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Abstract

The purpose of the present paper is to initiate a systematic study of the relation
of the boundary values for hyperbolic-dissipative systems of partial differential equations.
We introduce a general framework for explicitly deriving the boundary kernel for the
Dirichlet-Neumann map. We first use the Laplace and Fourier transforms, and the stability
consideration to derive the Master Relationship, the Dirichlet-Neumann relation in the
transformed variables. New idea of Fourier-Laplace path and algebraic considerations are
introduced for the explicit inversion of Fourier-Laplace transforms. We illustrate the basic
ideas by carrying out the framework to models in the gas dynamics and the dissipative

wave equations.

1. Introduction

The present paper is to introduce a general approach for the study of
the relation of the boundary values for the solutions of hyperbolic-dissipative
systems of partial differential equations. We aim at establishing a new algo-
rithm for explicitly deriving the boundary kernel for the Dirichlet-Neumann
map. In [5], explicit computations have been carried out for the Dirichlet-
Neumann map for a system modeling the D’Alembert wave equation with
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viscosity. This helps to initiate the present effort of searching for a general
framework for general systems of the hyperbolic-dissipative system:

oru + Z Ajaxju = Z Bﬂ@i]xlu (11)
j=1

Ji=1

The dependence variables are u = wu(&,t) € R™. The space variables are
& = (z,2%,...,2™m) = (z',2) € R, so that the boundary of the spatial
domain is

ORT = (& : & =(0,2), & = (2°,...,2™) e R}, (1.2)

We are interested in the relation between the boundary value u (& IIs t), t >0,
and its normal derivatives d,1u(Z|,t), t > 0. The coefficients A;, B;; €
M, (R) are n x n matrices in R and satisfy, for any (w!,...,w™) on the unit
sphere "1 = {& € R™| |Z| = 1},

m
(Hyperbolicity) e All eigenvalues of ij A; are real numbers,
j=1

m
(Dissipation) e The matrix Z w'w! Bj; is a non-negative definite matrix.
ij=1

For a number of the physically interesting models of the form (], there
is a satisfactory theory for the initial value problem, cf. [1], £ € R™, ¢ >0,
and the Green’s function can be constructed explicitly, c.f. [8,16,12,13,4]. Asis
well-known, the initial-boundary value problem can be solved explicitly only
for some particularly designed boundary value condition, for which there is
obvious symmetries to convert of the initial-boundary value problem to an
initial value problem. In the general situation, such sharp harmonic analytic
tools often fall short. Our focus is not on solving specific initial-boundary
value problems. Instead, our goal here is to look for new techniques for ex-
plicitly constructing the kernel relating the Dirichlet and Neumann values
on the boundary. The Dirichlet-Neumann kernel is of the same basic signif-
icance as the symbol for an differential operator, and the Green’s function
for an initial-boundary value problem can be readily constructed in terms of
the kernel. The study of the boundary relations would be useful also when
the boundary is virtual as in the numerical computations.
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In the following, we outline the basic steps for the proposed framework:

I. Green’s function, Fundamental Solution, and Dirichlet-Neumann

map.

The Green’s function for the initial value problem can be used to trans-
fer the initial information to the boundary datum, so that the solution has
certain homogeniety property in the direction normal to the boundary. The
fundamental solution G(&,t), the Green’s function for the initial value prob-
lem for the system (L)), is defined as

<8t +]§;Ajam - Z BZ] z xﬂ) 1)

,j=1
G(Z,0) = 6(Z) I xn,

Il
o

(1.3)

where I, x, is the nxn identity matrix. Let G(&, ¥, t) be the Green’s function
for a homogeneous initial-boundary value problem is defined as:

<8t+ZA D — Z By, )G =0,
N N (1.4)

Their difference

satisfies

(at +§:Ajamj - Z BZ] i xﬂ) =0,

i=1 =1 (15)
H(£7 ga t)‘fGORT = _G(£7 g7t)|£€8RTa
H(#,§,0) = 0.

By integrating (LI times G and applying (L.3]), one can represent H (&, ¥, t)
in terms of the fundamental function G and the boundary values:

t
H@go- [ [ c@-ze-n(anEg ZBU 0, (2.9, 7)) dzdr
0 8RT
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t
+ / B110,:G(& — Z,t — 7)H (2,9, 7)dZdr. (1.6)
0 8RT

This gives the representation of H (&, ¥,t) in terms of the boundary Dirichlet
values H(Z,9,7) and the Neumann values 0,1 H(Z,y,7), £ € R}'. On the
other hand, for a well-posed initial-boundary value problem, only some com-
bination of the Dirichlet and the Neumann boundary values are given. A
Dirichlet-Neumann relation would provide both the Dirichlet and the Neu-
mann boundary values and thereby the explicit representation of H (&, y,t)
through (L.6) and consequently yields the explicit construction of the Green’s
function

In other words, the notion of the boundary relation is more basic than that
of the Green’s function for the initial-boundary value problem.

I1. Laplace-Fourier transforms.

From the first step just outlined, for the study of the Dirichlet-Neumann
map, we may consider, for simplicity, the problem with zero initial values:

8tu + Z Aj@mju = Z B]Z8§ulu for 33‘1 > 0,
Jj=1 Ji=1 (17)
u(€,0) = 0.

The Fourier and Laplace transforms are used to convert the initial-boundary
value problem, with zero initial data, for a differential system into an alge-
braic, polynomial system. We note that this step and the next steps are
also standard procedure for the study of initial-boundary value problem.
As we are not confined to the study of the initial-boundary value problem,
the boundary value at the boundary 2! = 0 is not given. Nevertheless, it
is known that when Bj; is a full rank matrix, for well-posedness, the full
boundary Dirichlet value can be given. In the general situation, there is no
theory to provide the well-posed boundary Dirichlet data for a given Bjyj.
It is understood that the form of boundary data depends on the structure
of the equations under consideration. The second example on the compress-
ible Navier-Stokes equations in the present study amply illustrates this basic
point. As in standard analysis for half space problem, cf. [9], [7], we take
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Fourier transform .% in the tangential directions @, with the transformed
variable ¢ = (¢%,...,¢™). We then take the Laplace transform L with re-
spect to the time variable ¢, and finally another Laplace transform with

1

respect to the spatial direction z* normal to the boundary:

v(@!, 6 1) = Flul(x',6,1) = [ w(@h, &, 1) di,

(Fourier transform in @),

V(z', ¢, s) =Lv|(x = [T e to(at, ¢, t)dt,
(Laplace transformation in t),
V(C.8) =LIVIE.Cos) = [g~ e V(e {, s)da’
(Laplace transform in x!).
(1.8)
The Dirichlet and Neumann values on the boundary are denoted by:
W@, 1) = (. )y = u(@). 0 ul(2.0) = o (@0
ov 6l‘ z1=0 (19)
0(F o) — 2N 0 (F oy —
V7(¢,5) =V(0,¢,8); Va((,s) = @(azl,(, s) g

To be consistent with the zero initial condition, the boundary value is taken
to be in the space”?:

uo(a_:’”, Ye¥ ={ge C®R,y)NL®°R.)|g"™(0) = 0 for all n. € NU{0}}.

Take the Fourier transform of the system (L1 with respect to the tan-
gential variables & to obtain a 1-D partial differential equation:

(81& + A18 1 — 311821)

(ZC] —Aj+ (Byj+ Bj)dn)— > ("¢ )v, for z',¢>0. (1.10)

7j=2 2<k,j<m

Next, we take the Laplace transform L, first with respect to the time
variable ¢ and then with respect to the normal spatial direction z', so that
the half space problem (L.7)) turns to the following algebraic equations:

<s+£A1 £2B11+ZZC] — (B +Bj)d) + Y CCJBZJ) (€,¢,)

2<t,5<m
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m .
= —B11Vf1 (C, S) + (Al — fBll —1 Z C](Blj + le)) VO(C, S). (1.11)
j=2
The algebraic system (2.0]) is solved for the transformed variable in terms of

the transformed boundary data:

V(¢ s)
= (s+¢A1 —&€Bu+i» (A} — (B + Bj)é) + 2300&04

j=2 2<i,5<m
< —BuV({,s) + <A1 —¢By —i» /(B + le)) Vo(C, 5))
j=2

adj <5+§A1 _52311 +i Z;n:2 Cj(Aj —(B1j+Bj1)$) ""Zzgmgm CiCsz’j>

(& ¢, 9)
< — BuVi(C.s) + <A1 —&Bi1—i Z ¢/(By + le)) VO(¢, 5))
=2
= soln(g,f,s;VO,onl). (1.12)

ITI. The Dirichlet-Neumann map in the transformed variable, the

Master Relationship.

This step is to apply the stability, well-posedness analysis to identify the
symbol of differential operator in the direction normal to the boundary in

terms of that in the tangential direction.

One applies the Bromwich integral for the inversion of the Laplace trans-

form:

Fww:Mﬂwwz/maﬂVWMm

0

f(a) = LYFI() = - 8 F(5)dp.

T 2mi Re(8)=0

(1.13)

The entries in (LI2]) are rational functions with the characteristic poly-
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nomial p(&; f ,s) as the denominator

p(& é,s)zdet(s+§A1—§ZBu+z'Zcj(Aj—<Bu+Bj1>§>+ > C"chi]—).
=2 2<,5<m
(1.14)

For f and s fixed, let £ = )\j(CA , ) be the roots of the characteristic polynomial

p(Aj(C,S);C,S) =0. (115)

Suppose that each root is simple. Then these roots represent poles for the

1

rational functions and the inverse Laplace transform in z' is given as the

sum of residue at the poles by the Bromwich integral (I.I3]) for inverting the

Laplace transform in z!:

V(zt, ¢, s) = Z e)‘jxlgfie;\s (soln(€,(, s; VO Vo). (1.16)
p(yiC,s)=0 ’

The standard well-posedness condition that lim,i_,. V(&,t) = 0 yields a
system of algebraic equations on V? and onlz

gR—%\S- soln(&, ¢, s; VO,Vmol) =0. (1.17)

p(Aj;f,;)=0

Re(X;)>0
The relation (LI7) is called the Master Relationship. The Master Relation-
ship contains the vital information of the boundary behavior through the
symbol p(i&; ¢, o) of the partial differential equations (I.I]). The Master Re-
lationship is as basic as the symbol p(i&; f ,s) of the system and is defined
in terms of it. The boundary behavior is encoded in the algebraic property
of the Master Relationship. The study of the algebraic property is one key
ingredient of the present theory and needs to be explored for each particular

system.

The Master Relationship (I.I7) gives an implicit relation of the bound-
ary Dirichlet and Neumann values in the transformed variables (f, s) €
R™ ! x R,. Denote the roots of the characteristic polynomial with pos-

itive real part by A;,..., \j;:

Re()\jl) >0,... ,Re()\jl) > 0.
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We rewrite the Master Relationship explicitly as Dirichlet-Neumann
map in terms of the roots of the characteristic polynomial:

Vmol (67 8) = (KZJ (67 S5 >\j17 s 7)‘jz))m><mvo(67 8)7 (118)

where the entries of matrix (Kij(f, 85 Xj1s - -+ Aj,))mxm are rational functions
in A\j, (C, s), cdots, A, (¢, ). The main effort is to invert the transforms for the
entries Kj, first the Laplace transform in s and then the Fourier transform

in C.
IV. Characteristic and non-characteristic interior wave operators.

If there is no branch point of the analytic function /\j(f ,8) for any s
with Re(s) > 0, then the inverse Laplace transform can be computed by
the Bromwich integral (ILI3)), and the kernel function 0M;;(y,t) of Dirichlet-
Neumann map in the physical variables is given as:

1

I A,t Eg_l[—
i(8:1) o

/ eStKij(CAyS;/\jm"' 7>\jl)d8 (Q)v
Re(s)=0

uol(:g7 t) = fot fRanl ml‘](y/\ - 2, t - S)UO(Z, S)dgds

xT

(1.19)

In general, the operator 9;; is a differential operator in the distributional
sense and acts on functions defined in the tangential direction.

As p(ig ¢ ,s) is the symbol of the system, its root A; represents wave
propagation for a whole space problem. We introduce the corresponding
Interior wave propagation operator on the boundary OR! as follow:

1

2mi

S =" o [ s @), 5 OB =i

(1.20)

Definition 1.1 (Characteristic and Non-Characteristic Interior Wave Op-
erators). A root \; is non-characteristic if and only if there exist x; and
k2 > 0 such that the root )\j(é,s) is analytic in Re(s) € (—k1,0) and any
|§ | < ko; otherwise, \; is characteristic. The corresponding operator £; is
(non-)characteristic if and only if A; is (non-)characteristic.

For each non-characteristic \;, L_l[Aj](f, t, |§| < 1 has a local in time,

exponentially decaying structure. Note here that the distinction is for |§ |
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small, |é | < Ko, that is, for the long waves Fourier component in the tan-
gential directions. The short wave components automatically have localized
property. In general, the roots \; may have quite varying behavior in this
regard as f varies. We will see that this notion of characteristic and non-
characteristic interior wave operators draw a clear distinction between 1-D
problems and multi-D problem. For example, for our second example of the
1-D compressible Navier-Stokes equation with a subsonic background veloc-
ity, the interiors wave operators are non-characteristic. On the other hand,
all interiors wave operators for 2-D problem in our third example are char-
acteristic. This has basic implication on the boundary wave propagation.

V. Laplace-Fourier paths for the characteristic interior wave oper-
ator.

A branch cut in the complex domain for the Laplace transformation of
the time variable gives rise to the spectrum of the full Fourier transformation
on the path along the cut. The notion of Fourier-Lapalce paths is a key
element of our analysis to convert the inverse Laplace transform into an
inverse Fourier transform, and so the symmetry is restored on this path
and the harmonic analysis techniques can be applied to yield exponentially
sharp wave structure for long wave component in a finite non-dissipative
wave region. This conversion is to go from the Fourier-Laplace variable
(f ,8), through the new Fourier variable ¢! for the Laplace variable s, to the
combined Fourier variables 5 = (¢t ¢ ). The new Fourier variable is defined
by il = )\j(f, s), with the resulting implicit relation s = o ({!; f) = 0;(¢Y; é)
The correspondence is illustrated for the 2-D case, & = (z,y), f = (¢, ¢?),
in the following table.

The elementary waves are of the form «a(s,§ ,(2)65(8)”0”429 because of
the assumed the zero initial data u|,—9 = 0.

The above two systems are related through the characteristic polynomial
P& ¢, 8):
p(i¢': ¢ a(¢M:0)) = 0= p(\j((5): € 9)- (1.21)
We call
Ti={s=Y o;(¢50I" € R}
J
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half space problem

whole space problem

D.E.

ou+A10,u
+A20,u—Au=0
Ult=o =0

Ou + A10,u
+A28yV —Au=0

Elementary form of
solution in transform

(s, €, (eI

B(Cl, <2)ea(n)t6iC1x+iCzy

characteristic equation

variables
det((o(Q)+[C|2)I
characteristic det((s—&2+|C?H)1 _H,Cifl(a_ﬁgz;lq))_o
equation A +iCPA)=0 o 2=
1 ) C=(¢¢Y
Independent transform
variables in (s, Cz) (¢t Cz)

the Laplace-Fourier path.

The complex contour integral relates the inverse

Laplace transformation to a pre-inverse Fourier transformation:

1 / " I
— e® O\ (¢, s)ds =
zj: 270 J Re(s)=0 i(6:8)

i st - -1 1 _
%:27% /Fje 0s(i¢")0c15dC™ =

1
211

27 J o

3 / €10, (iC" )01 sd¢t + O(1)e
i b

1 /OO o (€0 g1
2 J_ o
1 o0

11
o eszeU

(COtac| 1y

One can treat the variable ¢! as an imaginary Fourier variable for the

direction normal to the tangent direction OR''. That this relation works

conveniently for sA; and not for A\; was implicitly hinted in our previous

work [5] on detailed computations for a specific example.

The introduction of the Laplace-Fourier path for the inverse Laplace

transformation is a major observation allowing one to take advantage of

existing tools such as harmonic analysis or other developed tools for the

whole space problem to obtain a sharp structure of £;(9,1).
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VI. Introduction of the recombination operators.

We need to obtain the kernel functions 0;;(y,t) in the physical domain
(9,t), (LI9), from the transformed kernel K;;, (LIS, which is a rational
function
) jz)

K{j(g,s;)\jl,.. A
’>\jl)

Ki(Cosihiv, oo Ni) = >
](C J1 ]l) K’g(é_’s’)\Jl’

: . (1.22)
The denominators K 5 are polynomials in f , 8, Aj. Astheroots A\ has branch
cut, the denominators can obstruct the application of the complex contour
integral in inverting the Laplace transform. As it turns out this is related
to the rich wave phenomena around the boundary. For a non-characteristic
root \j, the contour can be away from the imaginary axis and avoiding the
branch cut. The characteristic roots are the main concern. Some algebraic
manipulation is needed to rewrite the rational function as:

. KN (G-

s g 97, A,)\ ,...,)\'
Kz"(C)‘jlv'-'a/\jl): D2 Jl) ](C ) ]l)
Kij (& Ajs -

A
- , (1.23)
7/\jz)-@ij(<? Ajpseen ’Ajz)

so that the new denominators are free of characteristic roots A;. This allows
for the inversion of the transforms in the pointwise sense. The algebraic

manipulation varies from model to model, as it ultimately reflects the wave

propagation around the boundary.
VI1I. Long wave-short wave decomposition and energy estimates.

A weighted energy method in the direction normal to the boundary is
designed to study the exponentially localized wave structures of the short
wave component, for which the harmonic analysis sheds no light. The long-
short wave decomposition design has been used for the study of Green’s
functions for the initial value problems of systems with physical viscosity,
see [6, 4] and references therein. For the present study, the long-short wave
decomposition technique is necessary for the case of multi spatial dimensions.
For the short waves, the structure of A;(C,s) for || > 1, could be very
different from that of the long waves, \f | < 1. Thus, for the general program

applicable to various different equations and systems, we propose a long
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wave-short wave decomposition to the solution V(&|,t) of (L1) as follows:
I = Z-HZ ], S5 =h - S h],

2\ 1 W& o A\ AP
(Z)) = Gy /5|<516 Ilg(¢)dc,

(1.24)

where 0 is a constant determined by the size of the branch cut for /\j(CA ,S).
We illustrate this in the third example of dissipative wave equations in
two spatial dimensions. The inverse Laplace and Fourier transforms of the
long wave part of \;, and Kg Di;, KZ-? ;; are studied by converting to the
combined inverse Fourier transform using their analytic properties and the
idea of Laplace-Fourier path. We then use the Hadamard solution of the
D’Alembert’s wave equation in 2-D to construct the long wave component
of I (-, t))(#)) with |Z)| < Ko(1 +t) for some Ko > 1. The short wave
component of the solution and its structure outside a finite Mach number
region possess exponential decaying structures in both time and space vari-
ables. Though both the long and short waves structures are exponentially
small for |€| > Ko(1 + ), the transformation approach are too refined to
apply to the short wave part. Instead, we apply the weighted energy method
directly to the system (ILI]) to assert the simple exponentially structure.

In Section 2, we will make precise the derivation of the Dirichlet-Neumann
relation in the transformed variables for general systems. We then choose
three examples to illustrate the basic ideas as stated above. The first exam-
ple is the Convected Heat Equation:

ut + Ay = gy,

u(0,t) = 0.
We carry out for this simple example the process of Laplace-Laplace trans-
form, the stability criterion for obtaining the Master Relationship, and the
inversion of these transforms, Section 3. The second example is the Lin-

earized compressible Navier-Stokes equations in 1-D, with subsonic drifting
speed A € (—1,1):

pt + Apy +up =0,

Ut + Au:c + Pz = Ugg-
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The Dirichlet-Neumann relation for this example depends crucially on the
sign of the speed A of the convection. In particular, the algebraic structure
of the Master Relationsship for a system without a full rank dissipative
matrix yields interesting boundary condition as function of A. This is done
in Section 4. The third example is System of Wave equations with dissipation
in 2-D, A € (—1,1).

U + (A + Dug + vy = Uy + Uy,
v+ (A = 1)vg + Uy = Vg + Vyy, (1.25)
u(0,y,t) = v(0,y,t) = 0.

This example illustrates the importance of the Laplace-Fourier path and the
short-long wave decomposition ideas, Section 5 and Section 6.

As an example, we now go to some details on the boundary relation
for (L25]). As just mentioned, the Laplace-Fourier path relates the half
space phenomena to the whole space phenomena. We consider first the
Green’s function, the fundamental solution G(z,y,t) of initial value problem

for (L25):

14+ A 0 0 1
Gt+ Gx“‘ Gy = A2G7 x = (:L'ay)y
0 —-1+A 1 0

G(&,0) = §(Z)L,

where I is the 2 x 2 identity matrix. The Green’s function can be computed
easily as the dissipative version of the Kirchhoff and Hadamard method of
descent for the wave equation. It is of the following shape:

G = (Gij)2xe,

1

Gy (%, 1)| < O(1)—=Wa(Z — (At,0),t;2) for i # j, (1.26)

S

Gj5(2, 1) < O(1)

7N
| =

n %) Wa(@ — (A1,0),),:2) for j = 1,2,
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where W5 is defined by

1
- for |&] <t —+/Dot,

— |2

1
_ f 2| —t| < /Dyt
Wa(@,t: D) = { gapy O IE TS VI o

_(#|=1?
¢ o @] >t 4 /Dai
W or |m| = —+ otl.

We now state the boundary relation for the system (L25) for the
case when the boundary Dirichlet value u®(y,t) has bounded support. The
Dirichlet-Neumann kernel is a generalized function and so the relation con-
tains regular functions as well as generalized functions.

Theorem 1.2. Suppose that the boundary Dirichlet value u®(y,t) has unit
support around (y,t) = (0,0). Then the Dirichlet-Neumann relation ul(y,t) =
Nu(y,t) for the dissipative wave equations (L25) is:

=12
|Z|

W(Z,t) e °®
Miu’(y,t) = O(1) ;. E HUOHLE’Z@
r=—At
W) —
_Wwrt) .o
+O(1)e |Zo|raa,t)u°|r%, (.9) # (2.1),
o=
- (1.28)
W(Z,t) e °®
OyMNau’(y, 1) = O(1) PR HUOHL@t)
r=—At
) —
_wrt) 0
+0(1)e”"© |Zo”8a’t)u lzge -
o=

for some positive constant C and fort > 1.

The ideas in the present paper should prove useful for the study of
other hyperbolic-dissipative systems of physical interests. It would also be
interesting to consider the Boltzmann equation in the kinetic theory for
which the Green’s function has been constructed explicitly for the initial
value problem, [2], [3], [4]. These and possible applications are, however, left
to the future.
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2. Preliminaries

In this section, we will lay down the standard procedure for obtaining

the Dirichlet-Neumann map in the transformed variables for the problem

oyu + ZAjaxju = Z Bjiaijxiu for (ml, co,x™) e R
i=1 ji=1 (2.1)
u(€,0) =0

We also prepare some basic knowledge for converting the map from the

transformed variables to the physical variables.

2.1. Transformations for half space problem

For a function f(¢) defined for ¢ > 0, its Laplace transformation F(s)

and the inverse transformation, the Bromwich integral, are given as follows:

F(s) =L[f](s) = /OO e St f(t)dt for s € {z € C|Re(s) > 0},
f(t) =L7YF)(t) = — lim ¢S F(s)ds for t > 0.

271 T—o0 —iT
Note that the Bromwich’s integral makes sense when the function f(s), de-
fined for s > 0, can be analytically extended to Re(s) > 0 and that the

Riemann integral converges over the imaginary axis.

One imposes a functional property for boundary values f for the con-
sistency with zero initial data, u(Z,0) = 0, and for an applicable condition

for the Bromwich integral:

f e ={g| Llg|(s) exists for Re(s) > 0, g (0) = 0 for n € NU {0}}.
(2.3)
The independent variable s of F(s) can be analytically extended to a simply

connected subset of the complex plan.

With the functional property (2.3]), one has the following properties

of the Laplace transformation. These properties are used to extract the
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distributional values of the inverse Laplace transform in the case when F'(s)

has nonzero values at s =0 or at s = oo.

Lemma 2.1. For f and g € ¥, their Laplace transformations F = L[f] and
G = Lig] satisfy

LIS = s F(s),

(—t)" () = L7 [£2F) (8),

[f  g)(t) = LU [F()G(s))

LAF()GE)() = [L7 [FOEO ] (1) + F(0)g(0).

S

(2.4)

Proof. The first three properties are standard. The last one is a consequence
of

sG(s) + F(O)G(s)] . O

Lemma 2.2. Suppose that p(t) is generalized function defined for t > 0.
Then its Laplace transformation fi(s) = L{u](s) satisfies

p(t) + %L_l [%,&(S)} = C4(t) for a constant C € C.

Proof. This is a consequence of

L{t(p + C9)] = L[tu] = —%L[u] = —%ﬂ(s) for constant C. O

Definition 2.3. Let g € C[0, ].
0
Qlyl(s) = PE I for s> 0.

When the function g(s) has sublinear growth in s as s — oo, the quotient
Q[g](s) decays in s and is convenient for the inversion of the Laplace trans-
form by complex contour integration. More generally, if the function g¢(s)
has higher order of growth, one may need to consider the function Q"[g](s)
for some n > 1. We therefore will need to decompose a function into the

Taylor Series in the following sense.
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Proposition 2.4 (Taylor’s Series). For any g € C"[0,0),

g(s) = 0 st + 5"Q"[g](s) for s > 0.

Following (L8], we first take the Fourier transformation .# for the vari-
ables Z| parallel to the boundary OR', then the Laplace transform L in
time ¢, and finally the Laplace transform with the variable ! normal to the

boundary to form the combined transform J:

= (22,...,2M),
x| = 0,2),,

¢=(¢" ™),
C= (¢ ™),

V(669 = P C) =LIVIE o) = [ eVt Lot
The system (2.1)) becomes a system of algebraic equations:

(s—|—5A1 —&Bu+iy (A= (By+Bj))+ Y CiCjBij) V(£,¢,5)
i=2

2<4,j<m

= —BuVi((,s) — (Al —&Bi +1 Z ¢ (Byj + le)) VO(¢,s). (26)
=2

This is the system for the transformed variables in terms of the boundary

Dirichlet and Neumann values, V° and onl.
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2.2. Characteristic polynomial, Dirichlet-Neumann map, and the
Laplace-Fourier Path

From (2.6), the transformed function is then expressed as:
V(€,C,8) = soln(€, ¢, 5V, V),
80[”(57 67 S5 Vov onl)

adj (s+€41-€Bu i Y. 04~ (By+ B+ Y CUBy)
P

2<i j<m

det (s+6A1-€Bu+i 3. O(A;—(By+Bp)o)+ ¥ CUBy)
j=2 2<i j<m

( — BuVi((,s) + (Al —¢Bu—iY (B + le))Vo(Qt, 3))
i=2

adj <3+§A1 —& By +i i ¢I(Aj=(By+Bj))+ > CiCjBij)

_ i= 2<i,j<m
P& 5)
( — BuVa(c,s) + (A1 —&¢B1 — iZCj(Blj + le))‘/o(éy 3))
j=2

e 10 0
= B(£a<7sa}/ 7Vx1)‘ (27)
p(& ¢, s)

Here the denominator is the degree n characteristic polynomial p(&; é ,s), of
degree n in the £ variable:

P&, ) =det (s+641-¢?Bui+i y_ ¢ (4;—(By+B)§)+ Y ('By).
j=2 2<i,j<m
(2.8)
Its roots are denoted by:

Aj=2X((s), 7=1,2,...,n; p(Aj;¢,s) =0. (2.9)

Note that, p(i€; ¢, s) is the symbol of the system (L)) for the whole space
e R™.
Assuming that the roots { = A; of the characteristic polynomial p(¢; f ,S)

are simple, then applying the complex contour integral (LI13]) to the system
270), one yields its solution as the sum of the residues at the poles & =
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V(z', ¢, s) = Ze)‘ & 5Res(soln(§ ¢, 5V, A8))
7j=1

:Z)\x

The well-posedness of a differential equation requires the solution V' to de-
cay to zero as ! — oo. This implies that at £ = \; with Re(\;) > 0 the
residue of soln(&; ¢, s; VO, onl)) vanishes. Denote the roots of the character-

istic polynomial with positive real part by A;,,..., \;:

1 B(A; C, s VO, V0 3
P'(NiC,s)

(2.10)

Re()\jl) >0,... ,Re()\jl) > 0.
The Master Relationship (LIT)

53(38 (soln(&:¢, s, VO, V) =0,
=Aj
P(Xj3¢,8)=0,5>0

Re()\j)>0

becomes

B();C, 5 V0, V0) (MR)

X=X ($,8), =1t 0,
p()‘Jvc S) 075>07
Re()\j)>0.
The Master Relationship (MRI), the Dirichlet-Neumann relation in the

transformed variables can be rewritten in the form:
%Vﬁl(f,s) :%K(gvs;klv"w)‘l) 'VO(CA,S). (211)

The constant matrix & may not be of full rank and depends on the structure
of the dissipation matrix B;;. The main task is to convert this Dirichlet-
Neumann relation in the transformed variables (f , ) to the physical variables
(9,t) with exponentially sharp description.

The conversion of the transform variable using the Laplace-Fourier path
idea is applied to the characteristic roots )\j(f ,s) according to Definition
[LII A non-characteristic root )\j(f ,8) gives rise to the spectrum gap and
one can replace the path integral along Re(s) = 0 uniformly by Re(s) = —vy
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for some vy > 0 with respect to f around 0. This results in an exponen-
tially decaying structure in time, e 0, for the long wave part, || < 1, in
L=\ (C, 5)](t). For a characteristic root )\j(f ,S), one substitutes the imag-

inary Fourier variable i¢! = ¢ into (LI5) so that s becomes a function of

s =o(():

ict = X(¢,a(0)), (2.12)

—

where 5: (¢H ¢ ..., ™), (= (¢%,...,¢™). This function o({) satisfies

0 = det ( —iY A=Y Bdd - a(f)[mxm>.

j=1 k=1

—

Thus, the function o(¢) is the spectrum of the full Fourier transformation in

m m
R™ of the operator — ZAjawj + Z Bklaikxl. We will use the spectrum
j=1 k=1

—

o(¢) to define the Laplace-Fourier path for the purpose of inverting the
operator IL in the time variable.

Definition 2.5 (Laplace-Fourier Path). With a fixed ¢ = (¢2,¢3,...,¢™) €
R™ 1, the Laplace-Fourier path is defined by

—

s=0()eC,(=(¢"....¢"M), ' eR,

—

where J(f ) is the spectrum defined by the implicit function 0 = p(i¢!; ¢, a(C)).

Remark 2.6. The name of this path is given to mean a path in the Laplace

domain with the Fourier spectrum information.

The above procedures allow one to obtain the long wave component of
the operator .Z ~LE[L=1\;(C, 5)](9,t) in the wave region |§| < O(1)(1 + t).
Here .# ~ 1L is the long wave component of the inverse Fourier transformation

defined in (L24).

2.3. Basic operators for inverting the Dirichlet-Neumann kernel

Each entry KZ](CA ,S; A1, ..., A7) in the matrix K relating the Dirichlet-

Neumann relation in the transformed variables, (2.I1]), is a rational function
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in (C7 S; )‘17 o 7)‘l):

Kg(é:?‘s;)\lJ"'?)\l)

Kii(C,si M, \) = >
](C ' l) Kil]?(gvs;Alv"'v)‘l)

)

for some polynomials K Z-lj? and K i];[ . Recall that £ = \; are roots of p(&; é ,8) =
0. In case the denominator Kilj? depends on some characteristic root A;, we
need to neutralize the singularity induced by A; in the denominator. This can
be done algebraically by multiplying some polynomial %j(f yS3 ALy ey A

2 K7;]\'[(678;)‘17”’7)‘l)9i'(é:75;)‘17"'7)‘l)
Kij(Cosid, .o M) = — 5= A ,
Kij(<73;>\1,---,Al)-@ij(C,S;/\l,---,)\l)

so that the new denominator Kl-l]?(é,s;)\l,...,)\l)%j(f,s;)\l,...,)\l) is in-
dependent of all the characteristic roots. Thus, the product has a non-
characteristic divisor and one can have an exponential sharp decaying esti-
mate in ¢ for the long-wave operator 9’_17L[L_1[1/(9¢jK£)]]. The new nu-
merator Kg(é, S, ... ,)\l)-@ij(gv $;A1,..., ) is a polynomial of the char-
acteristic roots with analytic functions and non-characteristic roots as coef-
ficients. Thus the focus is then on inverting the characteristic roots A;:

gi(g,t) = F VLTG0, =1,2,. 0

In general one can obtain the structure of £;(y,t) only in some wave region
ly| < O(1)(1 +t). For some physical examples, a characteristic root )\j(f ,S)
can be analytically extended from s > 0 to Re(s) > 0 only when |{] is small.

Since the product Kg@,-j is a polynomial of \;, j = 1,2,...,[, the
operator Kg(aﬁg, O £1,...,£1) % 2;j(0z,04; L1, ..., £;) can be obtained from
the operators £;, and the long wave component .#1, (I24), of the Dirichlet-
Neumann map 2 is given by

ILRN(G,1) = SHK] (08,0681, &) = I2i5(02, 00 &1, ..., &)

« I F VLT /(25K (5, 1). (2.13)

In the region |y| > O(1)(1+1t) away from the domain of influence of the
associated inviscid system, there is only the diffusion effects of the system
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and the operator 91 has only localized, exponentially decaying terms. This

can be studied by the weighted energy method.

3. Convected Heat Equation

Consider the 1-D heat equation with a positive drifting speed A > 0:
up + Ay = gy, x,t >0,
u(0,t) = u'(t), u® € 7, (3.1)
u(z,0) = 0.

The fundamental solution G for the initial value problem is given in terms

of the heat kernel H(x,t):

Gt + AG, = Gyy, Ga,0) = 6(x),

1 2 (3.2)
G(z,t) = H(x — At,t), H(x,t) = \/me_ﬂ.

As the spatial dimension is one, there is no spatial direction parallel to
the boundary and we don’t need to take the Fourier transform. Let U(z, s)
be the Laplace transform of u(x,t) in the time variable t, and U(£,s) its
Laplace transform in the space variable z. The boundary values are denoted
as u? = u0(t), v = ul(t), U° = U%s), UY = UY(s) as in (LI). The

algebraic equation for the Laplace-Laplace transform U (&,s) is
(s + AE = )0 = (A = U (s) — U} (s). (3.3)
The characteristic polynomial p(¢, s)
(& s) = s+ A — €%,

has two roots

1 1
Ai(s) = §[A— VA2 +4s <0< Aa(s)] = §[A+ VA% + 4s], for s > 0.
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We have

(A= U (s) = U(s)

0€.) = soln(€, 0", ) = =20

_ U(s) — (A= §U°(s)
(€ = A1(5))(§ = Auls))
_ UR(s) U (s)(A — M(s)) . U (s) = U"(s)(A = Xa(s))
VA2 +4s(€ — M () VAZ 45 — Xo(s))

Invert the Laplace transform for x to obtain

(3.4)

Ul s)= U2(5)=U()(A ~ Mi(5)) o, UR(S) =US)(A=A1(5)) rsioppe
’ VA +ds AT+ s '

The well-posedness condition requires that the coefficient of the exponential
growing term e*2(8)% should be zero:

U3s) ~ VO)(A = M) _ VRO 406 (A-VRTEES)
VAZ 1 4s B VAZ + 45 =0 (35

This gives the Master Relationship, (MRI):
1
U%(s) — §U0(s)(A — VA% + 4s, or,
1
Us) = 5U°s) (A VAT 43) -

s).  (3.6)

— 5 0
A2+ /s +A2/4)U (

Since u® € ¥, from (Z4) the inverse Laplace transformation of the operator

—(s/(A++/s+A%/4)) on ¥ is

L/ioo st ! ds * O,
270 J_ine \AJ2+4 /5 + A2/d '

- <e_ATQt ( \/iﬁ — AeMtErfe (Ax/%))) * 0y, (3.7)

where
2

Erfc(u)z/ 26_ dx.

VL3
This gives the following theorem:

Theorem 3.1. The kernel function N(t) of the Dirichlet-Neumann map for
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N(t) = — (a% < \/iﬁ — AeMtErfe (Aﬁ))) % 0. (3.8)

Thus the Dirichlet-Neumann relation s

(1) =— / L <;_ AN Brfe (AN/(t—T))> O, (7)dr.
0

Am(t—) 59)
3.9

4. Compressible Navier-Stokes Equations

Consider the isentropic compressible Navier-Stokes equations in one
space dimension

{pt + (pv)e =0, (4.1)

(pv)e + (pv* + p(p))2 = (1022

Here p, v,p(p) are the density, velocity, and pressure, respectively. The
first equation, the continuity equation, has no dissipation. The second,
the momentum equation, has the dissipation term (uuy),, with the vis-
cosity coefficient p > 0. Thus this system is not uniformly parabolic and is
hyperbolic-parabolic. This is typical of many physical models of which (4.1])
is the simplest. The inviscid model p = 0 is the isentropic Euler equations:

{pt + (pv):c =0, (42)

(pv)e + (pv* + p(p))z = 0.

The characteristic speeds for the Euler equations are v — ¢ and v + ¢, where
¢ is the sound speed given by

< =p'(p).

Linearize the Navier-Stokes equations around a constant state (pg,vp). We
normalize the viscosity p and the sound speed ¢y = \/m to be unity and
take the base state to be (pg,v9) = (1,A). For notational simplicity, the
perturbed variables are still written as (p,v) so that the linearized system
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becomes

+Ax+ x:07
oo “

Vt + pz + Av:c = Vgz,

which is also written in the matrix form, and as before, the initial values are

Al 00
w + Uy = Uy,
1 A 01

taken to be zero,

The background velocity A is restricted to
Ae(—-1,1).

As the sound speed ¢ has been normalized to be one, the above restriction
means that the flow is subsonic. This is the interesting case, as the super-
sonic flows can be studied easily by weighted energy method, with up to
exponentially in time accuracy. Also the well-posed boundary condition for

the supersonic flows are straightforward and not considered here.

The Green’s function for the initial value problem for (4.3]) has been
explicitly constructed in [8]. In fact, in one space dimension, the Green’s
function for general hyperbolic-parabolic in one space dimension has also

been constructed in [6].

Following (L), we will denote the Laplace transform in ¢ by U and the

subsequent Laplace transform in = by U:
U(z,s) = / e tu(x, t)dt, U(E,s) = / e u(x, s)da. (4.5)
0 0

The transformed system of (£4)) is

~ Al ~ 0y 00 2 0 _ 0
sU+<1 A) U +U°) = <O 1) U +U, -0, (4.6)
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or

AE+ s 19 ~_(00) o [A+E 1 0
< 3 —f2+A£+S>U¥_<01>Ur ( 1 A+§>U' (4.7)

Thus characteristic polynomial p(, s) for this system is

A+ s &

p(§73) = det ( g —£2+A£+S

> = 52+ 2sAE+ (A2 — 1 — 5)€% — A€,

(4.8)
For this polynomial, there is a root £ ~ O(1)s as s — 0. Thus, one can
ignore the terms s¢2 and —A&3 in p(¢,s) = 0 as s — 0 for the purpose

of approximating the root £ ~ O(1)s as s — 0. Thus we consider the

polynomial
po(§,s) = 7+ 25A6 — (1= A*)¢%,

with two roots £ = s/(1 — A) and £ = —s/(1 + A). These two roots give
the asymptotic behavior of the roots of p(§,s) = 0 as s — 0. Since the
product of the three roots of p(&,s) = 0 in £ is s2/A, & — —(1 — A?)/A is
the asymptotic behavior of the third root of p(¢,s) =0 as s — 0:
Ai(s) = —s/(1+A)+0(1)s?
Ao(s) = s/(1 = A) +O(1)s,
1A

Xa(s) = ———— + O(1)s.

Write

1— A2
As(s) = — A + a,

and o satisfies

2A% — sA? — 2A1 —A+2sA +2A3 — A5

pa(a, s) Ea?’—( SAg )az—( + SA—g )a
—s+ s2A2% + sAt

_ 3 —

0.
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The function pa(a, s) satisfies

p2(0,0) =0
0 (1= A2)?
a—apz(O,O) =z # 0 for |A] # 1.

Thus, the implicit function theorem applies to define an analytic root A3(s) =
—(1 = A?)/A + a(s) around s = 0 with a/(0) = 0.

Next, one can use the Euclid’s algorithm to find equation of the branch
point of p(&,s) = 0. The necessary condition p(¢,s) = pe(§,s) = 0 for the
branch point (&, s) yields

s(4s® + 5% (12+ A?) +4s (3+5A%) +4 (-1 + A2)2) =0.

Since A3(s) is analytic around s = 0, this and the above yield that the

possible branch point for A3(s) are the roots of
4+ 52 (124 A%) + 45 (3+50%) +4 (-1 +A%)°=0.  (49)
The following lemma is immediate from this expression.

Lemma 4.1. For A € (—1,1), there exists a positive constant Cy, > 0 such
that the roots s of the polynomial in (£9) satisfies

Rels] < —(1—|A])/Cp < 0.

This lemma yields that A3(s) is analytic in the region Re(s) > —(1 —
|A])/Cy and, by iterating pa(c, s), its asymptotic around s = 0 is

LA (1A P (-1-an? - nY)

A3(s) = +0(1)s®. (4.10)

A A(-1+4A?) A(—1+A2)3
With this asymptotic of A3(s), one can factor out (£ — A3(s)) from p(§, s) to
obtain:
_ _PEs) 1.5 2 oo A3 A3S
pg(f,s) = —A(f—)\g) =&+ )\3+A+A A)E+)3 2S+A+ A A3

s? (O(l)s+(—1+A2)4 (—1—2A2+A4))
A2 (-1+A2)°
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5(O(1)s — 2A2 (—1—1—/\2)2 13
. NEEeL e Y

For the roots of p3(, s) in &, one can rescale £ = s so that the polynomial

for B is given by

P3(B,s) =0,
O(1)s — 24% (=1 + 4%)*)
e
P3(57 S) - 5 A(—l —|—A2)3 /8
O(1)s + (=14 A2)" (=1 — 2A2 + AY)
k ! A (-1 1 A7) |

This shows the roots 5 = ((s) of P3(3,s) = 0 are analytic around s = 0;

and one has the asymptotic of 8(s) as follows:
B(s) =1/(=A+1)+0O(1)s.

The above for A3 and 8 together yield the following lemma.

Lemma 4.2. Let |A| € (0,1), then there are three analytic roots & = A(s) of
p(&vs) =0 fO’f’ s € {RE(S) > _(1 - |A|)/Cb}; satisfying, fO’f’ |8| < 1}

)\1(8) = —ﬁ + 0(1)82,

Xa(s) = gy + O(1)s?, (4.12)

— A2 s A?
As(s) = 1 AA + A((—11++ A)2) +0(1)s%,

Here, the function O(1) is an analytic function in the region Re(s) > —(1 —
IA)/Cy.

The behavior of the eigenvalues near s = oo will also be needed. First,
it is easy to see that, for s > 0, the eigenvalues cannot have zero real part

and so

Re(Ai(s)) <0, Re(Aa(s)) >0, Re(A3(s)) <0, fors > 0. (4.13)
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Set

and write the characteristic polynomial (4.8]) as
p= 82323 + 20022 + (A% — 1)o%2 — 02 — Ao?] = s°3p(z,0).

All the roots of the polynomial p(z,0) are zero at o = 0. There is a root

with linear leading term. Set

z = Ao+ 0(1)o?
and

p(z,0) = 0*(—A—A) +0(1)o3,

and so A = —A. This yields a root with negative real part. As we know
from (d.I3]) that A is the only eigenvalue with negative real part, and so the

above yields

Ai(s) = —%s +O(1), as s — oo. (4.14)

Straightforward calculations show that

p(z,0)
z— (Ao + 0(1)0?)

=224+ (Ao +0(1)o%)z — o4+ O(1)o?

The roots of this polynomial is therefore of the form O(1)o 4+ O(1)4/o. This
yields

Aa(s), A3(s) = O(1)y/s, as s — . (4.15)

We now construct the Dirichlet-Neumann relation according to the fol-

lowing three cases:
Case 1. A€ (0,1).

The characteristic polynomial p(§, s) has only one root & = Ay(s) with
the property Re(A2(s)) > 0 for s > 0. For this root A = sf3, the function g
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is a root of P3(f3,s) = 0. The Dirichlet-Neumann map is

00 0 Ky Ki2 0
= 4.1
where

Ki1(s) Kia(s)\ _ 0 0
Ko (s) Koo(s)) s sA—(A2)2A+xo(—1-s+A2) | -

S-‘,—)\QA S-‘,—)\QA

In component form, this becomes

o s o SA—(A)PA+ X (—1—s+AY)
Vx_s—i—)\gAP + WY Ve, (4.17)

where

P=Lp, V=Lv.

Proposition 4.3. The functions

s J sA — (A2)2A + Xo (=1 — s+ A?)
s+Arn " 5+ AoA

are analytic in the region Re(s) > —(1 — |A])/Ch.

Proof. By Lemma [4.2] the function A(s) is analytic in the region Re(s) >
—(1 = ]A])/Cy and {s + AA = 0} N {p(\,s) = 0} around (A,s) = (0,0).
The possible poles of the functions are at s = 0. Then, the asymptotic
of Ay in Lemma results in the analyticity of the functions s/(s + A)z)
and (sA — MA + X\ (=1 — s+ A?))/(s + A2A) around s = 0. Thus the
pole is removable and both functions are analytic in the region Re(s) >

—(1=|AD/Cy. O
One expands s/(s+AX2) at s =0, lims_0 s/(s+AX2) = 1/(1+AX2(0)) =
1 — A, as follows

_ 5
s+ A

—1-A+sQ LJ’MJ (s). (4.18)
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From (A.I5), Ay grows at the rate of \/s as s — oo and so

— = —1+A 1
S . s+AXo — -
Q [s —I—A)\J (s) = — 0(1)8 as s — 00. (4.19)

Thus, by Lemmas 2.4] the inverse Laplace transformation L=1[(s/(s 4+ AaA))
L[u®]](t) is

t

L gLl ) = /0 L [Q [s/ (s A2 A)]] (t=7) 0 (7)dr+(1—A)u(2)
(4.20)

Since Q[s/(s + A2A)] is analytic in the domain Re(s) > —(1 — |A|)/Cy, the

path integral of the Bromwich integral along Re(s) = 0 is the same as along

Re(s) = —(1 — |A])/Cp. Thus from ([@.I9) there exist constants Cy, C1 > 0

such that

tff

\/_

Actually, from (£I9]) one has the weaker singularity of 1/log(t — 7) rather
than the singularity of 1/v/t — 7 on the right hand side of (£22]). We only
need the integrability of the singularity around ¢ = 7 so that the integral rep-
resents the localized effect of the boundary values. Thus we put in 1//t — 1
for the notational uniformity. Similarly, we have

TS0 - -] < 6 [ Slot . @)

sA — 2A —1— 54+ A2
‘]L_l |: ()\2) S‘:_)\)Q\z(A 1 + )]L[uo]] (t) . (A . 1)u0(t)
< 01/0 e;_ 18,40 () |dr. (4.22)

We have from (£I7)), (£21)), and (£22]) the following Dirichlet-Neumann
relation for the compressible Navier-Stokes equations in the present case of
0<A<I

Theorem 4.4. For the case of positive subsonic evaporation, 0 < A < 1,
there exists Co > 0 such that for (p°,v°) € ¥

t—7

e ©o

—=(10:p"(7)|+10,°(7) ) dr.

(4.23)

@a%:u—Am%w—u—Aw%w+ou)/
0
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Remark 4.5. The relation ([4.23]) gives, within locally and exponentially
decaying accuracy, the explicit expression of the Neumann value for the
velocity in terms of the Dirichlet values of both density and velocity. From
the continuity equation p; + Ap, + v, = 0 in (@3] the Neumann value for
the density is given in terms of the Dirichlet values also:

1) = — 100~ 00 + )

t

+00) [ S0P + ot har. (424)

This way of using the continuity equation does not work for the case solid
wall, A = 0, in Case 2. Although it also works for Case 3 of condensa-
tion, —1 < A < 0; the situation is quite different from the present case of

evaporation.

Case 2. A =0.

In this case, we write the system in the original (p, u)-coordinate:
pt+ vy =0,
{'Ut + pu = Vg, (4.25)
p(z,0) =v(x,0) = 0.
The first equation gives
sP(z,s) + Vy(z,s) =0,
in particular, their boundary values satisfy
sP%(s) +V2(s) = 0. (4.26)
For this case, the characteristic polynomial degenerates to
p(&,5) = 87 — € — 5%,

and has only one root A = s/v/s + 1 with Re(\) > 0 for s > 0. Following the
above procedure and use (£.26]) to eliminate P from the Dirichlet-Neumann

relation for the transformed variable, we obtain the relation for V' = L[]
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alone:

VO(s) = — \/%V(s). (4.27)

This yields the Dirichlet-Neumann kernel

1 1 et
Moo (t) = =0 | — st ds | = -0, | —) . 4.28
20 t<2m' Juro” A > () o

Theorem 4.6. When A = 0, The Dirichlet-Neumann relation for the system

@.25)) s
0 t e—(t—T) 0
v, (t) = —/ O | ——| v (1)dr. (4.29)
0 w(t —7)
Remark 4.7. The boundary value for the density can be recovered from
the system (4.25)):

0 = — tUOT T = t ' 76_(7-_8) UOS SaT
20 = = [ —/O/Oa<m> (s)dsdr. (430)

Thus the only one boundary value is needed for a well-posed initial-boundary
value problem. This is different from the other two cases.

Case 3. A € (—1,0).

The analysis for this case is similar to Case 1, A € (0,1). For s > 0,
two roots have positive real part, Re()\;) > 0, j = 2,3, and so the boundary
relation (4.I6]) holds for j = 2,3 :

(s + MMV = SLPO 4 (sA — (A2)?A + Ao(—1 — 5+ A2))VO,

(4.31)
(5 + A3A) V0 = sLPY + (sA — (A3)%A + \3(—=1 — s + A?))VO,
This leads to
on _ —(>\2 + )\3) +[£_1 — S+ Az)vo
- Ao+ s o (F1+A%24+X3)
= < A > sV© + A 14
—1+ A2
= A(s)sLlup| + (C1+A7+ /\3)L[ub]. (4.32)

A
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Apply similar computations as those for ([4.23]), one has the following theo-
rem:

Theorem 4.8. There exists Cy > 0 such that
0 (F1+A)(1+A)? 2—A
va(t) = A2 SO+ T an

t—1

6tv0(t)

+o(1) /0 %uavo(fn Flo20 () )dr. (4.33)

Remark 4.9. From (4.31]), one can represent the boundary values for the

density in terms of that of the velocity. Thus only one boundary value is
needed for the well-posedness of the initial-boundary value problem. Note
also from (4.33]) that the Neumann value for the velocity depends not only
on the first differential, but also on the second differential of the velocity.

5. A Viscous System in 2-D

We next study the multi-dimensional wave propagation, € € R™, m > 2.
We will consider in two space dimensions, m = 2, & = (z,y), the viscous
wave equations in half space, x > 0,y € R, (z,y) € R%r :

1+A 0 01
Ut+< 0 —1+A>ux+<1 O)Uy:AQU’u€R27$7t>0,y€R.

(5.1)
As before, the boundary value u®(y, -) = u(0,y, -) is ¥-valued function, with

¥ = {g € C®(R,)[87¢(0) = 0 for n € {0} UN.

This system is the D’Alembert’s wave equation in 2-D with an artificial
viscosity. The inviscid first order operator, after the Galilean transformation
x — x — At, is the 2-D D’Alembert wave equation:

(at + (é _01> 0 + (2 (1)> ay> W (z,y,1) = 0, (5.2)

or the standard D’Alembert wave equation in 2-D with the wave speed one:

(02 — Ag)w = 0. (5.3)
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Here the speed A of the wave center is assumed to be subsonic:
-1<A<1. (5.4)

Consider the Green’s function, the fundamental solution G(z,y,t) of initial
value problem for the wave equation:

1+A 0 01
Gy + G, + Gy = AsG, & = (x,y),
t ( 0 —1+A> (1 0) e @8 5

G(&,0) = §(Z)I,

where T is the 2 x 2 identity matrix. Its Fourier transformations of G(&,t)
can be computed easily and explicitly:

WEn = [ R naE = (¢

7\ isin(de! sin(t[C])¢? (56)
B t _ 1 S1n | _zsm ik
GGty — efmminci [ CostieD = g M
_z51n(tLC\)C COS(t|C|) + zsm(ﬂ(\)(

From (5.6)), the entries of the fundamental function consist of Sine transfor-
mation, Cosine transformation, Galilean translation, and heat kernel. Ex-
cept for the heat kernel, the Fourier transform of the fundamental solution
for the wave equation (5.3]) also consists of these transforms. As the wave
equation (5.3]) has been solved explicitly by Hadamard’s method of descent,
we have the following structure of G(&,t), Theorem

G = (Gij)2x2,

Gy (E,1)] < 0(1)\/%%(:5 — (At,0),%;2) for i # j, (5.7)

1 1

1Gjj(&,t) < O(1) <¥ + %> Wa (& — (At,0),1),t;2) for j = 1,2,
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where W5 is defined by

1
—] for |&] <t —+/Dot,
— |z
1
_ f | —t| < /Dyt
Wa(e,t:D0) = § rappn O IE ISV g
_(&|-0)?
¢ ' por @] > t+ /Dol
W or |m| >+ otl.

Unlike the first two examples with one spacial dimension, we now have
two spacial diemsnsions and need to take the Fourier transform with respect
to the tangential direction y first. We adopt the notations of (L)), and, for
simplicity, in the 2-D case here we also use # = (z,y), 7 = (, f: (¢t ¢):

(0(2,C%,t) = v(w,1,1) = F[u](@, 7, 1) = fanr ule,y, t)e Vdy,

V(z,(2,8) =V(x,n,s) = L[v|(z,n, S)Efooo e Sty(x,n,t)dt,
Laplace transformation for ¢,

V(€,¢%s) =V(Ens) =LIV]En,s)= [0 eV (2,1, s)dz,

Laplace transformation for x,

u(y,t)=u(0,y,t), v°(¢?,6)=0(0,¢%1), VO(¢?5)=V(0,¢%5),

boundary Dirichlet values,

ug(yv t) Euw(ov Y, t)v ’Ug(g2, t) Evr(ov Czy t)7 V.CBO(C27 8) EVI(Ov Czy 8)7
{ boundary Neumann values.
(5.9)

These variables satisfy:

1+A 0 0 i ,
T — Ugy — 5 5.10
”t+< 0 —1+A>v+<in o)” Yoz =110 (5-10)

1+A 0 0 in )
1% 174 V =V, — 2V, 5.11
s +< 0 _1+A> +<i77 0) 7 (5.11)
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in s+ (=1+M)E - &+ [n?]?
:<(1+A—§) 0

<s+ (L+ )€ — €+ [nf? in ) Pems)

0 (~1+A— 5)) VOn,s) —VI(n,s). (5.12)

Thus the characteristic polynomial p(&;n, s) is
s+ (1+A)§ =&+ Inf? in
p(&m,s) = det .
in s+ (=1+ A5 — &+ nf?

= s+ [n|* +2sin* + [n|* + (2sA +2|n?A) &
+ (=1 —2s—2n> + A%) € — 2A& + ¢4 (5.13)
The characteristic polynomial p(&;n,s) is a degree 4 polynomial in £. Its

four roots A\j(n,s), j =1,...,4 can be computed explicitly when n = 0 and
Ae(0,1):

A+14+/(A+1)2+4s
)‘1(075): (2 ) ’
A—1+/(A—1)2+4s
)\2(0,8): (2 ) s

N E— (5.14)

+1 - +1)“ +4s

)‘3(075): (2 ) )
A—1—-/(A=1)24+4s

)\4(0,8): (2 ) .

Thus for s > 0, A € (0,1),
)\1(0, S) > )\2(0,8) >0> )\3(0, S) > )\4(0,8).

It is easy to check that any root \j(n,s), 1 < j < 4, of the characteristic
polynomial p(&;n,s) has the property that, for any s > 0 and real 7, its
real part does not vanish and therefore maintains their signs. Thus, for any

s > 0 and real 7,
Re(A1(n,s)), Re(A2(n,s)) >0 > Re(A3(n,s)), Re(Ay(n,s)).

Thus we may follow the same procedure as in Section 2 from (27 to (2.11))
with (j1,72) = (1,2). After straightforward computations, the Master Re-
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lationship (MRI]), the Dirichlet-Neumann relations in the transformed vari-
ables, is given in terms of A; and A9 as follows:

K1 Ko
Vo(n,s) = VO(n,s), 5.15
21(1,5) <K21 K22> (n,s) (5.15)
% _ l=s=nP = A2 20 AT 20 + A + A3
= ‘ T— A+ A+ X ’
in
Ko = —
BT UT A M+ A
(s P (1M =AY (s 0P+ (14 Ao — A3)
Ko = — ,
n(l—A+ X+ X\o)
o —l4s4 P20 = A2+ (—1+ Mdo+ A (1 + A+ X9)
Kgg:— .
\ (I=A+X+ )

(5.16)

5.1. Laplace-Fourier paths and roots for the characteristic poly-
nomial

The eigenvalues \; = \;(n,s), i = 1,2,3,4, are defined in terms of
the Laplace variable s > 0 and Fourier variable n € R. For the inversion
of the Laplace transform using the Bromwich integral (LI3]), one needs to
have an analytic extension of the Laplace variable s € Ry to a simply con-
nected subset containing Re(s) = 0 of C. As we will see, the study of the
analytic extension can be done only for |n| small. At n = 0 we have ex-
plicit formula of X;(0,s), (B.14]). It is easy to see that both A;(0,s) and
A4(0,5) are analytic in the domains U; = C\(—o0, —(1 + A)2/4) and the
domain Uy = C\(—o0, —(1 — A)?/4) respectively as illustrated in Figure a.
Moreover, since both A1(0, s) and A\4(0, s) are distinct from each other and
other eigenvalues, both A1(n,s) and Ay(n,s), |n| small, are also analytic in
the domains around U; and Uy respectively. In particular, for |n| small, the
eigenvalues A1 (7, s) and A4(n, s) have spectral gap and are non-characteristic
according to Definition [I.1]

The situation is different for the eigenvalues Ao(n,s) and As(n,s), as
their values coincide and are zero for (n,s) = (0,0), (5.14). For n = 0,
(£,3) = (0,0) is a removable branch point for both Ay and A3 and A (0, s)
and A\4(0, s) can also be analytically extended to the domain Uy. However,
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Simply connecteddomain U, for 4, (0, s) Simply connecteddomain U, for 4,(0, s)
resrsssssrr e — | iiiiirresessssssss —
(A+1)° (A-1)*
4 4
Figure a

for n # 0, the qualitative structure of the non-removable branch points
changes and (£,0) = (0,0) branches into two points. To study this, we first
consider the general study of the branch points (7, s) at which \;(n, s) is not
differentiable in s. As \; is defined implicitly by p(A\;;n,s) = 0, we have
OsAi = —0sp(Xisn, s)/0ep(Nis 1, s). The necessary condition for the branch
point at n =0 is

frénn o o

The solutions are
(g‘,g)e{<A;1,—(Azl)2>, (0,0), (Agl,—(A;W)}. (5.18)

Thus, (&, s) = (0,0) is the only possible characteristic branching point for |7

small. For n # 0, there is no simple explicit expression for the eigenvalues.
To analyze the two branch points bifurcating from (€, 5) = (0, 0), we consider
an implicit expression for the roots. For the case A = 0, studied in [5], the
roots of the characteristic polynomial have explicit expression. Motivated
by this, we replace A€ in the right hand side of (5.I3]) by A :

p(&m,8) = 2+ |0 + 2s[n)® + |0t 4+ 2sAN + 2|9 AN + (=1 — 25 — 2|n|?)&2
+AZAZ —2ANE2 + ¢t =0,

for roots & = A of the characteristic polynomial. From this we obtain the
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implicit expression of the root £ = A:

A(n,s) = j:\/(\/(s + AX(n, s) + i) — %)2 + |n|2. (5.19)

With this expression, one considers branch cut for the outer square root
along the negative real axis. In other words, the right hand side of (519) is
a pure imaginary number, denoted by the new variable i¢!, ¢! € R:

it = i\/< (5+ Mgt + 3) = 22+ [nl?

= \/( (s+Ai<1+i)—%)2+l<2l2, (5.20)

recalling that we have written, for simplicity, n = ¢2. The equation (5.20)
can be solved explicitly for s:

s = s2(CH ) = (¢ P+ IC1P) £V P + 2 - iAd!
= —[¢]? 4[] —inc', (5.21)
and we define the path I‘f:
IS = {s4 (¢ € RY, TS = {5 (I € RY.

2
Here, the paths Fi are named as the Laplace-Fourier path, due to the fact
that the function s (¢';¢?) also satisfies

p(i¢*; ¢, 54) = 0.

It turns out that s4(¢1;¢?) is the spectrum of the Fourier transformation of
(5.1)) with respect to the wave number (i¢!,i¢?):

—

s+(¢4¢%) = a(Q).

The known structure for A;(0, s) allows us to carry out the perturbation
analysis of possible branch points for (2| < 1. The condition |(?| < 1
is necessary for study of the spectral information in the Laplace-Frourier
analysis. This is because there does exist a branch point in Re(s) > 0 when
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¢? is not small. Computational result based on p = pe = 0, c.f. (EI7),
shows that branch point does appear in the region Re(s) > 0 for the case of
(A, ¢?) = (1/2,1/2), Figure b.

osf (A, C?) = (1/2,1/2)

®|

ok
0
aadl

I I I I
09 0.8 0.7 0.6

w p{(é 4275) =0
Figure b

Thus the size |¢?| of the Fourier variable needs to be restricted to be
sufficiently small so that all branch points reside in the domain Re(s) < 0.
In other words, we are forced to have the long-short waves decomposition in
our analysis. The analysis for the short waves, |n| not small, will be done
later using the energy method, and not the Laplace-Fourier path method

presented here.

Consider a small d—neighborhood of the path zero, I‘g:

%= {so(x)lz € R},
x+25—w+i5forx<—5,
so(z) = —w + 0 — ix for € (=4,9),
—:E—|—25—(1_7‘A‘2)—2'5for:1:>5.

The region is designed to bound the branch points, with small perturbation
of [(]?, around (€, 5) = ((A+1)/2, —(A+1)?*/4) and (¢, 5) = ((A—1)/2, (A~
1)2/4) for ¢? = 0, (5.18). The following lemmas in this subsection follow from

the above discussions, we omit their proofs.

Lemma 5.1. There exist 69 > 0 and 61 > 0 such that for all |(?| < &1 the

branch points of (€,5) of p(&,¢%,s) =0 can not occur on Fgo.
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The paths I‘f and Fgo give complete branch cuts for A\y(¢?,s) and
A3(¢3,5) in s for each given small (2, [(?| < &p; and the path I‘go gives
the branch cut for A\;(¢2,s) and \y(¢?,s) as illustrated in Figure c.

{'=—o Im(s) =T Im(s)=T
gZ

r+ Re(s) =,
Re(s) =0 Re(s) =0

g e (-l

4
1/250 :§Z
Im(s) =-T Lo Im(s)=-T
Figure ¢

Definition 5.2. With §y and 6; given by Lemma [, for each given (?
satisfying |¢?| < 61 one denotes:

2

Vf“c : the connected component of C\(I'; U I‘go UT_) connecting R
2

V26°’< : the connected component of C\T'% connecting R

Lemma 5.3. Suppose that A # 0. Then, there exist &g and d1 > 0 such that

for any |C?| < 61 the roots of the characteristic polynomial p(&;¢?, s) branch-

ing from have the property that X\2(¢2, s) and \3(¢%, s) are analytic for

2

s € V16°’< ; and M (C2,8) and \y(C2,8) are analytic for s € V;O’C . On the
paths Ff, the root \3(¢%,s) satisfies

{A?,(c?, s+(C15¢%) = As(¢% 5 (¢h¢) = ict, (5.22)

5£(C5 ) = i(-AC + T FIER) — (¢ + |C2P).

Furthermore, with (2 fized, the asymptotics of the roots \i, i = 2,3,
satisfy

(5.23)

lim -~
s—+00 Vs —1 for j =3,4.

Re(s)=0

Ai(Gs) {1 forj=1,2,

Remark 5.4. Since \3(¢%,s) is an exponent of a solution of the inverse
2

Laplace transformation, e*3* with respect to z-variable, on I‘i the expo-

nent satisfies A\3(¢%,04(¢';¢?) = i¢' and the solution becomes e*3? =
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el Thus, one can consider the parameter ¢! of the parametric curve
s = 54(¢Y¢?) as an imaginary Fourier variable for x-direction, the direc-
tion of the normal to the boundary.

Since there is no branch point in ‘/'250’C2 for |¢?| < 61, it follows by the
definition that

Ao, A3 : characteristic,
(5.24)
A1, A4 : non-characteristic when |A| < 1.
Definition 5.5. £;(y,t): the interior wave operators is defined as
&y t) = F LT N1, 5 =1,2,3,4 (5.25)

£; is defined as a characteristic operator if and only if A; is characteristic.

As before, the operators £;(y,t) are generalized functions due to the
non-decaying property of the roots \;(¢?,s) as |s| — oo. For small ¢, we
form the decaying quotient Q[X;(¢?, s)] = [A\;(¢?,s) — A;(¢%,0)]/s, Definition
23] to decompose £;(y,t) into compositions of differential operators and
integral operators, (2.4)),

Nj(¢%8) = 5 QN (¢2 )] + A(¢2,0).
Lemma 5.6. The interior wave operators £;(y,t) on ¥ satisfies
g =7 L [QIN(¢9)]]] * 0+ F N 0]8(t) for j=1,--- 4,

(5.26)
The operators * 1s the convolution operators respect t variable.

The above lemma is similar to Lemma For large ¢, we form instead
the function 9s);. As we will see the inverse transform of this decaying
function can be computed by the Laplace-Fourier path and gives explicit
description of £;(y,t) for large ¢.

Lemma 5.7. There exists a function C((?) such that the interior wave
operator £;(y,t) satisfies

8= —2F LA + FCEIA0) (5.27)
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5.2. Kernel functions for interior wave operators

With Lemmas and [0.7] we now estimate the pointwise structure of
the following functions:

L1 [Q (¢ 9)]] , LTH:A).
First we study the non-characteristic interior wave operators £;, j = 1,4.

Lemma 5.8 (Non-characteristic root). For A € (—1,1) there exist By > 0
and 61 > 0 such that for (¢2,s) in {s| — Bo < Re(s) < 0} N {¢?|¢? < &1},
the roots \;(C%,s), j = 1,4, are analytic in s and satisfy

N (0 8) = N0 o)

s S VI (5.28)

O(1)
DA (C2,5)| <
(¢, ) < 2
Proof. This follows from the perturbation, for [¢| < 1, of (5.14)). O

Theorem 5.9 (Global estimates for non-characteristic operators). For A €
(—1,1) there exist positive constants C' and 81 such that the non-characteristic
roots \1 and My satisfy for |(?| < &,

e—t/C

L7 [ey(¢ 9] ()] = 0 — (5.29)
e—t/C

L7 [0:2(6% 9] (O] = O =7 (5.30)

Proof. For the function Z 1[L7YQ[N;(¢% 3)]]](y,t), we have, by the fact
that A\; and \4 are analytic in s € V;‘”CQ and that (5.28]) holds,

/ est)‘j(<275)_)‘j(<270)d8
Re(s)=—Po

S S

/ est)‘j(C27S)_)‘j(C27O)d8
Re(s)=0

IN

o(1)

(5.31)

Similarly, one has (5.30). O
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We now come to one of the main parts of the present analysis, the study
of using the Laplace-Fourier path to relate the characteristic interior wave

operators £o and £3 to the solution of D’Alembert wave equation.

Lemma 5.10. For each given A with |A| < 1, A # 0, there exist positive
constants C and 8y such that for |(?| < &y the characteristic roots \;((?,s),
j=2,3, satisfy

L0 )+ sgn() 2 [ e oG ac?

—t/C -
- 0(1)L, (5.32)
NG
'L_l[asAz](C27t) ~ sign(A) / T eI o] £)dC!
o—t/C -
— 0(1) (5.33)

N

Proof. We only consider the case A > 0; other cases are similar. By the
2
Cauchy’s integral formula for the analytic function e¥*\3(¢2,s) in s € Vfgo’c ,

one has

L10,A3(¢%, )] (t) = et 0, \3(¢%, 5)ds, (5.34)

B / 2 s 2
RS BUES

by taking the limit of

lim et \3ds = 0,

Ko, —00 8Dﬁ0,T

where Dy, 7 is the complex domain illustrated in Figure c. The sum of two
path integrals on the Laplace-Fourier paths, Ff = {s = s5+(¢}; ¢?)|¢t € R},

se(¢h¢?) =i(—-A¢t £ (¢) - I,

can be parametrized by ¢'. From the property A3 = i¢! on the Laplace-

Fourier path, we have the key observation

ds d(i¢') ds
¢t ds dCt

053 (5.35)
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This results in

/F<2 e et As3(s, ¢%)ds
iy

ds

_ oos_ L2t 2d8 1 ooS L2yt 2 1
— /_ooe (9 Ns(s, ¢ )d—Cldg +/_Ooe+(< s N3(s, ¢ )dC1d<
iy / R I o I

~ 9 / e=iACHICP oo (11 (5.36)

We have [95);(¢%,s)] < O(1)/4/1+[s] on Fg‘”C2 for [(?] < 1 and
sup Re(Fgo’CQ) < —(1—=A)?/4 + 0y, and so

. ) e—t/C’
s < . .
/pgo»<2 D¢ 5)ds| < O(1) (5.37)
This proves (532]). From Ay + A3 = 2A — \; — A4 and that both A; and A4
are non-characteristic, we conclude (5.33]) from (5.30) and (5.32]). O

The following lemma will be used for local in time estimates later.

Lemma 5.11. For A € (—1,1)\{0} and |(?| < 1, i =2,3,

o—t/C

L7 [Q(¢ 9)]] (€% 0)] = O(1) (log(0)] + [ Log(I6*])]) 1 +0(1)
(5.38)

Proof. Again we only consider the case A > 0. We only need to show the
case for i = 3; and use the property Ay + A3 = 2A — A1 — )4 again to conclude
the case for i = 2.

Similar to (5.34) and (5.37)),

]L_l |:>\3(<278) — >\3(C270):| (C2,t)

S
1 2 _ 2
= / 2+/ est>\3(< 78) >\3(C 70)d8. (539)
211 FSOvC FC+2+F€2 S

One defines

st
G+(C3t) = / € A3(¢2, 5)ds.
I

2 2
S +re S



2012] DIRICHLET-NEUMANN KERNEL 523
From the definition of s (¢';¢?) and Ff, one has
Go(t0) = [ Lalc®,¢lt)ag, (5.40)
R

where

L+(C1 G2t ):

L_(¢h ¢ 1) =
e~ 1P (¢ 20| 1¢ +11A) (cos(t(IC] ¢ A)) — isin(t(C]— ¢ A)))
Cl(ICT=ilc?+¢ A
(5.41)
By straightforwardly evaluating the integral
L 1, 2,td1: + L 17 27td17
[zt nac </Cl<242 /|<1|>2|<2) £(¢ ¢ e
one has that
G(¢% )] < O(1) (|log(t)] + | log (I )[) €71
This, (539)), and (5.37) yield (B.38). O

5.3. The recombination operator for L71/(1 — A + \; + A\2)]-

We now invert the transforms for the expression of the Dirichlet-Neumann
relation (G.I6]). In that expression, the matrix K;; have the common divisor
of 1/(1 — A+ A; + X2). As the roots Aj, j = 1,...,4, are not analytic,
the divisor has the undesirable singularity. There is the standard algebraic
method of regularizing this through multiplying the symmetric factors of
1/(1 — A+ A1 + A2) to form the symmetric expression

I, ; 1—A+X +A
1 = (J’k)7£(172)( J k) g(Ah)\27)‘37>\4)
T—A+ A+ Ny g( A1, A2, Az, Ag)
= I o (1 — A+ X + M), (5.42)

so that new denominator, the polynomial ¢ is invariant under the permu-
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tation of the roots. A basic theorem in algebra says that the polynomial
g is a polynomial of the coefficients of the characteristic polynomial p and
thereby analytic. However, this overall symmetrization may be redundant,
as it creates too big a polynomial and the denominator g may becomes zero
in some domain under consideration of the contour integrations. Instead, we
notice that the roots A1, A4 are non-characteristic, (5.24]), and so give rise to
local operator. Thus the symmetrization should be minimal and needs only
to aim at converting the divisor into a polynomial in Ao with coefficients
rational functions of A\; and A\4. This way the divisor becomes a polynomial
in Ay over a ring spanned by analytic functions in s € V250’C2. We start with

the first two symmetric expressions:

A1+ Ao+ A3+ Mg = 2A,

A2 + AA3 + A Ag + A3 + Az
= (A1 +F M) A2 +A3) + Mg+ Aoz =1+ 2s + 2% — A2

Thus we have

Ao+ A3 = 2A — ()\1 + )\4),
oAz = —1 —25 — 202 + A2 — 2AN; + A2 — 2A0; + M A + A2

With this, one can regularize the rational function 1/(1 — A+ A\ + A2) as

following

1 (1= A+ X +23)
(I—A+X+X) (A=A +M+X)A A+ +N3)
(I+A—X\y)
A +A = (=1+ M)A — (T+ AN —2(s+7?)
1
NN - (1 AN - (AN - 2(5+72)
= (¢%8) + B(C% 8) . (5.43)

A2

Lemma 5.12. For A € (—-1,1), s € ‘/'260’42 and |(%| < 1 the roots A1, g,
and A3 satisfy (1 — A+ X1 4+ A2)(1 — A+ X + A3) #0.

Proof. Under the condition |[¢?| < 1, the roots );(¢?, s) are approximations
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to A;(0,5s). One has that
Re ((1 — A+ +X)A-A+N+ )\3)‘42:0)
= 2+ Re (\/(A+1)2+43+\/(A— 1)2 +43>

2
> 2fors€V261’< .

With this gap and |A\;(¢2,5) — Ai(0,8)] = O(1)|¢?|/+/1 + |s]|, this proves this

lemma. Oa

Lemma 5.13. The coefficients o/ and A given in (5.43) are analytic func-

2
tions in V;hC . Moreover, K;; in ([B.18) can be uniquely separated into:

Kij= i+ PBijho for (i,5) # (2,1),
o1 + P12 (5.44)
K21 - T,

2
with the coefficients <;; and %;; analytic in s € V;O’C .

Proof. Lemma [5.12] concludes that the meromorphic functions &/ and %
defined on V1:¢* contain no pole. This proves the first statement of the
lemma. The second statement follows immediately from the first and the

form of K;; in (G.I6]). O

From (5.14]), it is easy to show that, for |n| < 1,

—\/5/2 —in/4
(1), 5) s—>'—:|:>00 <i$ — %Z (772 - A) Vs _\/5/2) ’

~1/2 0
B,s) — (—2’\/5 _1/2>-

With the asymptotic of <7;(n, s) and %;;(n, s) as s — +ioo and the analytic

(5.45)

2
property in s € V25°’< (the spectrum gap property), one has the following
decomposition for .7 and 4.

b12(n, s) = Zr12(n, 5), ar1(n, s) = QA1 (n, s)],

a12(n, s) = o (n,s) + 4, az(n, s) = QoAa(n, s)], (5.46)
b11(n,s) = Bi1(n, s) + 3, b21(n, 5) = Q[H21(n, 5)],

b22 (1, 8) = PBaa(n, s) + 5, ag1 (1, s) = Q1 (n, s) — i s
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Or, we have

a1 = 241(0) + aq1s oy = arg — 2 (5.47)
dyy = o51(0) + a215 + is Sy = h(0) + agas |’
and
P =by — % P12 = b1o 548
_ _ Sk (5.48)
PBo1 = H$21(0) + bars HBop = by — 5

for functions a;; and b;; satisfying, for |n| < 1,

lim a;5(n,s) =0,
Hliwo . (5.49)

i 6509 = 0.

The last decaying property makes it possible to evaluate the inverse Laplace
transform of the non-characteristic a;;, b;; by the contour integration. Thus
the above decomposes the operators into into compositions of differential
operators and integral operators according to Section 2, (2.4]). The integral
operators have the kernels as regular functions. We formulate this as a
theorem.

Theorem 5.14. There exist &y, 61 > 0, and C > 0 such that for all |¢?| < &
the operators <7;; and %;; satisfy

L~ [;(¢%,8)] = zJ(C 0)8(t) + L~ [ay] x 0 for (i,7) = (1,1), (2,2)

L [#2(¢%, 5)] = ( )+ L7 o]

L~ [a1(¢?, )] = Z5/( )Jrv@le((2 0)8(t) + L~ [a21] * &,

L~ [#12(¢%, 5)] = [[’12]

L= 1[%2](42’8)] __5( ) ! [blj] fOT (Z7]) = (1’1)’ (2’2)7

L=t [%21(¢?,5)] = 95’271@2, 0)8(t) 4+ L~ [ba1] * 0y,

(5.50)

and fori=20,1

. . , , o—t/C
|0t an]|, 1982l [022]], |0G L™ aza][, 0L 7" bar]| < O(1) {5.51)

Vit
7 —1 7 —1 7 —1 7 —1 —t/C
06217 [ar2]|, [0¢=2L7 " [b12]|, [0¢2L7 [bu1]], [0¢=2L7 " [bao]| < O(1)e™"™.(5.52)
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5.4. Composition with characteristic operator and Long Wave-

Short Wave decomposition

From (5.44]) and Theorem [5.14] it remains to study the following kernel
functions of the integral operators in t-variable with small wave number (2
for the purpose of obtaining .Z 1 [L™1[K;;]](y, t):

[Q(szt)
5(¢*, 1)

L~ [Qa(¢%9)]]
-

1 [83)\2(C2, s)] ' (5.53)

The operators [ and [5 are related to characteristic roots. The other opera-
tors a;; and b;; are regular in the sense that the operator is an inverse Laplace
transformation of some analytic function defined in the domain s € V250’<2.
Thus, one has the following proposition from the expression of a;;, b;;. In

the following analysis, for the local in time estimates, we will use (5.38]).

Proposition 5.15. There exist 61 > 0 and C > 0 such that

o—t/C
/ (L¢3, )] + L bi](¢, )])dC? < 6,05,
¢2l<on vt (5.54)

1
lo(¢2,)|d¢? < 6,C—= for t € (0,1).
\42\<61‘2(< )d¢” < 6 \/Efor (0,1)

For any boundary value v°(¢?%,t) with v°(¢2,-) € # and transformed
value VO(¢2, s) = L[v°)(¢?, 5), (5.9), the identities (5.50) can be rewritten as

follows:

Case 1. For 71, 99, and PBo1:

L™ VOI(t) = 5(¢%,000°(¢ 1) + /t a;;(¢%, 7)0:0°(¢% t = T)dr,
0

t
L1225V (t) = 8i;(¢%, 0)0° (¢, ) +/ bi; (¢, 7)0-v"(C%, t — 7)dr.
" (5.55)
Case 2. For ;.

L~ e VO)(t) = a1 (C2,0)0°(¢2,t) — i0p0° (2, t)
t
+/ ag (¢2,7)0,v°(¢%,t — 7)dr. (5.56)
0
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Case 3. For o9, %11, Poo.

L a0l =~ 00 + [ sl (ot -
0 (5.57)
L%, VO)(t) = —%UO(C%) + /t bi; ((*,7)v°(¢%,t — 7)dr,
0
Case 4. For %s.
t
L%, VO (t) = / by (%, TV (¢t — T)dr. (5.58)
0

When an operator U € ¥ convolves with the characteristic root Aa(¢2, s),
we need to decompose L71[\y] into generalized and regular functions as in
Lemma 5.6 and Lemma 5.7

L1\ x U(2)

max(t—1,t/2) t
_ / / L] (t — 7)U(r)dr
0 max(t—1,t/2)

_ /OmaXt b ( "0aAa(t — 7) O(C2)5(t—7-)> U(r)dr

t_
L[ [w, ) = (0, CQ)] (t = 7)U"(7)dr + Ma(0,C2)U (1)
max(t—1,t/2) 5
- [ Ay
0 t—T
LT [A2<s,<2) - Az<07<2>] (t—7)U"(7)dr + X (0, YU (2).
max(t—1,t/2) 5

(5.59)
From this we have:
Case 1. For (i,5) = (2,1).

L~ Ao (¢2, 5) 23, VO] (t)
/max(t—l,t/2) [3(42,15 _ ,7-)
0

t—T1

(ﬁij(gzv O)vO(C27 7-)
+/0 L_l[bij]((2,a)8gvo((2,7' — O')dO')dT
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! 2 (2 0¢r2
+f (%t =) (215(¢ 000 (¢%7)
max(t—1,t/2)

N / "L [bi,](C2, 0)0,00(C2, 7 — o)do)dr
0

F(,0) (%(42, 000G+ [ LIl )0 - a)da) |
(5.60)

Case 2. (i,7) = (1,1), (2,2)
L~ A2 (¢?, 5) %5V (t)
max(t—1,t/2) (s (2 —r
_ _/0 [2(<tf7_ )(—’UO(<2,T)/2
—|—/0 L_l[bi]—]((z,a)vo(CQ,T — U)da)dT
! 24— o0 2
+/max(t—17t/2) [2(C ! )( ( = )/2
—|—/0 L_l[bi]—](@,U)UO(Cz,T — U)da)dT
#6%0) (076024 [ L byl(C% o162~ )t ) . Gi1)
2(¢%, ; ; ii1(C5,0)v° (¢t —o)do ) . (5.
Case 3. (i,7) = (1,2)
L~ [Aa(¢?, 5) 25V (t)
max(t—1,t/2) s/ 2 - T
= _/0 7[2(th7_ ) (/0 L_l[bij](@,a)vo(@ﬂ'—U)da> dr
t 2t—1 T_l (¢ )0 (¢ —o)do | dr
e e ([ TL e o~ e )
2 “o,51(¢2, 0)v° (2t — o)do ) . .
2220 ([ Lol )00 - o)io (5.62)

Let x the characteristic function:

1if |n| < 1,
x(n) =

0 else.
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The long wave-short wave decomposition is defined through the Fourier

transformation as follows:

(g =7"[g]+.7°[g],
1 = tg;—l,L _1_97—1,5,

LLfh)(y) = FES [yl (y) = / eMh(n)dn,
|n|<d1

2

¢"™h(n)dn,

- 2n In|>d1
IL(y) = F V[ Zg])(y), (Long wave component)
| Z5gl(y) = FY9Zg]](y), (Short wave component)

where the positive constant §; is chosen with the property that, for any

2
|¢?| < 61 there is no branch point for the functions inside V250’< .

Lemma 5.16. There exist 61 > 0 and C' > 0 such that for any given V¥ -

valued function v°(y, ),

Case 1. (i,7) # (2,1).

max(t—1,¢/2) B [5(4-2 t— T)L_l[bi ](4-2 t— ,7_)
L .30 ag—1,L| "2 ) )
|t + 7 S ]

() ©"(y, 7)dr|
y L

< oa Te(mag%?—xl,t/z),t) [F ()]
1¢?|<61

P d 5.63
+ [ 1 0T (5.63)

Case 2. (i,7) = (2,1).

max(t—1,t/2) B [ (C27t _ T)L_l[bgl](<2, t— 7_)
Lieyy. 0,0 a—1,L|%
et + | 7| s

() 3 0°(y.7)dr]

Ly
< 1 T 1ay01( 2
< O )Te(ma%?—xl,t/z),t) [F ¢
¢?|<d1
Le=m)/C
| = 0 e dr (5.64)
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Proof. Since the operator #* is a projection operator,

FIHB(C = LT 3] (¢t = 1) Z [00) (P )
= T X () Bt =L oyl (¢t = 1) F 1), 7))
= F (@) (Gt = L oy )¢t = )] () £ 0y, 7)

= FUBG - DL Byl - D) 2o ) (569)

Then, by (5.54]), (5.60) and (5.61)), the lemma follows. O

Re-organize the operator x(n)l5(n,t—7)L71bs;(n,7)], using (G.33),
(6.51), (552), and one has

X (n,t — )L~ [by;(n, 7))
= 1 [ cos(/a P (=) (7L o) 0.7)) el
+O(1)x(n)e "/°. (5.66)

One also has that

/ei?ﬂ? /e_iA"(t_T) cos(v/ KZ+n2(t—T)) (e_(t_T)(HQJmQ)L_l [b35](n, 7')) x(n)drdn
R R
_ 471_213';2—1 |:e—iAn(t—T) COS( /K2 + 772(1: _ 7—))]

(;jy)g%—l |:<e—(t—'r)(/i2+772)]L_1[bij](ﬁ, 7’)) X(U)}

, (5.67)

=0
where %5 is the 2-dimensional Fourier transformation with the Fourier vari-

ables (k,n). By (5.51), (5.52) and the analyticity of L=![b;;] in 7, one can
show that

_ —(t—7) (K202 —
7; 1 [(e (t=7)(s2+0°)], 1[62']'](77’7—)) X(n)]
1-2+y2 T
€ T T for fol 4yl < S(t—7) + 1
- for|x y| < -7 ’
< o 1+t—7 (5.68)
o—t/C

—— else.
1+t—7'ese
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Lemma 5.17. For |y| < 4(1+1t) and t > 1, there exists C > 0 such that

max(t—1,t/2) 1 N 9 _1 9
/0 FUE (¢t — 1)L by)(¢3 7)) ()

t—T
_ &2
e Ct
= O() W&, 1)« , (69
€T
E=(—At,y)
e_\a‘éf
[ 77 BC, 025 (¢, 0)] ()] = O() W(E, 1) £ — (5-70)
T=(—Aty)

where W(&, t) is the solution of initial value problem of the D’Alembert wave
equation in 2-D:

Wit — Wap — Wyy =0,

W(z,y,0) = d(x,y),

Wt(‘r7 Y, O) = 0.

Proof. We show (5.69) only, since the proofs for (5.69) and (5.70) are sim-
ilar.
The function U(x,y,t) = cos ( K2+ n? t) e~ "\t is the Fourier transforma-

tion of the D’Alembert’s wave equation in 2-D:
((at - Aal‘)2 - A)U(flf,y,t) = 07
U(z,y,0) = d(z,y),
Ut ($7 Y, 0) = —Aaz(S(ZE, y)

Thus, the function U(x, y,t) can be identified with U(zx,y,t) = W(x—At, y,t)

and so

[t [ cos( /(e L by . )
R R
= 4°W(z — A(t —7),y,t — 7)

5 [ a) o)

By (5.68) and (5.71]), the lemma follows. O

(5.71)

=0
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Theorem 5.18 (Wave in finite Mach number region). For |y| < 3t there
exist C > 0 such that, for any given ¥ -valued function v°(y,-),

10,7 Moy, 1)+ Y I Ny, )]

(1,4)#(2,1)
|22
max(t/2,t—1) = —Ta—m
- on) [ (He=n), e = ) 00100,
0 T z t—T Yy
EF=(—A(t—7)y)
1 [0 2
O re(max(to1.4/2)1) FR1E )
¢?|<é1

+ [ e (1 0, Dl + 17V lage) . (6572

Proof. This theorem is a consequence of Lemmas [5.16] and [5.171 Note that
there is a factor of 1 in the denominator of Ky, (5.10]), and this accounts
for the partial differentiation with respect to y in the first term of (&72). O

Remark 5.19. For simplicity, we may consider the input function v°(y,t)
to have unit compact support in (y,t) around (0,0). In this case, (5.72) can
be simplified to, for ¢ > 1, and some C > 0,

||
W|(&,t) e c®
[0y, 1) = O(1) — == 5 — [ERT
€T B
r=—At
_ (y+t) ..
+0We™ " (|00 i, + 100, )+ (d) # 2.1). (5.73)

6. The Global Structure

In Theorem [5.18 we have established the long wave structure of ‘ﬁij’vo(y,
t) in a finite Mach number region |y| < 3t. In this section we will establish the
global exponential time decaying structure of the short wave component and
the global exponential decaying structure in the space variable outside the
finite Mach number region using directly the structure of differential equation
through simple, standard energy estimates. These structures are obtained
as part of the solution, and not given in terms of the inverse Laplace-Fourier
process for the components 9;;0%, (LI9). Only by considering the whole
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system (5. we can obtain the exact correlation between components and
the natural cancellations between them to yield the sharp estimates. The
component-wise approach could work if the Laplace transformation approach
works. However, the diagram in Figure c¢ indicates the existence of a branch
point in Re(s) > 0. This prevents the Laplace transformation approach
through the complex analysis to work when wave number is large, i.e. |¢?| >
1.

6.1. Global exponential decay of the short wave component

Lemma 6.1. The Neumann value v0(¢?,t) of (5.1)) satisfies

ol = o [ (19 + ) (@ + 1Pt nr
+\afvo(<2,T)|2)e—l<2|2<t—7>d7
rom [ (0 iepiore o
+\azv0(g2,T)|2>e—l<2|2<t—f>d7
ro [ (s iep ozt
+|8§’vo((2,7‘)|2)6_|C2|2(t_7)d7'. (6.1)
Proof. We break this proof into two parts. The first part is the interior

energy estimates and the second one is the boundary gradient estimates.

Interior Estimates

We start with the system (5.10]):

LA 0 S SATPAT
<6t+< 0 —1—|—A) am+<ig2 |C2|2)_ax)’v—0- (6.2)

Now, one extracts the boundary value by subtracting v°(¢2,t)e™® from v to

result in:

Uz, %, t) = v(x, (% t) — v (¢ t)e @, (6.3)
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212 ;2
(o (152 Jors (S5 ) -)ostecto
0 -1+ ¢ [¢7 (6.4)

U(07 C27t) = 07
U($7 <270) = 07

where the inhomogeneous term S(z,(?,t) is given by

—2_A 2|2 -2
S(z,*t)=—e " <8t+ < 2 z‘(j ¢°] _Af|<2|2>> v'(¢3 ). (6.5)

We now perform the energy estimate, starting with
< I1+A 0 IC3% i¢?
t 2
iz — d
> I1+A 0 IC3)> —i¢? -
t 2
* — d

= 2/ Re(US)dx, (6.6)
0
to yield
d [ 2 % 21211112 2
— |U|%dx + 2|C*1*|U|* + 2|0, U|"dx
* t 212112 4 |S|?
= 2 Re(U S)dxg |C717|U]” + |C2|2 dx. (6.7)
0
This leads to
4 |U|2d:z:+/ |42|2|U|2+2|8IU|2dx§/ ISP G, 68)
dt Jy 0 o |¢¥

and

o] t [e¢)
/ U(z, 7)|dz +// e 1P, U (2, 7) | Pdadr
0 T=t

2201y |S
/ / IERE) |‘<2|‘2da:d7 (6.9)
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Similarly, one has that

/ EAS (m\da; // SICPE=)9,00U (2, 7) Pdadr
0

2
/ / I P |fé§l dadr, (6.10)

for [ > 0.

Boundary Gradient Estimate

By the zero boundary value (6.3)), U(0,¢?,t) =0,
* I+A 0 217 i¢?
t 2
e - d
/0 ux<at+< 0 _HA)a +<i§2 o) 02 ) uds
oo 1+A 0 ¢?)> —ic? 2\
+ Ut | o, + O+ |7, — 9% | Ud
/0 (t ( 0 —1+A> (—242 Il ’
= 2/ Re(UtS)dz. (6.11)
0
This yields
1 (o] _ o0
§|UI(0,C2,t)\2+/ (Re(ugut)+\g2|2|U|2)da;g/ U, | +1|S|%dz. (6.12)
0 0
This, (6.9]), and (6I0) with = 1 result in
2 _\2,—|C22(t—7)
5 [ .o
_// \U|2+|(2\ UP* + U, \2+\S|) ~ICFD

< 1 Vispa o2 (E=7)
< // 1+|<2‘2 1S]2 + KQP\&\) dzdr.  (6.13)

Similarly, one has
1 [t 22
—/ 10,U,.(0, ¢, 7) 21717 gr

2 12 2(t—r)
< 8// 1+K2|2>\St\ K2|2\Stt|> dzdr. (6.14)
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From (6.13]) and (6.14),
t 14+ |C2|2
2 N2 o 212 4 2, 2
0.2 08 < 00) [ [ (188 + )18 + IS
2
+1J|22||C2| | Syt ) SICPE) g, (6.15)
By substituting (6.5) into (6.15]), the lemma follows. O

2. Global time pointwise structure outside a finite Mlach number

region

For |y| > 3(1 +t), one uses the direct structure of the differential equa-
tion. Similar to the estimate for the short wave component, one subtracts

ul(y,t)e™® from u(z,y,t):

U(w,y.t) = ulz,y, 1) — u’(y.t)e",
then (5]) becomes

U+ (A10, + A29,) U — AU = S(z,y,t) for = > 0,
(y,t) =0, (6.16)
(€,0) =0,

1+A 0 01
A = Ay =
! ( 0 —1+A>’ 2 (1 o)’

S(z,y,t) = (-0 + A1 +1— A0, + 55) ul(y,t)e ",

Cr
&
~

@)

)

where

One considers the following weighted energy estimates:
/ / atu + (A0, + A29,) U — AQU) W= dydx

= /0 /R U- Se®W=5dydy. (6.17)
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This leads to

d [®[1- -
- ZU . Qerly—51)
dt/o /R2U Ue dydx
e8] ~ ,8—04 -1
+/ / 20. U+ |02 + 10,2 | e2W=P) dydz
0 Jr\ 2 -1 B-a

< [ [ 186w 010G gl dya, (6.18)
0 R

Assume that

B>a+1, a>0,

then (6.I8) yields

d 1~ =~
il 0. ecy=51)
dt/o /R2U Ue dydx
/ /< |U|2+|U \2+\U |2> =81 qydx

o 8
< —|S(x,y, D)2V Py da, 6.19
<[ /Raw—a—m‘ (2,,0) y (6.19)

and so

o0 1 ~
/ /glU(w,y,T)IQGQ(y_BT)dydw
0 R T=t

t roo _ _ (B
+/ / / (|04]? + |0, [2)ew=8D= =200 gy pdr
0J0 R

t oo 8 a(B—a-1)
< = |S(z,y, )PP (T gy dadr. (6.20
I so==iswn (6.20)

Similarly, one has

0o 1 _ -
| [ 500 gt dyds

T=t

// / 370, 2 + |57, [2)e 87 2C= ) gy
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t roo 8 _ a(f—a—1)
< —C |9"S(z,y, )2 ) qydrdr. (6.21
<[ [ [z s ydedr. (6.21)

where the operator 97 is a differential operator in the space (y,t) € R x Ry
O =010, |y =+ e (6.22)

Next we consider the following:

// /u 0.0 + (A0, + A20,)0 — Agu) aly=pn)= L) gy g dr

= // /lNJw-SeO‘(y—BT)_a(Bf =) dydzdr. (6.23)
oJo JRr

This yields that

1t ~ a(f—a—
5 [ 100 zent i Dy
0 JR

t 00 _ _ _ _ (B
+ / / / Or- 0,40, (@ 1) 0, ) err 85207 gy
oJo Jr l o
t [ee) —a—
< // /<|Um|2+|5|2) eoly=pr) =25 1)(t_7)dydacd7'. (6.24)
oJo Jr

This, (6.20), and (6.21) with 97 = J; together result in

5 [ [ 100y oo Dy

< oa / / / 18,7 + |SP) B0~ gy ey, (6.25)

The same procedure will give the higher order energy estimate

1 [t _ N
! / / 370,40, y, ) Penv-pn-2C

< 0@ // / 7S, |2+|6’YS|) (v=67)= =27 gy ddr. (6.26)

P =) dydr

From (6.25) and (6.26]) with |y| > 2, one has the pointwise estimates by the
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Sobolev’s inequality, for (y,t) € R x R;:

aly=pt) | a(B=a1yt

sup  [U.(0,y,t)|e
(y,t)ERXR4

o 1/2
< o // / Z|ms |2+|a’75|) aly-pryes UTdyda:dT) .(6.27)

[v|<2

Thus, for y > 20t,

~ \y\ a(ﬁ a—1)t

Uz(0,9,8)] < O(1)e™
1/2
(/ / / Z 0782 + 1782 ) e+ = dydar " (6.28)
<2

Similarly, one has, for y < —20t

y| Oé(ﬁ—a—l)t

1U4(0,,1)] < O(1)e™ "1 ~

2
// / (31078, + |87 S| )e o5 2 (6.29)

[v|<2

From (6.28) and (6.29]), one has the following lemma for wave structure in
ly| > 28 with 8 > 3/2:

Lemma 6.2. For a given > 3/2 there exists a > 0 with f —a—1> 0 so
that for any |y| > 28 the Neumann value u®(y,t) € R? satisfies

() < 0we =S ([ (5 i)

[v|<4

a(foam 1/2
w ol HBr)+ 5 1)TalydT) , (6.30)

where 07 is the differential operator on (y,t) € R x Ry defined in ([6.22)).

Remark 6.3. We have thus obtained the global wave structure for the
boundary relation. Note that the smoothness requirement in the last lemma
is higher. We state this for the case when the input function has compact
support as in Theorem

M

&
T Tt
)y, 0] = o) D, €

0
e

r=—At
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4
_(L/+t) Ao .0
+O(1)e %" §| :Oua e (6.31)

6.3. Sine-Cosine transformation and Wave equations

Consider the wave equation in m + 1 dimensional space with initial

datum Uy and Uy:
02U = AU,
U(Z,0) = Uy(Z), (6.32)
U (&,0) = Uy (&).

The solution of U(&,t) in Fourier variable 77 € R™ is

U 1) = cos((il)Uo(i) + Sinﬁ‘;f‘” 0, ().

This identifies t sin(|7]t)/|7] as the Fourier transformation of the solution of

U(&,t) for ([6.32) with Up(Z) = 0 and Uy (&) = §(X).

Theorem 6.4. Let m € N and Dqg be a given positive number. Then, for any

& € R™, the inverse Fourier transformation of e~ 2o’ sin(|7|t) /|7 satisfies:

Casel. m=3

1912

F! {e—DOﬁIQtM] (&) = = / (e_ids (6.33)

7] 4t 4Dgmt)3/?
PR3
9=t
and A
‘ﬁ_l |:6—Do|ﬁ2t51n|(1‘77|7‘t) (Z)| < O(1)Ws(&,t; Dy), (6.34)
12,4 C? |7 sin(|7lt) | 1
- [E—DOUI%L &) < O(1)——=W;(&,t; 2Dy
| | @) S 0) W (@, 12D0)
for j =1,2,3, (6.35)
; - 1 1
71 [e P cos(1710)] (@)] < O <D—0+1> 7Va(@:1;2D0) (6:36)
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where

1 — W
W3(Z,t: Do) =4 a0 t)g (6.37)

e 4t D,
t3/2\/_ for ||&| —t| > +/ Dot.
Case 2. m = 2.
e
‘f—l[ ~oof ST | < 01w, 1 Dy0), (6.38)
]
o )] 1
F1 iCzje_DO‘"‘th | <0 Wa (&, t; Do0 6.39
eSS 0 (@) <00) =@ 600, (639
ﬁ . 1 1
‘9-1 [e—Do\nlztcosqmt) (&) < O(1) (FH) SWa(&,1; Do0), (6.40)
- 0
where
1
— for |£|§t_\/D0t7
t—|Z|
1
2l —t| </
Wa(@,t; Do) = { g/apl/i for [1Z] =t < VDot (6.41)
x t2
T e T
714 or |x Zt—i— Dot
t3/4D0/

Proof. The inverse transformation in (6.33]) is a convolution of the in-
verse of e~DolM” and the solution of the wave equation. The solution of
the wave equation in 3-D can be expressed by the Kirchhoff’s formula.
Thus the identity (IZEEI) follows as the convolution of the heat kernel in R?,

:13\2

e 4Dot/\/ (4Dgmt)3 = e~ Doli?t |(£) and the Kirchhoff solution. With
@©33), it is stralghtforward to obtain (6.34). (6.35) follows from the esti-

ik

mate, |9’_1(|C2|je_D0|m2)| < O(1)e” 300t /(Dgt)?. For (6.36), one uses the
property cos(|7lt) = & sin(|7lt)/|7].

For the 2-D case, it is a consequence of the identity (6.33]) and the
Hadamard’s method of descend. O
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