p]

and the quantities

Y7 (r<sin[l,0])if k =0,Q =0,
Y7 (r<sin[l,o])if K =0,Q #0,
yy? (r<sin[l,0]),

We order the variables yﬁ»’r (with fixed ¢ and with j € [1,p, — 1]) in the
definition of Zé as follows: we say that y;i’T < y]i’s ifj<korj=kr<s.
Then in the equation (i) all terms other than yz’s are < yz’s (for r > s we
have j <p, —ps +h —1 < h —1so that j < h). Therefore, from (i) we see
by induction on the order above that

(v) " = U for any j € [1,p, — 1].

We order the variables x?r (with fixed ¢ and with ¢ € [0,p, — 1]) in the
definition of Z} as follows: we say that azz.’r <ai®ifj<korj=kr>s

Then in the equation (ii) all terms other than :E';L’s are < xﬁ;s (for r > s we
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have i < p, —ps + h < h so that i@ < h). Therefore, from (ii) we see by
induction on the order above that

(q) :E’;’T = U for any ¢ € [0,p, — 1].

For s <t and h = 0 we can write equation (ii) as follows:

x68+ Z e”xér =3 if t = s,
(r) L T3> 8;pr=Ds ot .
g + Z €p Lo =0 if s <t.
75> 8;pr=Ds

Assuming that @) # 0 we now rewrite (iv) using (p), (q) (the only
quantities y;-’s that are not of the form U are those with j = p;):

z : tr tor' rr 2 : t,r t7‘
xoyp/ p/+ xoypr )CO_
r>r'ip.1=pr
that is,

Zypr xo Z :Egse;f) + (u')?¢ = U.

§38>Tips=Pr
Using (r) this becomes
T i > gt + (u)?=1U
rir>t 8;8>Tps=DPr
that is
yy = U.

Here we have assumed that @@ # 0; but the same holds for @ = 0 by the
definition of U. We now rewrite (iii) for ¢ < ¢’ using (p), (q) (again, the only
quantities y;-’s that are not of the form U are those with j = p;):

tr, ¢! tr b N ! tr tr t'or tr N _

E (o' yp, + 30" Yy, €) prl+§:x0yp + 0" ypre) =U
r>r'ip s =pr r

that is

t’;r t,r t,s _s,r
Eyr($o+ E x5 €y
T

8;8>TPs=Pr
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!
+Y e+ Y. ahte) =U.
T S$;8>TiPs=Pr
Using (r) this becomes

eypt +ypt/ + Z yt " Z xésefhr)

>t 8;8>T;ps=pr

+ 3 ye@h T+ > ahte) = UL

rir>t 8;8>Tps=Pr

that is

W'+ Y w Y wg)=U.

it >r>t 8;8>TPs=Dr

This shows by induction on ¢’ — ¢ that
v €U

for all t < /. We now see that the equations defining Z:’,) are all of the form
b € U where b is any one of the variables which do not enter in the definition
of U. This shows that Zé is an affine space whose dimension is equal to the

number of variables which enter in the definition of U that is

> . 2r—1)p, ifk=0, Q@Q=0orifk=1,
>, 2r—1Up.—0o ifrk=0, Q#0.

This completes the proof of Theorem 0.4.

5. Counting Rational Points

5.1. In this section we describe another example of a close relation between

the varieties B,,, X, .

Let ‘H be the Iwahori-Hecke algebra over Q(q) (q is an indeterminate)
with basis t,,(w € W) and multiplication defined by tyty = tyy if w,w' €
W, l[(ww') = l(w) + {(w') and t2, = q + (q — 1)ts, for i € I. For any
w,w € W let ny v € Z[q] be the trace of the linear map H — H given by
ty = twtyst, -1 for all y.
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5.2. In this subsection we assume that we are in case 1 but k is as in
case 2 and we are given an Fj-rational structure on G with Frobenius map
® : G — @ such that ®(d) = d and ®(t) = t? for all t € T*. Then T*, B*, D
are ®-stable and ® acts trivially on W. We define a new Fj-rational structure
on G with Frobenius map F : G — G such that F(z) = d®(z)d~! for all
x € G. Note that G, F are as in case 2. Thus both 8,, and X,, are well
defined for w € W. Moreover w +— w® defined in terms of G, D is the same
as w +— w® defined in terms of G, F. Now let w,w’ be elements of W. Let
By Xp By = {((91,B), (¢}, B’) € By X Bur; 1 = g1 }-

Let GF\(X, x X,) be the set of orbits of the diagonal G*-action on
Xw X Xy. Note that for any s € Z~o, ®° defines Fis-rational structures
on By, Xp By, X X Xy, GF\(Xyw X p X)) with Frobenius maps denoted
again by ®°. We have the following result.

Theorem 5.3. Let s € Zsg. Let Ny = |(By Xp By )(Fys)| and N| =
(GF\ (X X X)) (Fys)|. We have N, = |G*" |7V Ng = nyy | qegs -

The equality N} = 1y y|q=qs is proved in [12, 3.8] under the additional
assumption that F'® acts trivially on W. However exactly the same proof
applies without that assumption. It remains to show that ]Gq’s\_le =
Nup.w'|q=qs- Replacing ® by ®° we see that we can assume that s = 1. Hence
it is enough to show that N = |G®|71N;. Let G? be the stabilizer of
£ € Xy x X in GF. We have

Ny = [(G"\(Xw x Xo)®| = > GEN/1GT
EEXwX X ;P(§)=hE for some heGF

_ Z |GF|—1

EE€EXwX X h€GE;®(€)=h¢

= |GF|7Y{(h,B,B") € G x Bx B;(B,FB) € O,(B,FB') € Oy,
®(B) = hBh™!,®(B') = hB'h 1}

= |GF|7Y{(h,B,B") € GF x Bx B;(B,FB) € O, (B',FB') € Oy,
d"'F(B)d = hBh™' d"'F(B)d = hB'h'}|.

We set h = ®(y)y~! where y € G has |G®| choices. The condition F'(h) = h
becomes F(®(y))F(y)~™' = ®(y)y~! that is ®(y ' F(y)) = y ' F(y) (since
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F& =®F). We get

N = |GF[TNG* T {(y, B,B)€G x B x B;®(y ' F(y)) =y~ ' F(y),
(B, F(B)) € Ou, (B',F(B") € Oy,y®(y~")d" F(B)d®(y)y ' =B,
y®(y~"d ' F(B")d®(y)y~' = B'}|.

We set B; =y 1By, B} =y 'B'y. We get

Ny = |G"ITHG T (v, By, BY) € G x B x B;®(y ' F(y)) =y~ ' F(y),
(yBiy ', F(y)F(B1)F(y™")) € Oy,
(yBiy~ ', F(y)F(B)F(y™")) € Our,
d"'F(By)d = By,d 'F(B})d = B{}|,

Ny = |GFITHG® T (v, By, BY) € G x B x B;®(y ' F(y)) =y~ ' F(y),
(yBiy™ ', F(y)dBird ' F(y™")) € O,
(yBiy™', F(y)dBid 'F(y™")) € O,
d'F(B,)d = By,d"'F(B})d = B}}|.

We set z =y 1 F(y) € G®. Note that for any z € G® there are |G| values
of y satisfying ®(y~'F(y)) = y ' F(y). We get

N| = |G®*|7Y{(2,B1,B}) € G* x B x B; (B, 2dB1d"'271) € O,,
(B}, 2dB1d™'27") € Oy, d™ ' F(By)d = By,d"'F(B})d = B}}|.

We set 2/ = zd € D®. We get

Ny = |G*[T'{(<', B1,B}) € D x B x B; (B1,2'B12'~) € Oy,
(Bialeizl_l) € Ow’a ((I)(Z/)7(I)(B1)7(I>(Bi)) = (Z,7BlvBi)}"

Thus N| = |G®|71N;. The theorem is proved.

5.4. Assume in addition that G is semisimple and that w,w’ are e-elliptic of
minimal length in their e-conjugacy class. This guarantees that 8, X p B,
is affine and the (diagonal) G action on B,, xp B, } has finite isotropy
groups (see 0.3); thus all its orbits have the same dimensions so they are all
closed and the set G\ (B, Xp B,r) of orbits of this action is naturally an
affine variety. Note that ® defines an F,-rational structure on G\ B, X pB,,.
We show:
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(a) For any s € Zwq, the affine varieties G\(By Xp Bur), GF\ (X, x
X)) have the same number of Fys-rational points.
In view of 5.3 it is enough to show that any ®*-stable G-orbit on B, X p B,
contains exactly |G®| rational points. This follows from the fact that the
isotropy group in G at a point of that orbit is finite.
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