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Abstract

The authors use results from |6, 7] to analyze the asymptotics of eigenvalues of
Toeplitz matrices with certain continuous and discontinuous symbols. In particular, the
authors prove a conjecture of Levitin and Shargorodsky on the near-periodicity of Toeplitz

eigenvalues.

1. Introduction

Let f(z) be a complex-valued function integrable over the unit circle C

with Fourier coefficients

1 [27 , y
= eNe 049,  j=0,+1,+2,...
79

T Jo

We are interested in the eigenvalues of n-dimensional Toeplitz matrices with
symbol f(z),

To(f) = (fi-1)Tnlo (1.1)
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Denote the corresponding Toeplitz determinants
Dy (f) = det T,.(f). (1.2)

Over the years the eigenvalues A,gn), kE=1,...,n, of T,,(f) and their
asymptotics as n — 0o, have been analyzed extensively (for an outline of
the work in this direction, see, for example [2], pp 256-259). In this paper
we discuss the eigenvalues of T, (f) for large n using general theorems on
Toeplitz determinants proved in [, [7]. In principle, we can address the case
where the symbol f(e?) has a fixed number of Fisher-Hartwig singularities

[9,111], i.e., when f(e') has the following form on the unit circle C:

m
V@20 [ |2 = 4 gs, 5, ()27, 2=€?, 0e(0,2n), (13)
j=0

for some m = 0,1,..., where
zi=¢e%  j=0,...,m, 0=0p<b<---<b,<2m (14)
™ 0 <argz < 0;
92:.8:(2) = g5,(2) = , - , 1.5
2.6, (2) = gp,(2) {e—“fﬁj 0, < args < o (1.5)
Rea; > -1/2, p;€C, j=0,...,m, (1.6)

and V() is a sufficiently smooth function, e.g. C°°, on the unit circle.
We assume that z;, j = 1,...,m, are genuine singular points, i.e., either
a; # 0 or Bj # 0. However, we always include zp = 1 explicitly in (L3]),
even when ag = By = 0. The 8;’s are not uniquely determined by the symbol
f(e®) = f(e? {ax},{B;}). Indeed, if we replace {3;} with {EJ =Bj+n;:
nj € 4, Z;n:o nj = 0}, then we obtain the relation

f(ei07 {ak}7 {/8]}) = <H z;Lj> f(ei07 {ak}7 {BJ})
k=0

for the symbol f. The function f(e?, {ay}, {EJ }) is called the FH-representation

of the symbol corresponding to (n;)7L,.

Our analysis is based on the following observations. First, it is obvi-

ous that the characteristic polynomial of a Toeplitz matrix is a Toeplitz
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determinant with symbol shifted by a constant:
det(T5,(f) = AI) = Dn(f = A). (1.7)

Thus the eigenvalue problem for Toeplitz matrices is equivalent to the prob-
lem of looking for the zeros of Toeplitz determinants. Let us denote

f(z0)=f(2),  [f(zA)=[(z)-A (1.8)

The second observation is that if f(z) is of type (L3]) then f(z;\) = f(z) — A
is also of type (L3]) with changed or added Fisher-Hartwig singularities. For

example, as we will see below, if
f(z) =e"®), (1.9)

where V(2) is a real-valued C* function on the unit circle such that f(e?)
is strictly increasing on 6 € (0,5) for some 5, and strictly decreasing on
(6,27), then for min,co f(2) < A < max.cc f(z), the function f(z) — A
will have 2 Fisher-Hartwig singularities with parameters a; = ay = 1/2,
B1 = —P2 = 1/2 at the points z1, 2o where f(z) — A vanishes.

From these observations, we see that the problem of computing the
asymptotic behavior of the eigenvalues of T,,(f) reduces to an asymptotic
problem for Toeplitz determinants with Fisher-Hartwig singularities of the
kind considered in [6], |7]. To leading order, the behavior of the eigenvalues
of T,,(f) is determined by the condition of vanishing of the leading term in
the asymptotics of D, (f — ).

An important role in the asymptotic analysis of Toeplitz determinants
with symbol (3] is played by the seminorm

18]I} = max| Re §; — Re x|, (1.10)

where the indices j, k = 0 are omitted if z = 1 is not a singular point, i.e.
if ag =Py =0. If m =0, set |||5]|| =0. If |||8]|]| < 1, the asymptotics of
D,,(f) are given by an explicit formula (see (1.12) in [6]) whose leading term
is nonzero provided a; + ; # —1,—-2,.... However, if |||f||| > 1, there is
either a FH-representation f(e?, {as}, {BJ}) of the symbol with |[[|3]|| < 1,
and (1.12) in [6] applies, or there are at least 2 FH-representations with
[| 3 [|| = 1 (this is the situation for the example above). In the latter case,
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the asymptotics are given by Theorems 1.13 and 1.18 in [6], and the leading
term is obtained as a sum of contributions from different FH-representations
of the symbol. Thus it can happen that these contributions sum up to
zero. This is exactly the mechanism by which the eigenvalues appear in the
two examples below to which we restrict our attention from now on. Of
course, our considerations below can be easily generalized, but we feel it is
more useful to present the simplest cases which elucidate the mechanism.
In the examples we consider, f(z;A) has 2 Fisher-Hartwig singularities such
that |[|B]|| = 1. In the first example, the locations of the singularities of
f(z;A) will depend on A; while in the second example, the locations are

fixed, however, the (imaginary parts of) S-parameters depend on .

Before we describe our examples, we first recall some general facts about
the spectra of Toeplitz operators and matrices. Let f (ew) be a bounded, real-
valued symbol on the unit circle, f € L>®(C). Let T,,(f) be the associated
Toeplitz matrix as above. Let M; denote the operator of multiplication by
f in L?(C) and let T(f) be the Toeplitz operator associated with f and
acting in £2(0,1,2,...). All three operators are self-adjoint and hence have

real spectrum. The spectrum o(My) of My is given by the essential range

of f,

o(M;) = ess range of f = {\:meas{0: |f(e?)—A| <&} > 0 for all £ > 0}.

(1.11)
By a standard min-max argument,
o(Tn(f)) C [inf{A: A € o(T(f))},sup{A: A € o(T(f))}] (1.12)
and
o(T(f)) C [inf{\: A € (M)}, sup{\: A € o(M;)}] (1.13)
and so by (1T,
o(T(f)) C [ess inf f, ess sup f]. (1.14)

By a theorem of Hartman and Wintner (see, e.g., [4]), we have equality in
(L.14):
o(T(f)) = [ess inf f,ess sup f]. (1.15)
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As T,(f) converges strongly to T(f) in ¢*(0,1,2,...) as n — oo, it
follows by general principles (see, e.g., [14]) that all points in o(T'(f)) are
limit points of the spectra o(T),(f)), n = 1,2,..., i.e. if A € o(T(f)), then
A = limg A\, , where \,, € o(T,,(f)). By the above considerations, we

conclude that

Uno (T (f)) = o(T(f)) = [ess inf f,ess sup f]. (1.16)

As the eigenvalues of T,,11(f) interlace with the eigenvalues of T),(f), the
spectra o(T,,(f)) fill in o(T'(f)) by casting, as it were, a finer and finer net.

Note that for each n, the eigenvalues )\,(:) of T,,(f) lie in the open interval
(ess inf f,ess sup f), apart from the trivial case f(e?) = const a.e. Indeed,
suppose that (T,(f)h); = ZZ;& fi—khr = shj, 0 < j < n—1, where s =
ess sup f. Extending h; = 0 for j < 0 and 7 > n — 1, we have

n—1 n—1 n—1 o] 00 2w
_ _ o df
SO P =Y "B > fikhe=> B > firhe :/o R (0) 1% f (e 9)%7
=0 j=0 k=0 —00  —o00o

where h(0) = > _e%%h;. Tt follows that

[e.e]

2
|- sepmeps, ~o
0

If f is not identically a constant, then s — f(e’) > 0 on a set of positive
measure, and so h(f) = 3% _¢¥%h; = 0 on a set of positive measure. Hence
h(#) = 0 and therefore h; =0, j =0,...,n — 1. A similar argument shows

that A,gn) > ess inf f.

For our first example, we take f asin (I.9). (Note that the C'*° condition
on V(z) can be relaxed, see [7]). Theorem[I.Ilbelow was proved by Béttcher,
Grudsky, and Maksimenko in [3] in the case of ¢V (?) being a trigonometric

polynomial, using other methods. We have

Theorem 1.1. Let f(2;0) = f(z) be as described in and following (L.9).
Assume furthermore that the second derivatives (1) # 0, f”(eig) # 0, and
let 21 = €% and z = €92, 0 < 0; < 0y < 27, be the zeros of f(z;\) =
f(z:0) =\, L <A< M, where L = min,cc f(2), M = max,cc f(2).
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Then as n — oo, the eigenvalues )\g-n) of Tn(f) satisfy L < Ag-n) < M

and

n+ DTN o) =xj+o(1),  j=12....n, (1.17)

where

W) =S Sz )0 = (61— )+

k(In f (25 A))r(In f (25 3)) <

WE

O\) + () —g -3

B
Il
—

(21 = 25) (I | £ (5 X)) (1.18)

I
&
NE

e
Il
—

with (-)g denoting the k’th Fourier coefficient. The o(1) term in (LIT) is

uniform in j =1,2,... n.

(n)

Relation (L.17) leads to the following estimates on the eigenvalues A,

of T,,(f).

Corollary 1.2. Let f(z) be given as in Theorem [I1] and let Ag") < Aé”) <
- < )\1(111) denote the eigenvalues of Ty, (f). Let amin, amax be given as in
BI6) below, and let 0 < & < apin/2.

(i) If 2e < j/n <1 — 2e, then for suitable constants L < A\c < pe < M, as
(n)

n—>oo,>\5<)\j < pe and

~—

(n) (n) 62(5
< A\ — A< 1.1
A )\] n 5 ( 9)

61(6)

where the constants 0 < c1(e) < ca(e) are uniform for2e < j/n < 1—2¢.

(ii) If0 < j/n < 2e, then as n — oo,

j2 )\gn) — L 7T2j2
1 1) < < 1 1 1.20
(o) € S € oh(l4o(t) (120

and
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where the terms o(1) and the constants 0 < c3(e) < ca(e) are uniform
for 0 < j/n < 2e. There are similar estimates for j/n > 1 — 2e, which
correspond to replacing j with n — j in the above estimates.

We now turn to our second example. Consider a real-valued function
f(2) such that there is a gap, say (a,b), between components of the essential
range of f(z), z € C. By the preceding discussion, [a,b] C o(T(f)) and
each \ € [a,b] is a limit point of eigenvalues of the Toeplitz matrices T, (f).
However, as (a,b) N o(My) = 0, we anticipate that these eigenvalues are
sparsely distributed, and indeed, by [1] (see also below), for any subinterval
(a4e,b—¢), e > 0, the distance between the eigenvalues of T, (f) is of order
1/Inn for n sufficiently large.

In [12] (see also [15]) Levitin and Shargorodsky considered a symbol of
the form fo(e?) = —3/2 + (a/2) cos(v/50) for 6 € [—m,s), fale?) = 2 +
acos(v/20) for 6 € [s,7), where s € [0,7), |a| < 1, and observed numerically
(see, in particular, Figure 13 in [12] and also Figure 1 in [13]) the following
phenomenon of near-periodicity of the eigenvalues inside the gap of the range
of fo. For coprime integers ¢,m € Z\ {0}, define

m, if £ and m are odd
w=w(l,m) = , (1.22)

2m, if either £ or m is even

and if £ =0, m € Z\ {0}, let w = w(0,m) = 2. If s = w¢/m, then for each
eigenvalue )\](:) of T,,(fa) inside the interval (—1,1), there appears to exist

an eigenvalue AT of Th+w(fa) such that |)\,(€") - A§"+w)| =o(1/In(n+w)),

J
fe., A )

; approaches )\g-" faster than the logarithmic filling rate of the gap.

In [13], Levitin, Sobolev, and Sobolev considered the (modified) symbol
f(e?) = —1 for 0 € [~m,s), f(e?) =1 for § € [s,7), where s € [0,7), and
proved the near-periodicity of the eigenvalues of the square T(f)? in the gap
(0,1) when s is a rational multiple of 7 as above.

Here we prove the near-periodicity conjecture of [12, [13] assuming for
simplicity that the range of the symbol f(z) is 2 different real constants (such
a symbol is of type (3] with 2 jump-type singularities: see below). The
proof, however, can be extended to more general situations of type (L3]),
including the symbol f, in [12] described above. By the above discussion,
most of the eigenvalues of T,,(f) will be close to these constants, but we are
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interested in (the order Inn) eigenvalues which are in subintervals inside the

gap. We have

Theorem 1.3. Let 0 < 6; < 0y < 2w, v >0, and

, 1, 0 € [05,2m) U 0,0
f(e?) = 62:2m) U [0.61). (1.23)
627W, RS [91,92)
Let, furthermore, 61, 0y be such that
0y — 01 = 27r§, D,q € 7, 0<p<ag. (1.24)

Consider the interval I. = (1 4 £,e>™ —¢) for a fized e, 0 < ¢ < (1 +
e?™)/2, and let n be sufficiently large. Then there exist constants ¢, > 0,
¢ = 0,1,2 which only depend on € and vy, such that the distance between
any 2 consecutive eigenvalues of T,,(f) inside I. is bounded from below by
co/Inn, and from above, by c¢1/Inn. Any subinterval of I. of length c¢1/Inn
contains an eigenvalue. For any eigenvalue )\,(:) of T, (f) inside I. there
exists an eigenvalue A§n+Q) of Ty4q(f) such that
C2

AL A0 <

. 1.25
“nlnn ( )

Remark 1.4. Note that (I.24]) encodes ([.22]) in a more compact way. In-

deed, ¢ = 0 in (22)) corresponds to #p — 0 = 7 = 275. Thus w = 2 = q.
mEl
m
Thus w = m = ¢. Finally, the case where either ¢ or m is even corresponds

to 0y — 01 = 2%@—%, as m £ £ is odd. Thus w = 2m = q.

The case £, m odd corresponds to 65 — 01 =7 =27l as m =+ {is even.

Remark 1.5. Suppose f(e?) = a for 6 € [01,6), and f(e") = b for all other
6 € [0,21), b # a. Then f(e) = (f(¢") — a)/(b— a) = 0 for 6 € [6;,65),
and f(e?) =1 for all other 6 € [0,27). As T,(f) = (T,(f) —a)/(b— a), it
follows that the eigenvalues A of T},(f) and the eigenvalues A of T),(f) are
related through the elementary formula A = (A — a)/(b — a). This clearly
implies that the phenomenon of near-periodicity depends only on 65 — 61 and
not on a and b. It follows, in particular, that if the roles of [f1,603) and its
complement in [0,27) are reversed, the near-period ¢ should be the same.

As 21 — (02 — 01) = 2r L, we see that this is indeed the case.
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At the end of the paper we discuss the relation of our results in Theorem
L3l to a conjecture of Slepian [16] and its resolution in [10] by Landau and
Widom.

2. Asymptotics of some Toeplitz determinants

Introduce the canonical Wiener-Hopf factorization of e”(?) (we assume
V(z) to be sufficiently smooth on C: see [6] for details):

V) = b (2)eb_(2), by(z) = DR Vit p_(2) = eXimooo Vit

1 2w

)

Vi V(e?)e *0dp. (2.1)

In the proofs of Theorem [[.1] and [[.3] we will use the following formulae and
asymptotic estimates for Toeplitz determinants, which are part of Theorems
1.1, 1.18, 1.8 in [6], and Theorem 1.1. in [7].

Lemma 2.1. Let F(z) be of the form (L3) with Rea; > —%, Rep; €
(=1/2,1/2], j = 0,1,...,m. Let the symbol F~(z) be obtained from F(z)
by replacing one Bj, with 8, — 1 for some fized 0 < jo < m. Then for
sufficiently large n (n > N with some N > 0), there exists a unique monic

polynomial &Dn(z) =2z"+ .-+ of degree n such that

21
/ D, (2 12/ F(2)df = 0, z=e", j=0,1,...,n—1,
0

and
Da(F™) = 218, (0) Dl F). (2.2)
Asn — oo,
~ ~ 9p 1 D405 —8)b_(z)
d,(0) = n2Pi=ly 7yt J J 22 1+ 0(1), 2.3
0= 2w TRy e T 29
where
Jj—1 m [e%
z
vj = exp { —im ap — Z a, H(z—]> |2 — 2| % (2.4)
p=0 p=j+1 p#i NP
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Here 1/T'(o;; + B5) =0 if aj + B; = 0. If V() is C° on the unit circle then
the error term in @3) o(1) = O((n2I8lII=2 4 p—1)p2max; Res—1)

Furthermore,
Dy (F) = exp TlVb—l—Zk‘VkV_ H O‘J"‘ij (2 ) aj—fB;
k=1 §=0
a;jBr—oy B
an;n:()(ai_ﬁ?) H ‘Z] _zk‘Q(ﬁjﬁk_ajak) < Zk“r> Pk kPj
0<j<k<m Zj€
ﬁ U 2 CUL =B (14 o) ©5)

1 + 204]')

where G(x) is Barnes’ G-function. The double product over j < k is set to
1ifm=0.

If V(z) is C* on the unit circle and |||B||| < 1 then the error term
in Z5) is o(1) = O@IPI=YY. The error terms in (23) and (ZH) are
uniform in all oy, B; (and N is independent of aj, B;) for B in compact
subsets of the strip Re B; € (—=1/2,1/2] and for «; in compact subsets of the
half-plane Reco; > —1/2. These error terms are also uniform in the z;’s
provided these points are at a fived distance from one another on the unit
circle, and uniform in V(z) (and N is independent of V(z)) provided the
Vi.’s are uniformly bounded in absolute value by the Fourier coefficients of a

sufficiently smooth function.

3. Proof of Theorem 1.1

As advertised above, the zeros z1, z3 of f(z;\) can be regarded as giving
rise to Fisher-Hartwig singularities with ay = ag = 1/2, 51 = =52 = 1/2.
Thus f(z; A) is of type (L3):

_1/2
z
F(2) = f(2) = A=)z — ]|z — 20/9:, 1/2(2) s —1/2(2) <—1>

22

B B ~1/2
= ev(z)élsine b1 sine b2 <ﬁ> . (3.1)

2 2 Z92



2012] TOEPLITZ EIGENVALUES 447

By elementary calculus

f(z; )

001 . 0-03°
4 sin 5+ sin =

R(e¥;)\) = — (3.2)

0 # 61 = 61(N), 0 = 02()), extends to a continuous, strictly positive function
on [0,2m) x [L, M],

R(e¥:)) > ¢ > 0. (3.3)

We specify V(z) = V(e?; \) uniquely by defining
w@:me%»+gm—%ymﬂ (3.4)

for (6,\) € [0,27) x [L, M|, where In denotes the principal branch. Again by
elementary calculus, using (3.3, one sees that V' (e?; \) is a smooth function
of 6, with the property that each derivative (9°/00°)V (e \), € > 1, is
bounded uniformly for all A € [L, M]:

82

sup ‘—ZV(ew;)\)' <c¢ =0,1,... (3.5)
0. 3)€0,27)x[L,M] | 08

Now observe that f(z;\) in ([B.I) can be written as

f(zX) = F~(2),

where F'~(z) satisfies the conditions of Lemma 21} where jo = 2, m = 2,
=P =0, 1 =y =1/2, 1 = o =1/2.

Note that the main asymptotic term (23] of D, (F') is non-zero for n
sufficiently large, uniformly for A € [L + &, M — ¢], £ > 0, and the condition
for the eigenvalues of T,,(f) (equivalently, the zeros of D,,(F~)) comes from
the vanishing of &Dn(O) in (2.3). Thus, in our case the eigenvalues of T),(f)
satisfy

$n(0) =z ! Z;EZ; + z;”y_lb_(z2) +0(1) =0, (3.6)

“ 1/2 o 1/2
v =™ (2L |21 — 29|, vy = e im/2 (2 |21 — 29|,
z2 21

where
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where the o(1) term is uniform for A € [L 4+ ¢, M —¢] (cf. [3]). Now as
3,(0) = ®,(0; \) is a complex-valued function of A € [L+¢, M — €], and the
eigenvalues of T),(f) are real, it is natural to consider a real-valued equivalent
of B:8). To this end we proceed as follows. As f(e?; \) = f(e?) — X is real-
valued for A real, we see from ([2.2]) that z?@n(O)Dn(F) = Dy (f — A) is real
for A€ [L+¢e, M — ¢|. From (Z3]), as n — oo,

nVo+ 3 kViVig| (b-(21)b—(22)) (1 +0(1)),  (3.7)

k=1

Dn(F) = exp

where the o(1) term is uniform for A € [L 4+ ¢, M — ¢]. It follows, using
Vi = V_i, k #0, that

N » (n+1)/2
48,00,F) = T [(2) 0 Calba ()

21

(n+1)/2
S(2) T e-pean o)

22
x|z1 — 29| e n/%lan—e—i—i%kﬂ”2 (14 0(1))
1 2 Xp 0 o r k )

which can be written after an elementary calculation, and combining the

o(1) terms, as
Dn(f = Mlz1 — 22| = 2[sin((n + 1)¥(A) + O(X)) + en(N)]

27 e
x(—=1)"e?N exp {n/ lnRg + ZMVHQ}, (3.8)
0 k=1

where U, O, and Z are real-valued,

W) = %(91 —0y) 4, (3.9)

o)) = % S Vit = 25 - Vet - )] (3.10)
k=1

Z(\) = —%Z [Vk(zlf+z§)+V_k(zl_k+z2_k)] ) (3.11)

B
Il

1
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and
en(A) is o(1), uniformly for A € [L+e, M —¢]. (3.12)
A more detailed analysis (see [5]) shows that in fact ([B:12]) holds uniformly

for all A € (L,M). We will use this enhanced version of ([3.12]) in what

follows.

From (B.8) we see, in particular, that for n sufficiently large
E, = E,(A\) =sin((n+ 1)¥(A) + O(N)) + en(N)
—1)" 2w do o0
= D,(f — )\)( ) |21 — 22)e™? N exp —n/ InR— — Zk‘|Vk|2
0 2 1

2
(3.13)

is real-valued and continuous, and

E,(A) =0 < \is an eigenvalue of T, (f). (3.14)

Note that W(A) is clearly a strictly increasing continuous map from
[L, M] onto [0,7]. Furthermore, ¥(\) is smooth for A € (L, M), and us-
ing the non-degeneracy of f(e?) at its maximum and minimum, one easily

shows that

av a(N)
i 3.15
PSP ATE VRSPV TER (319)
where a(\) is continuous and positive on [L, M],
Amax > a(A) > amin > 0. (3.16)

On the other hand, by our earlier discussion of V'()\), it follows that for
each k, Vi, = Vi()) is continuous for A € [L, M|. Furthermore, taking ¢ = 2
in ([B.5), we obtain the bound supy¢(z ar [Vi(A)] < c/k%, k #0, and so O(\)
in (310) is continuous on [L, M]. Since z; — 23 — 0 as A — L or A — M, it
follows that

gglLl O\ = ;#1}\14 ©(A) =0. (3.17)
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Using the properties of R(e?;\) in (3.2)), and taking ¢ = 3 in (3.5]), we see
by direct differentiation in (3.10) that ©(\) is differentiable in (L, M), and

C b(\)

DO D .
where b(\) is continuous on [L, M],
bmax > b(A) = bunin. (3.19)
Hence
GA\) = (n+ 1T\ +6(N) (3.20)

is differentiable in (L, M), and for n sufficiently large

dG  (n+1)a()) +b(\)

2P ATETESSY; R

as (n+1)a(A)+b(A) > (n+1)amin~+bmin and amin > 0. Thus for n sufficiently
large, G(\) is a strictly increasing map from [L, M] onto [G(L),G(M)] =

[0, (n + 1)7]. Hence there exist unique points

L< A <M< X0 < 0

such that
G(X§n)) =gm, 1<j<n
Set
En =2 sup |e,(N)], &, = arcsing, > 0. (3.21)
Ae[L,M)]

By [BI2), &,, and hence &,, converge to zero as n — co. Again there exist

unique points ng): such that

n
GO = jm £ 2.
For n sufficiently large, by the monotonicity of G(\),

LA™ <X <A< AT <A < <A <A <A <M
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Now
E”(Xg'?i) = sin(jm £ &) + €n(X§',ni) = +(-1)e, + en(ﬁl),

and it follows from (3.2I]) that En(XgnJ)r) and En(X§n_)) have opposite signs,

and hence by the continuity of (the real-valued function) E,()), that

En(Ag-")) =0, for some points Xg") < AW X

Z j it ij=1...,n.

(3.22)
Again by the monotonicity of G()),

jm =& =G <aWy < G = jim + &,

ie.,
(n+ DU +OOM) = jr+o(1), j=1,....n, (3.23)

where the error term o(1) is uniform in j. As T,(f) has precisely n eigen-
o
(XE”_),/)\\EHJ)F) with En()\g-n)) = 0 are unique and comprise all the eigenval-

ues of T),(f). This completes the proof of Theorem [[.I] up to the formulae
in (LI8) which relate ¥ and © directly to f. However, from (B.2]) and (3.4))

values, it follows from the pigeon hole principle that the points A

Vie=(n|f(zz Nk — (In|z — z1]|z — 22))k, &k #0, (3.24)

and by an elementary calculation,

|

5 i=1,2 . 2

(Infz — 2])x =

Substitution into (310) yields for all A € (L, M)

o0 =9 (Z(zf — 2)(In | f( A>|>k> — ST+ 61— 02)
k=1
= §Y (& =B FENDe— ) + 3, (3.26)
k=1

which establishes one of the expressions in (I8]). The final equation in
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iklnfz)\ (In f(z;\))_ i — 25)(In [ £ (2 \) g

k=1 k=1

is straightforward to verify. Here, by (31)), (34),

. 1 PA ) 0 € (6:,2m)U 10,0
lnf(e’e;)\) _ { Il|f(Z, )‘ + ( 2 7T) [ ) 1) ] (327)
In[f(z A)], 0 € (01,02)
This completes the proof of Theorem [I.11 O

4. Proof of Corollary 1.2

Corollary provides detailed information on the behavior of the eigen-

values )\gn) as n — oo. We have
e\ ) Py (4.1)
J n n)’
where the error term O(1/n) is uniform for j = 1,2,...,n. Let ¢ > 0 be

small and given. Then there exist L < A\. < pe < M such that U(\;) = 7e,

U(us) = w(1 —¢). Suppose 2¢ < j/n < 1 —2¢. Then by (&1), as n — oo,

n)

e < \If()\g-n)) < m(1—¢) and so by monotonicity A\. < >‘§' < pe. To estimate

(n)

the spacing A} — )\g-n) for such j, write

GO — GAM) =7+ o(1).

On the other hand,

G —aa) = @M - A

J+1
(n+ Da(e™) + (™) .
= & - Do gy A

(4.2)
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(n)

for some \; < )xg-n) < 5](-") < Ajip < pe. We have

(n + 1)amin + bmin (n+ a(e™) + b(el™)
(e = LY(M = A2 ((gj(n) — L)Y(M — gj(,")))lh
(n 4+ 1)amax + bmax
= (e = L)(M — pe))V/?’

which yields (I.19) with the constants 0 < c¢1(¢) < ¢3(e) independent of j

for 2¢ < j/n < 1 — 2¢ and sufficiently large n.

Now suppose 0 < j/n < 2¢; the case 1 > j/n > 1 — 2¢ is similar. We

have
GOy = GAY) — G(L) = jim + o(1).

On the other hand,

GO - G(L) = / 1 GO - Lyds
0
(A(m_L)/l (n+ Da(A(s)) +b(\(s))
o |

J

(A(s) — L)(M — \(s))]}/2 $
where A(s) = L + S(Agn) — L), and so

| | ) 1 ds
((n + Damin + bmin) (A} — L)/O [(A(s) — L)(M — X(s))]1/2
< a\W") —G(L)

. 1 ds
< (0 1)+ bnax) O = 1) /o [(A(s) = L)(M = A(s))]/2

and after integration we obtain

; A (L + M
mj +o(l) < arcsin —2 ( ) + T
(1 + 1)amax + bmax M—L 2
mj +o(1)

N (Tl + 1)amin + bmin '

(4.3)
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We may assume without loss that € < apyin/2. Then for n sufficiently large,

mj 4 o(1) - w2e

<
(TL + 1)amin + bmin Amin i
and we obtain from (4.3])
: 2™ (L4 M ‘
cos 7j +o(1) > 2 ( ) > cos mj +o(1) .
(Tl + 1)amax + bmax M—-L (Tl + 1)amin + bmin
Therefore
. (n) .
. 2 mj + o(1) AL mj + o(1)
< < . (4.4
St 2((n + 1)amax + bmax) - M-L S 2((” + 1)amin + bmin) ( )
Now for € < amin/2 as n — oo,
o mAo)  _  mito)  _x
2((” + 1)amax + bmax) 2((” + 1)amin + bmin) 2

and since 2/7 < (sinz)/x < 1 for 0 < & < 7/2, we obtain (L20]) uniformly

for j/n < 2e < amin, n — 0. Recalling that )\(n f(n < )\§+)1, and then

utilizing (L20), we obtain (L2T)) from (Z2) uniformly for j/n < 2e < amin,
n — oo. O

5. Proof of Theorem 1.3

Let #; > 0. Then the function (L23]) can be written in the form (L3
withm =2, 21 = e, 2o =€, ag =y =0, a1 = ay =0,

LB
B =iy, P2 = =P, eV®) = <—> =e,
2
ie.,

f(Z) = gzhiﬂf(z)gzz,—i’y(z)- (5'1)

In the case of #; = 0, f(z) is written similarly: we just need to replace
indices 1 by 0, 2 by 1, and set m = 1 in (L3]). For simplicity, we assume
from now on that 6; > 0.

Note that f(z; ), A € (1,e>™7), is also of type (IL3]) with the same points
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of singularities z;, zo but with § parameters and V' (z) now depending on A,

namely

_59)
4 z Y
FzA) = flz) — A ="y (A)(z)gz%_ 9)(7:) <—1> ;A€ (1,e%™),

21,P1 29
(5.2)
where
2wy by
N _ oy, L 2y _ €
BV =iy 42, e === (5.3)
and
S
. A
eWWﬂ:awx—m<ﬂ> =% (5.4)
29
Note now that this
f(z30) = F~(2),

where F~(z) satisfies the conditions of Lemma 2.1 where jo = 2, m = 2,
=5 =0 a1 =a=0, B =i +1/2, By = —in™) +1/2. From (2.3,

as n — 00,
G (% +z’7(>‘)>

3 2
o <_ N wm)‘ 2002172
>

n/2
" (ﬁ) o= (O1—02)n7 ) [1 ) <l>} £ 0, (5.5)
29 n

and the condition for the eigenvalues of T}, (f) (equivalently, for D,,(F~) = 0)
comes from the vanishing of ®,,(0) in (Z3):

2
Du(F) = (1= M|z — 25204172

X

2iy0 T(1/2 — iy )
L(1/2 +iyW)

Loy T(1/2 4+ 7 W)
(12— ™)

+0 <%> ~0, (5.6)

2" (nfz1 = 22]) + 25" (n]z1 = 22)

where the O(n™!) term is uniform for X € I./5. As in Theorem [LT}, how-
ever, &Dn(O) is not real-valued and we again consider instead the real-valued
combination zELEI;n(O)Dn (F) = D,(f—)). Using the above asymptotics, and
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combining the O(n~1) error terms, we obtain as n — oo
ZSEI\)H(O)DTL(F) = Po(A)En(N),

where P, () is real-valued and non-zero and

1/ 2\"? Hiny T(1/2 — iy M)
E.\) = - (2 SN LA i A
0 = 5(2) = " AT

1 /2 \"? Loy D(1/2+7W)
+5 <z_2> (n|z1 — 22|) T(1/2— ™) +en(N), (5.7)

where e,(X) = O(n™!) uniformly for A € I.. Set
h(\) = arg D(1/2 + inW). (5.8)

As the r.h.s. here is smooth and nonzero, h(\) is uniquely determined as a
smooth function on (1,e?™) with h(3(1+e?™)) = arg'(1/2) = 0. In terms
of h(\),

En()) = cos (2(92 — )+ Hn()\)) Fen(N), (5.9)
where
H,(\) = 29W In(n|z; — z9]) — 2h(N). (5.10)

We have that Ej, () is real-valued and for A € I. C I, 9,

E,(\)=0 < \is an eigenvalue of T),(f). (5.11)
Now the derivatives %’y()‘), %h()\) are bounded on I 5,
Cmin < i/y()\) < Cmax < 0 dmin < ih()‘) < dmax (512)
~d\ - ’ ~dA - ’

and hence, for n sufficiently large, H, () is strictly monotone, and maps
I. = [1 +¢,e?™ — €] bijectively onto [H,,(e?™ — ¢), H,(1 + ¢)] which is of
length

2719 — 4 In(nlz1 — 20]) — 2(h(1 + €) — A(e*™ —¢)).
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In particular, there are O(Inn) values of k € Z such that

1 — 1 —
E+-¢€ un—k—ﬂn(e%w —fs),un
s 27

1
—H,(1 . 1
5 o +7r (1+¢) (5.13)

Let
K =K, = {kmin(n), kmin(n) + 1, ..., kmax(n) }, (5.14)

where for each k € K there exists a unique point X,(fn) € [14¢,e*™ —¢] such
that %200 + LH, (W) = k+ 4. A" < X < €™ —¢/2, then for some
A <gn <A

Ho(W ) = Ho(N) = Hy (€)= A) = es(A — A"

min kmin

)Inn,

for some c5 > 0, n sufficiently large. Choosing n even larger, if necessary, to

ensure that 65% Inn > 1, and recalling that /)\\,(:) < e —g < 2™ — £/2,

1in

we conclude that there exists /)\\,(:) <A< er™ ¢ /2 such that

0y — 61 1 ~ 0y — 01 1 ~(n) 1
Write A = X,(Qin_l.
By a similar argument there exists /)\\,(:n)ax 41 1+ e/2 < /)\\,(an 11 < X,({an

such that
0y — 64
2

1 ~ 1
n+ = HyA ) = (kmax + 1) +

T max 2
These arguments show that for n sufficiently large {kmin — 1/2, kmin + 1/2,
kmax + 1/2, kmax + 3/2} all lie in

0y — 01 1 2 g, o —0,
SH. (2 _ &
27 nt T n(e 2)’ 2

1 €
_H 1 _
n+7T n( +2)

It now follows as in the proof of Theorem [I.1] that there exist points

145 <303 5 e

2 max+1 max max kmaxH‘
() NQ NQ
< )\kmax_ly_ < )\kmax_l < )\kmax_ly“l‘ < e

min kminy"l‘ min—1

< X,gm_ < X,ﬁ”) <A X,i”) <™ - %
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such that each of the intervals (X,(Cnl, X,E:"J)r), kmin < k < kmax, contains a zero

)\,(:) of E,, i.e. an eigenvalue of T),(f).

In contrast to the proof of Theorem [LT], there is no convenient pigeon

hole principle to apply, so that a priori there could be more than one zero
)\,(Cn) of E, in the interval (/)\\,(an,/)\\,@r)

and T),11(f) interlace and therefore if there were two or more eigenvalues

However, the eigenvalues of T, (f)

of T,(f) in that interval, then the interval would also have to contain an
eigenvalue of T),4+1(f), but proceeding as in the proof of Theorem [LI we
obtain E, (X,gni) = O(n~!) uniformly for k € K,,, and hence by monotonicity,
E,(\) = O(n™!) for any \ € (X,E:")_,X,(Cni), kmin < k < kmax. For such A, as
n — 0o,

Enii(\) = cos [2(92 —01) + Ho(\) + %p +0 < ﬂ +enti(N)

1
— E,(\) cos [%p +0 <3>}

n

—sin 502 -0 + 1) sin | 20 ()] +0 (1)

1
= j:sinﬂ—p+0<—>.
q n

However, as 0 < p/q < 1, it follows that for n sufficiently large, E, 11 (\) has
no zeros in (/)\\,(C"z, X,(Cni
eigenvalue of T,,(f). The labelling )\](:) for the eigenvalues of T),(f) by the

integer k is therefore appropriate.

), and thus these intervals contain one, and only one,

To estimate the gap between eigenvalues A,gn), )\,(Cn)l with k., k+1 € K,

+
we note that as in Theorem [I.T],

0y — 01

P HAO) = Gk L omY, (5.15)

2

and similarly, %n + Hn()\gfgl) = (k+3)m+0(n™'), and so
1 n n n n n
Tro <;> = Hy\) — Ha ) = Hi(g) A, = A7),

where 5,2") € ()\,(;21, A]gn)) € I
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Using (5.12)) we now obtain the bounds

Co C1

(n) _ y(n)
< < — .
Inn A A < Inn (5.16)
for suitable constants 0 < ¢y = co(e,7) < c1 = c1(g,7).
Finally, using (L24) and (5.13]), we note that for k € K,,,
o — 61 (n) 02 — 01 (n) 1
Hn = H
5 (n+a)+ +a(A) 51+ M) +p+0 -
_ k+ +1+o 1 (5.17)
= Pty =~ .

It now follows easily from our previous calculation that for n sufficiently

large, there exists an eigenvalue A,g ip Der c/2 of Ty y4(f) such that |)\kTI_)q

x| < 2. This completes the proof of Theorem [L.3l 0

6. On a Conjecture of Slepian

Let T = (t1,t2) and S = (s1,s2) be intervals in R and let hy(z) =
% fT e"“dw. Let AS,T(C), ¢ > 0, denote the operator
(As,r(c) / hr(x —y) f(y)dy, T € ¢S,

acting on L?(cS). In [10], Landau and Widom consider the asymptotics of
the eigenvalues {\;(c)} of the operator Agr(c) as ¢ — oo. Using trace class
methods they prove, in particular, the following conjecture of Slepian [16].

Suppose

1 1
k= %|S|\T|c+pblnc , belR. (6.1)

Then A\ (c) — (1 +e?)~1 as ¢ — oo.

To relate this result to the results in this paper, let T = (6;,602) and
S = (0, s2). Discretizing the eigenvalue equation Agr(c)gr = Ap(c)or, we

obtain

n—1

S b5 — j8) 6 (56)5 ~ Me(c) i (£9), (6.2)

J=0
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where ¢ is small and positive and 0 < ¢ < n—1 with n = [cs2/d]. Note
that hr(jé) = [, 0w % =1 5(2912 o gﬁ, and so (6.2]) corresponds to the
eigenvalue problem for (the transpose of) the Toeplitz matrix T},(xs), where
Xs is the characteristic function of the interval (§61,0602). The symbol xs
corresponds to f in (L.23]) provided we replace A by A —1 and choose 7 such

that €™ = 2. Now from the proof of Theorem [.3]

1 _ 0y — 64 () (n) 1
k+§— 5 ——nd+ — <2fy k) In(n|zr — 22]) — 2h(A} )>+O — )

ie.,

2
= —\SHT\c—i— ’y( Dme+oQ). (6.3)
Subtracting (6.1]) from (6.3]) we see that 27T’y(Al(cn)) —b=0((Inc)™t). Thus

N o1y,

ie. )\,(Cn) —1 — (1 +€")7!, which is Slepian’s formula. To make these
arguments rigorous, we must control all estimates uniformly as é | 0; this
can probably be done using the methods in [§] where an analogous uniformity
problem arises, but we provide no further details.
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