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Abstract

In this note, we will outline the classical results of Eells-Sampson H] on the harmonic
heat flow, Sacks-Uhlenbeck ] in homotopy classes and Schoen-Uhlenbeck ] on the
partial regularity of minimizing harmonic maps. This note also contains a new proof of
the Sacks-Uhlenbeck result ] by using an estimate of Trudinger M], which improved
the result of Moser in ]

1. Introduction

The theory of harmonic maps provides a prototype for many complex
physical theories including the o-model, superconductivity, and string the-
ory. The theory of harmonic maps has many important applications to
geometry and topology. Motivated by the seminal work of Eells and Samp-
son ﬂ] on the harmonic map flow, Donaldson ﬂa] established the important
Donaldson-Uhlenbeck-Yau theorem by using the Yang-Mills flow, and Hamil-
ton in M] established many pioneering results on the Ricci flow in order to

settle the Poincare conjecture.

One of the important tasks on harmonic maps is to deal with the very
challenging Eells-Sampson question (e.g. @]) More precisely, let ug be
a given smooth map from M to N. Can uy be deformed to a harmonic

map in its homotopy class?

Received July 22, 2013 and in revised form January 14, 2014.
AMS Subject Classification: 58J05, 58J35.

Key words and phrases: Harmonic maps.

187


mailto:hong@maths.uq.edu.au

188 MIN-CHUN HONG [June

The Eells-Sampson question is a question of establishing existence of
a smooth harmonic map representative in a fixed homotopy class of maps
between two manifolds. Main purpose of this note is to discuss three classical
results related to this question. We will discuss this question for the case
that the target manifolds N have non-positive sectional curvature and some
results of minimizing the Dirichlet energy. More precisely, in Section 3, we
will outline some key proofs of the classical results of Eells-Sampson H] on
the harmonic heat flow. In Section 4, we will discuss the result of Sacks-
Uhlenbeck @] in homotopy classes in 2D. In particular, we will present
some new proofs on the Sacks-Uhlenbeck result @] by using an estimate of
Trudinger [34], which improved the Moser-Harnack estimate [23]. In Section
5, we will outline some key proofs of Schoen-Uhlenbeck @] on the partial
regularity of minimizing harmonic maps (see also Giaquinta-Giusti [10]).
This note was lectured by the author in the Winter School on Geometric
Partial Differential Equations at Brisbane, Australia from 2-13 July 2012.

Finally, I would like to dedicate this paper to Professor Neil Trudinger
on the occasion of his 70th birthday.

2. Harmonic Maps between Manifolds

Let M be a n-dimensional Riemannian manifold (with or without bound-
ary) with a smooth Riemannian metric g. In a local coordinates around fixed
point p € M, g can be represented by

g = gijdr; ® dx;,

where (g;;) is a positive definite symmetric n x n matrix. Let (¢¥) = (g;;) 7"

be the inverse matrix of (g;;) and the volume element of (M;g) is

dvy = \/@dw,

where |g| = det (gi;). Let (IN; h) be another [-dimensional compact Rieman-
nian manifold without boundary (isometrically embedded into R¥), with a

smooth Riemannian metric h.

For a map u : M — N, its Dirichlet energy functional is defined by

E(u) = /M e(u) dvy,
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where the density function e(u) is given by

5 1 ou® ou’

1 ij
e(u)(gj) = §|VU(ZE)| §a%;jg (x)hozﬁ(u(fﬂ)) aZEZ 8—%
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A smooth map u from M to N is said to be a harmonic map (ﬂg]) if u

is a critical point of the Dirichlet energy functional FE; i.e. it satisfies

Apu+ A(w)(Vu, Vu) =0

in M, where A,y is the Laplacian operator with respect to the Riemannian

metric of M and A is the second fundamental form of V.

Next, we will give details to get the harmonic map equations.

We recall that a Riemannian manifold M is a smooth manifold which

is equipped with a Riemannian metric g; i.e. for each tangent space T, M,

there is an inner product (-,-). In local coordinates,

o _ /9 9
Y=\ 5zt 93 |-

For X,Y,Z € C>*(TM), the connection V satisfies

XY, Z)=(VxY,Z)+ (Y,VxZ)

The connection, which satisfies the above identity, is called Riemannian. In

local coordinates, the Christoffel symbols are defined by

. .0
Vs gar) = Tar

More precisely, the Christoffel symbols Ffj can be expressed by

Tk = %gkl (% g Ggij) .

oxt = Oxd  Ox!

We recall that the curvature tensor of Levi-Civita connection R is given by

R(X,Y)Z =VxVyZ ~NVyVxZ —Vixy)Z
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for X,Y,Z € C°°(TM). In local coordinates,

o o\ o . 90
R <a_ a_> B~ g gk

. o o\ o 0
Ay = s = (R (5555 ) k- 51

In local coordinates, we have
orsy  ark
sz‘j = <ale - 81'3 Fzm ;? F]m ?ll (1)

Let N be another compact Riemannian manifold with a metric h.

We set

Let v = (u',...,u!) be a C'-map from M to N. Intrinsically, the
differential du of u is given (see ﬂg] or ﬂﬁ]) by

which can be considered as a section of the bundle 7*M ® u~'(T'N). Then
we define the energy density

) 1, ou® ouP
e(u) = 5 (du, du) e ygums oy = 597 hos(W) 57 55

We define the energy of u as
E(u) = / e(u) dvg.
M
Assume that u is a critical point of £. Then for all admissible variation
p € Cg°(M)

=0.
t=0

d
ZEu+t
o (u +typ)

It implies that

o out 0P 1 ou® du
— ij ij \/
0 /M< haga a]-i— ghagugo e (9]> lg|dz
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 Ou® Ou’®
— B gy _ OB
/ 907 <\/|9 ) ap” dx /Mg B 57 eV lglde
au ouP
+/M_g haﬁu‘p 8 a]\/|g|

Put n* = hagcpﬁ; ie. ¢? = hPyY. Then

0 -ouY
: /M@wj ( ol oz’ >77 e

1

, au ouP
—= [ ¢ine(h [ "]gld
2/]\49 ( ao,uP + B, B, 8 a J ’g z

which implies

1 9 o Ou
A= 2 9 . .
MU gl 9z (\/mg axi> (u)(Vu, Vi),

where A(u) = (A, ..., Al) is given by

ou® ouP
A(u)"(Vu,V giT?
(U) ( u, U) afs (9(132 8(173
Let ¢ be a vector field along u, i.e. a section of w~*(TN). In local

coordinates

9
ou®

W =V, (ﬂﬂ( o ) et

oy 9 T
= s ®dr YT

b = %(x)

and

® dx'

which is a section of T*M ® u~'(T'N). Then v induces a variation of u by

U () = expy () (1Y (7).

We compute

0= LB

- / (du, dup) 2)
M

t=0
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= f (v (i) o)
__/M< o du, 7 (@ )aid >

= —/ (traceVdu, 1)
M
for all 1/, where V is the covariant derivatives in 7*M @ v~ (T'N). Note

, . 0 0
i _ My ) k — N o
V%daz = [y, dz”, Vauﬁ((?uo‘) B
Then we write Vdu = V_»_(du)dz? with
oxJ
ou® | 0
Voo (du) = Voo (Gt ® 505)
Pux . 0 e Ou® 0 Neg Ou®Ou? 0
= ——d'® — — "I}, — — I)———dz' ® —.
0zt de’ Ju® 17 i de ou® T tas Ozt Oz7 de’ ou’

From the above, we have

Lemma 2.1. The harmonic map equation is
7(u) := traceVdu = 0,
where T(u) = 77 (u )87 satisfies

o 0%ue Mk Ou’ Ny Ou® Ou’
TU(U) =g awzawj glj Fz]a & + g g Faﬁ 3%’ afL'j

Another way to derive the harmonic map equation:

Let N € RX be an embedded compact manifold in R¥. Then there is
a 0 = 6(N) > 0 such that the nearest point project map Iy : Ns — N is

smooth, where
Ns = {yeRk :d(y,N) = in]f;fly—x] <5},
jAS]

and IIx(y) € N is the projection such that |y —IIx(y)| = d(y, N) for y € Ns.

The second result is:
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Remark 2.2. A smooth map u from M to N is harmonic if and only if it

satisfies

Ayu LT, N.

Proof. Note that dII, : R¥ — T, N is a tangential projection map for any
u € N. For any smooth ¢ € C§°(M, R¥), set

Uy = H(u + t¢)

If w is a critical point of F, then we have

4
di

t=0
/ AMu dI1,, )((b(ac))> dvy
/ dHu(x (Apgu), ¢> dvg = 0.

In fact, one can show that

(dILy@))(Apu) = Apu — d2Hu(x)(Vu, Vu) = Apyu+ A(u)(Vu, Vu). O

3. The Heat Flow Approach

In their pioneering paper ﬂ], Eells and Sampson introduced the har-
monic map flow to establish existence of harmonic maps for the case that

the sectional curvature of the target manifold is non-positive.

In this section, we consider the following evolution problem:
Oru = Apyu+ A(u)(Vu, Vu) (3)

with u(x,0) = ug. We call ([3]) the heat flow for harmonic maps.

The global estimate is:

Lemma 3.1. If u(z,t) is a solution to the harmonic map flow @) in M x
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[0,T) for some T with 0 < T < oo, we then have

t
E(u(-,t))—l—/o /M|8tu|2dvdt:E(u0)
for any t € [0,T).

Proof. Taking ¢ = % in (@), we have

%E(u(,t)) = /M (Vo,du, du) = /M <d%,du>

L) L3

ot
The result follows from integrating by parts. O

Let RM and RYN be the Riemannian curvature tensors of M and N

respectively.

Let Ric™ denote the Ricci curvature of M and K% be the sectional
curvature of N. Then

Lemma 3.2. Let u(z,t) be a solution to the harmonic map flow in M x[0,T].
Then we have

(0 — Dnr)e(u) = — |V2ul* + (du - Ric™ (e;), du - e;)
— <RN(du e, du - ej)du - e;, du - ei> ,

where {e;} is an orthonormal frame at x If KN <0, then

(0 — App)e(u) < Ce(u).

Proof. This original approach is due to Eells-Sampson H] Our proof is
essentially due to Jost [1§].

We introduce normal coordinates at the points x and u(x) such that
gij(x) = d;; and hag(u(x)) = dap and all first derivatives are zero, so the
Christoffel symbols vanish at 2 and u(z). Since u is a solution of the har-
monic map flow,

o’ 0*u° s Mk ou’

. ou® ouP
= — o i Npo
ot~ 9 ogiow 9 tiggR T

B 9at ard”
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Differentiating this equation at the point x along the direction of z!, we have
Pus Oul 1 ou’
oriorior ot + 5 (gik;ximl + Gikwiat — gii;xkxl) W

1 Au® OuP ou”
= 5 (hagwsun + hapuour = hapuewr) o 5z o

In the coordinates, we have at x

]

g;mkxk = —Gij;ahak
and by the chain rule
Aprhog(u(z)) = hag;uamugku;’k
Combining the above estimate, we have at z
1 ij 8
(Arr = 0r) | 597 hagugsul;

1
_ « o e} « l] a, B

2
= |Vd 2 L o ) PR e
- ’ 'LL’ - 5 (gij;xkxk + Ikkyzioi — Gkjakzt — gkj;xk:cl) Ui Uy
B v
+ 5 (haﬁ-uaqﬂ + ho’ﬂy'uauﬁ - hoéo';uﬁu’y - hﬁo’;uau’Y) 'LL iU, uxku
— 24 M, B v
= |Vdu|* + R U UG — Ragg,y U UTEU

where at  we noted RZM = gklRZk]l = R%jk and

M
Rklij (gjk;:(:l:(:i + Jikswiai — Yjliakai — Yikyalad — Glkaiai + gil;:ck:(;j)

(.gyk alei 1 9il; whad = Gjliakzt — gik;mlmj) :

l\?l)—‘NI)—‘

Since ¢; = % is an orthonormal frame at x, we have
1

Apre(u) — %e( ) =|Vdu|* + % (du - Ric™ (e;), du - ei)

- % <RN(du cej du - ej)du - e, du - e;)



196 MIN-CHUN HONG [June

If Ky <0, we have

This proves our claim. O
The following is the well-know Moser-Harnack estimate:
Lemma 3.3. Let f € C®(Bg(xq) x [to — R%,to] be a nonnegative function
satisfying
(O —Am)f <Cf

for a constant C' > 0. Then there is a constant C' such that

to
f(zo,t0) < CRn+2/ / fdvgdt.
to—R? Br(zo)

0
The following theorem is due to Eells-Sampson ﬂ]

Theorem 3.4. Let M and N be two compact Riemannian manifolds without
boundary. Assume that the sectional curvature KN is non-positive. Let
ug € C®°(M,N) be a given map. Then there is a global smooth solution
u € C®(M x [0,00)) such that the harmonic map flow with initial value ug
has a global smooth solution. Ast — oo suitably, u(-,t) converges smoothly

to a harmonic map Use.

Proof. By the local existence, there is a unique smooth solution in M x [0, T].

Using LemmasB2H33] there is a constant C' such that |Vu/ is uniformly
bounded in M x [0, 00). By the LP-estimates, we can show there is a constant
C = C(p, M, N) such that

lullw2p(Brx—r2,1)) < CPy M, N)

for some R > 0. By the bootstrap method, u is smooth in M x [0,00). By

the energy inequality, we know

/ / Oul? < B(ug) < +oo.
0 M
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Using the harmonic map heat flow, there is a sequence t; — oo such that
ug(+, tr) = 0 and u(-, 1) — uso smoothly satisfying

Apptos + At ) (Vie, Vi) = 0. O

In fact, uoo is unique due to Hartman ﬂﬁ]

Lemma 3.5. Let u(x,t,s) be a smooth family of solutions of the harmonic
map flow with initial values u(z,0,s) = g(z,s) for 0 < s < sg. Assume
again that N has non-positive sectional curvature. For every s € [0, o]

sup sup <h 8LOC(?—LLB)
s€l0,1] zeM o ds Os

18 mon-increasing in t.

Proof. Using normal coordinates we can obtain

(A=

kuu

2) utou’\ L Pu 9Pl R oy
o’ \"® a5 0s ) T "P orkos oukos 2" B

Since KV < 0,

0 ou® ou’
- = —~ 2" )>o.
(& at)<h°‘5 Os 8s>_0

Then the result follows from the maximum principle for the parabolic equa-
tions. O

Assume that uq and ug are smooth homotopic maps from M to N and
f:Mx[0,1] — N is a smooth homotopy with f(x,0) = uy(z) and f(x,1) =
uz(z). Then the curve f(x,-) is connecting uj(z) and ug(z). Let g(x,-) be
the geodesic from w;(z) and uy(z), parameterized by the arc length. We
define d(u; (), ug(x)) to be the arc length of the geodesic arc. Then

Lemma 3.6. Assume again that N has non-positive sectional curvature.
Let u(x,t,s) be a smooth family of solutions of the harmonic map flow with
initial values u(z,0,s) = g(z,s) for 0 <s <1. Then

sup J(u(:n, t,0),u(z,t,1))
zeM
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is non-increasing in t € [0,T].
Proof. By the construction, at ¢ = 0 we have

ou® 8u5 89 9 5
has 5 55 ) = L d ,0,0),u(x,0,1
“5( # Bs as> sup | 5% = sup & (u(x, 0,0), u(a, 0,1))

For each ¢ € [0, 7],

~ ou® ouP
d? (u(z,t,0),u(z,t,1)) < sup sup <ha ——)
( ( ) ( )) s€[0,1] zeM 7 ds 0s

since u(x, t,-) is a curve joining u(x,t,0) and u(z,t,1) in the homotopy class.
The claim follow from Lemma O

Let uo be the limit of u(z, ;) as t, — oo and 7y be the limit of u(z, ;)

as t;, — 00. By the above Lemmas,
d(u(, t, + 1), o) < d(u(®, k), too)-

By choosing a subsequence t;, we show that e, = Tise-

4. The Sack-Uhlenbeck Functional and Applications

In the two dimensional case, Lemaire ﬂﬁ] and Schoen-Yau @] estab-
lished many existence results in each homotopy class under certain topolog-

ical conditions.

In a well-known paper @], Sacks and Uhlenbeck established many ex-
istence results of minimizing harmonic maps in their homotopy classes by

introducing a family of functionals

Fa(u) = /M(1 V) d

for « > 1. The a-functional FE, is now called the ‘Sacks-Uhlenbeck func-
tional’. For each a > 1, there is a minimizer u,, of E, in the same homotopy

class.
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Lemma 4.1. Let ug € C*°(M,N) be a given map. For each o > 1, there is
a minimizer uq, of Eq in the homotopy class [ug]; i.e.

Eo(uy) = inf { By (v) : v e W2 (M, N), [v] = [ug]}.
Moreover, u,, satisfies

V [Vul? - Vu

Apu+ (o —1
M ( ) 1+]Vu\2

+ A(u)(Vu, Vu) = 0. (4)

Proof. Set
Mo = inf {E,(v) : v € WM, N), [v] = [ug]}.

Then mq < Eu(up) < C for a uniform constant C' > 0 in . There is a
minimizing sequence in [ug] such that

/ \Vui]%‘ <14 m, for alli.
M

By the lower-semi continuity of E,, we have

E,(uy) <liminf E,(u;) = myg,

1—»00

Note that u; converges to u, in W2® weakly and in C#(M, N) with 3 =
- é by the Sobolev inequality, so [us] = [ug]. Therefore, u; — uq in W1H2®
strongly. It is easy to check that u, satisfies (). O

The following theorem is due to Sacks-Uhlenbeck @]

Theorem 4.2. Let u,, be critical points of E, and E.,, < B for some constant
B >0. Asa — 1, u, weakly sub-converges to a map u in WH2(M, N). Then

there is a finite numbers of points {x1,...,xr} C M such that u, converges
to u in C°(M\{z1,...,xp},N). Moreover, u can be extended to a smooth
map n M.

Moreover, a bubbling phenomenon occurs by studying the limits of the
critical points of E, as v — 1 (see section 4 in [26]).

One of key steps is to derive a Bochner type formula. Let (g;;) be a
Riemannian metric on M. Then



200 MIN-CHUN HONG [June

Lemma 4.3. (Bochner’s type formula) Let u(x) be a smooth solution to the
a-equation () and set e(u) == |Vul>. Then, for a — 1 sufficiently small, we
have

. (a — 1) " ouP 4 ouP a2e(u)
) (2 J > -
<g vl e om ) dwow, = WD, )

where the constant C' does not depend on a and w.

Proof. In a neighborhood of each point © € M, we can choose an orthonor-
mal frame {e1,es}. We denote by V; the first covariant derivative with
respect to e; and by u;; the second covariant derivatives of u and so on. In
a local frame, we have

2
Vie(u) =2ujul,,  |V2ul> =" |u),|*
kiyy

The Ricci identity is
Wiki = Wigk + Rigus,

where R is the Ricci curvature. Then we have

ulu?
Vi | (6 + 2(0 — 1) ——L—)V,e(u)
’ 1+|Vu?’

B, B, v

U, U Uy, Uy, -

— oV, [ W), +2(a — 1)L * ki
(“ ( )1+\vuy2

— 2V2ul + 20l +4(a — 1)V, | £ 4
’ ‘ k ik ( ) 1‘+|‘7UF

Y38
IV2ul? + 2u) Vi | ul, + 2(a — 1)% — Ce(u)
1+ |Vu|

v

for a— 1 sufficiently small, where we used the Ricci identity twice for switch-
ing third order derivatives. Using the a-equation () and the Young’s in-
equality, we have

uﬁ“? 2
— | 6ij +2(a — 1) ——— | Vie(u
( J ( )1'+‘VM”2) 7 ()
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IN

—%|V2u|2 — 2]V (A7 (u)(Vu, Vu)) + Ce(u)
< Ce(u)(e(u) + 1)

for o« — 1 sufficiently small. This proves our claim. O

The following local Harnack inequality is taken from Theorem 9.20 of
Gilberg-Trudinger’s book ﬂﬁ]

Lemma 4.4. Let v(z) € W2™(Q) and let
a;;Dijv+Cv >0,
where a;; are measurable functions in Q0 C R™ satisfying
A < a¥ (2)€8; < Al¢*

for any two positive constants A and A. Then for any p > 0 and R > 0 with
Bgr(x) C Q, we have

1/p
i P
’U(w)’§C<R"/]3R(x)( >) .

Remark. Moser ] proved the inequality for p > 1 and Trudinger @]
proved the inequality for all p > 0. In fact, we need the case for p = 1.

The following e-regularity estimate is essentially due to Schoen in ﬂﬂ]

Lemma 4.5. Let u(z) be a solution of the a-equation (J)). There is a small

constant g > 0 such that if

/ V(o) do <
Br

for a ball B with some R > 0, then

C

|Vu(z)|? < 2 \Vul*dv, Yz € Bprya,
Br

where the constant C depends not on x and .
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Proof. We choose oy € [0, R] such that

(R — 09)*supe(u) = max {(R —0)?sup e(u)} .
Bo, c€[0,R] By

Let zg be the point in By, such that

ep =: e(u)(xg) = sup e(u).
Bog

Set pg = %(R — 00), which implies R — (09 + po) = po. Then

sup e(u) < sup e(u) < 4eg.
Bpo (z0) Bao+po

We claim

ro = (e0)/?po < 1.

Otherwise, we may assume that 79 > 1; i.e. eo(R — 09)? > 4. We define a
new map v € C%(B,, (7)) by

x
v(z) = u(zo + 1—/2)
€o

for € B,,(0). Then v satisfies the scaled a-equation

div((eg '+|Vv|?)* 1 V)
(eg '+ Vo[*)ot

+ A(v)(Vv,Vv) =0

and

By Lemma 3] and (@), we have
—aij(v)V?je(v) < Ce(v),

where
() = 6y 4 20— T
a;;(v) = d;5 a— .
ij ij e+ Vol

The symmetric matrix (a;j(v)) has positive eigenvalues satisfying the uni-
form elliptic condition. By the Moser-Trudinger estimate (Lemma [4.4]), we
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have

1 = e(w)(0) < C’/B ECHLEE

which is impossible if we choose gy small, where we note

/Bro(o) e(v) = /Bpo(:co) e(u) < gp. (7)

This proves that rg < 1.

Using the Moser-Trudinger estimate again, we have

1=re(v)(0) < CT’O_2/ e(v) = C’% e(u)
By, €000 J By (wo0)

which implies

2
<§> Vu(z)[* < degpf < C/ Vu|?dv, Yz € Brj. 0
Br

Using above two Lemmas, We prove Theorem

Proof. We can see that there is a constant C' such that

/ |Vuo|> < C.
M

Then there are finite singular points of the set
Y= {3317"' 7'1"1}

such that for every point g € M\X, there is 7o > 0 satisfying

/ |Vua|* < €9
By (z0)

By Lemma 4.5, we have
||Ua\|ck(BT0/2(m0)) < C(k,x0), Vk>1.

Then there exists a subsequence such that u,, — u in CF_(M\X, N) for all

k>1and u € C®°(M\X, N) is harmonic map. By the removable singularity
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theorem (see ﬂﬁ] and also below Theorem [A.8)), u € C*°(M, N). O

Theorem 4.6. If dim(M) = 2 and mo(N) = 0, then any smooth map g is

homotopic to a smooth harmonic map.

Proof.Let u; = uo, be the above minimizers of E,, in the same homotopy
class [ug]. Using Theorem H2] there exist finitely many points z1,...,1;
such that u; converges to u smoothly in M away from these points. By the
well-known removable singularity theorem on harmonic maps (see below), u

can be extended to a smooth map on M.

Without loss of generality, we assume that [ = 1. Let n(r) be a smooth
cutoff function in R with the property that n = 1 for » > 1 and n = 0 for
r < 1/2. For some p > 0, we define a new sequence of maps v; : M — N
such that v; is the same as u; outside B,(z1), and for x € B,(z1),

X _
o) = expuge (1) st outo)).

where exp is the exponential map on N.

We claim that
H’Ui - UHWLQ(M) —0 (8)
as 1 — 00.

To see this, it suffices to consider B,(r1) \ B,/2(71) because v; = u
on B,(x1) and v; = u; outside By(w1). On the other hand, u; con-
verges to u on By(x1) \ B,j2(x1) strongly in W'? and C? for some £ > 0.
Hence for large i, v;(By,) \ Byj2(1)) lies in a small neighborhood of

u(xy1), where exp;(lx) is a well defined smooth map (if p is small). Since

F(y) = XDy (z) <17(‘—9;‘) exp;(lx) y) is a smooth map from a neighborhood of

u(xy) into itself, we have

sup  |V(v; —u)| = sup  |V(Fou; — Fou)
BP\Bp/Z(wl) BP\BP/2('T1)
< C sup |V(uj—u)| =0 asi— oo.
Bo\B,ja(z1)

The claim (§)) is proved.
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Since my (V) is trivial, v; is in the same homotopy class as w;. Since u;
is a minimizer of E,, and u; converges weakly to u in W2, we have

E(u) + |M| < liminf E(u;) + | M|
1—00
< limsup Eq, (u;) < limsup Eq, (v;)
1—+00 1—00
= E(u) +[M],
which implies

E(u) = lim E(u;).

1—00
Now, u; converges to u strongly in W12(M, N), which means that there is no

energy concentration, and Theorem in turn shows that the convergence
is in C# for some 8 > 0 and hence also in C*°(M, N). O

In order to establish the removable singularity theorem of Sack-Uhlenbeck

@] , we need

Lemma 4.7. Let u € C®(B\{0},N) be a smooth harmonic map with
E(u; B) < 400, where B = By. Then for any 0 <r <1,

2T 2 2T
/ (r,0)d0 = 12 /
0 0

Proof. The result is a consequence of the Pohozaev identity (see ])

2
% (r,0)do

ou

or

However, 0 is a singular point. We need to use a test function to cut off the
singularity. For a very small ¢ > 0, let ¢(x) = ¢-(r) € C°(B) with r = |z|
be a cut-off function such that ¢ =0 in B. and ¢ = 1in B\Bg,, 0 < ¢ <1
and |V¢| < 2/e.

Multiplying the harmonic map equation by ¢x-Vu and then integrating
by parts, we have

= | Au- :
0 /B u- (¢px - Vu)dr

:/ <|a,1u|2 _ 1|vu|2> 40 +/ 2l (|z)) <1|vu|2 _ |(9ru|2> dr.
OB 2 B 2

Since E(u; B) is finite, the claim follows from taking ¢ — 0 in the above
identity. O
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Theorem 4.8. If u € C*°(B\{0}) — N is a harmonic map and E(u; B) <
+00, then u e C>*(B,N).

Proof. This proof is due to Sack-Uhlenbeck in ﬂﬁ] Since E' is conformal
invariant, we assume that |’ By |Vu|? < &3, where g is a small constant. For
any nonzero point z € B, we have E(u, B|;|) < &j. Then Lemma (with
a =1) yields

|z|[Vul(z) < C||Vulr2p) < Ceo.
For any integer m > 1, set
Ap={z€B:27™ < |z| <27},

There exists a radial symmetric harmonic function ¢(z) = ¢(r) in A,, to

solve the harmonic equation
Ag=0 in A,

with boundary conditions q(27™) = & 027r w(27™.0)df and q(2-™F) =
1 2T

5= Jo w(27™* ) df. By the maximum principle, we have

(@) = u(@)| = la(r) = u(r,0)| < 2 max {Ju(a) - u(y)]}

T€EAM

1/2
< 273 max |Vu(z)| < C </ ]Vu\z) < Ceyp.
‘x‘SQ—m+2

Multiplying the harmonic map equation by u — ¢ and then integrating by
parts yields that

— u\xr 2200 x—ux2
/B Vla(e) ) = 3 /m\wq() (@))]

T:27m+1

o0 2 ,
- mz_:f/o (q(r) —u(r,0)) - (ur(r,0) — ¢'(r)) do

r=2-m

Note for any m > 1

21
/0 (a(r) — u(r,0)) - ¢'(r) do

r=2"m
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_ <q(2—m)2w - /0 " u(z—m,e)d9> {(r) =0.

Since u, ¢ and u, are continuous, the boundary terms with u, cancel for any

finite m; i.e.

r=2"m+1

©0 2T
S r [ tatr) ~ ur0) w0y

m=1

2
/0 (a(1) — u(1,0)) - ur(1,0) db

r=2-m

m—0o0

2
— lim 2 /0 (@27™) —wu(27™,0)) - u,(27,0) db
2
= [ @ = w0 - 01,0) as.
Since |A(u)(Vu, Vu)| < C|Vul?, we have

/BAU (u— q)‘ < Cllu — gl Lo (B) /B |Vu|?dx < CEO”VUH%Z(B)'

Therefore

[ v aps ( / e —u<1,0>|2d0> - ( / " |ur<1,e>|2d9)

+ Ceol|Vul 72 p)-

1/2

Since ¢ does not depend on 0, it follows from Lemma E.7] that

L=t [ s Parar < [ 9o
2/ 2o o T2 ~JB o

By the Poincare inequality on S', we have

1
/ u—qf*do < / |ug|® df = —/ \Vul? db.
r=1 r=1 2 r=1

Choosing ¢ sufficiently small with o = Ceg < 1, we obtain

(1—50)/ yvng/ IVl
B oB
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By scaling in r, we can obtain

(1_50)/ V2 §r/ iVl =L (/ |Vu|2>
B, 9B, dr By

for all 7 with 0 < r < 1. This implies

[ v <oton [
r B

Using the e-regularity, we have

1
2| Vul2(z) < c/ Vul? < C\xyl—éo/ Vul’, W0 <r<
By, B

This implies Vu e LP(B) for some p>2 and ue C*(B) for some 0<a<1. By
using the elliptic theory of partial differential equations, ue C*°(B, N). O

In fact, we can improve the above result as follows. Let u; be a sequence
of smooth maps minimizing E(u) = [, |Vu|? dv in a fixed homotopy class of
maps. Since u; is bounded in W2, there is a weak limit u in W12(M, N).

In general, u may not be in the same homotopy class, but we can show:

Remark 4.9. Let u be the weak limit of the above minimizing sequence
{u;}. Then it is a harmonic map from M to N and there exist harmonic
maps wy, : 52 — N with £k =1,...,1 such that

l
lim E(u;) = E(u) + Y E(wg)- (9)

i—00
k=1

Moreover, if mo(N) is trivial, then u; converges strongly to u in W42(M, N)
and u is a minimizer in the homotopy class of u;. (see ﬂﬁ], also ﬂﬂ])

5. The Partial Regularity of Minimizing Harmonic Maps

The study of partial regularity of various classes of weakly harmonic
maps has been of great interest for a number of years. Schoen-Uhlenbeck
@] and Giaquinta-Giusti m] established that an energy minimizing map
u : M — N between Riemannian manifolds is smooth in M away from a
singular set X that has Hausdorff dimension < n—3, where n is the dimension



2014] SOME RESULTS ON HARMONIC MAPS 209

of M. Bethuel H] proved that a weak stationary harmonic map w : M — N
is smooth away from a singular set of vanishing (n—2)-dimensional Hausdorff
measure. Lin [L] proved an important result that if there is no non-constant
harmonic map from S? to N, then the singular set of any stationary harmonic
map into N has to be (n — 4)-rectifiable.

Let n and k be positive integers with n > 3. Let  be a bounded
smooth domain in n-dimensional space R” and let N C R! be a compact
k-dimensional Riemannian manifold without boundary for some integer [.

For a map u € WH2(Q, N) := {v € WH2(Q,R!)|v € N}, its Dirichlet
energy is given by

E(u,Q):/ |Vul|? de,
Q

where Vu is the gradient of u.

A map u € WhH2(Q, N) is said to be a (weakly) harmonic map if u
belongs to W12(Q, N) and satisfies

/Q (Vu, Vo) + A(u)(Vu, Vu) - ¢ dvg = 0,

for all ¢ € C>(Q,RY).

Without any assumption on weak harmonic maps, Riviere in @] gave
an counterexample that weakly harmonic maps may have singularities. In
this section, we will prove partial regularity of the classic result of minimizing
harmonic maps by Schoen-Uhlenbeck.

Definition 5.1. For 0 < s < n, the s-dimensional Hausdorff measure H* on
R™ is defined by

H?(A) = lim H3(A), ACR",
with

Hi(A) :inf{er: AcC UBm ri < 6}.

The Hausdorff dimension of A C R" is defined by

dimy(A) := inf {s : H*(A) = 0} =sup {s: H'(4) = oo} .
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The main result of this section is:

Theorem 5.2. Let u € WY2(Q; N) be a minimizer of E(u) in W2(Q; N).
Then, u is smooth in M\X, where ¥ is the singular set of u and is defined
by

Y= {x € Q:uis discontinuous at x.}

Moreover, the Hausdorff dimension of ¥ is less or equal to n — 3.

Lemma 5.3 (Monotonicity). Forn > 3, letu € WH2(Q, N) be a minimizing

harmonic map. Then for any xo € Q and for any two r and R, we have

R2—n/ |vu|2 _82—n/ |VU|2 2/ ,r,2—n
Bpr(wo) Bs(wo) Br(x0)\Bs(zo)

with v = |x — x|

ou|?

ar (10)

Proof. The hint is to use that u,(x) = u(+%) for x € B, with > 0. Using

|z

the minimality of u, we have

0
I =y M (T
B By ’I’L—2 OB, 87"

We omit all details. (see @]) O

In fact, the inequality also holds for stationary harmonic maps.

Assume that u : By — N is a minimizing harmonic map satisfying
B(u: By) :/ Vul2do, < e.
B1

Let ¢ € C®°(R™,R") be a radial mollifying function so that supp ¢ C By
and [z, ¢ =1 (see Chapter 7 of the book of Gilberg-Trudinger ﬂﬁ])

Let h € (0, 1], set

uh(‘/p) = B ¢h($ - y)u(y)dy7 Vz € Bl/27
1
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where ¢"(z) = h™"¢(%£). Then

1
dist?(u”(z), N) <

< 2 uly) - (@) dy<cnz / Vu(y)P dy<Ce,
|Br| /B,

By,

where we used a variant of Poincare’s inequality
[ @ - [ sk iz <c [ v
B By By

For a sufficiently small, uh (B1)2) C Ns, and we can define

uy = HN(UB) : B1/2 — N.

Lemma 5.4. For h = ¢4, we have

A

/ V' < o v, (11)
Biyo B

sup |u(z) — uP(0)]? < Ce'/? (12)
IEGBl/Q

where the constant C does not depend on « and u.

Proof. For any x € By, we have

_ 2
Vu[*(z) =

¢ (x — y)Vu(y) dy
B

</ ¢" (@ — )| Vu(y)* dy
1 2 € 1/2
SCB_" |Vu(y)| dySCﬁ:Cs/ .

By, (x)

The inequality (I2) also follows. O

Let h = /4, 7 = ¢!/, We choose h(z) = h(r), 7 = |z| to be a non-

increasing smooth function of r such that

hz)=h(r)=h, forr <0, hO+7)=0, |I(r) <2/
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Then we set
W) = [~ y)uly)dy
B1
‘We know

Up(g) =1l o u"@)(z) e N.
Then we have

Lemma 5.5. For § € (, %], the above map wy(,) satisfies up = u on
By2\Byyr and

/ |Vuy|?dz < C \Vu|dz
Boy+\Bs Boyo2-\Bo_r

where the constant C' does not depend on 6 and u.

Proof. Since II is smooth, it suffices to prove this lemma for u” instead of

up,. Note that

We compute

oul ou oh
G = [ 900 | geta = b g Vo= | .
Then

[ wersc o(y)|Vul(x — hy) dyd
By, - \By Boy-\Bg v B1

<C |Vul|® d. O
BQ+27’\B977

Lemma 5.6. (Energy decay estimate) For n > 3, there are a small constant
e =e(n,M) and another constant 0 € (0,%) such that if u: By — N is a

minimizing harmonic map satisfying

E(u; By) :/ Vul2do, < e,
B1
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then

o [ v <[ vap (13)
Bg 2 By

Proof. The proof is divided into three parts.

Claim 1: For any 6 € (0, %],

9> / |Vuz |2 < C(6> M + 6%) / |Vu|? (14)
Bg By

Claim 2: There is a 0 € [0,20] with § = &7 with ~, = min{Wl_m, &)

and 7 = £!/8 such that

/ V@ < 05116/ V.
By1-\By By

Claim 3: Since u is minimizing,

/ vt<c [ @,
By r By r

Using Claims 1—3 and noting 6 € [f,20], we obtain

o [ var<en [ v
By By, -

< 092—"(/ |Vl +/ IVu'|?)
By Boy+\Bs

§0(92—"e%+92+5%)/ |Vul? §Cs2%/ |Vul?.
Bl Bl

Choosing ¢ sufficiently small, the required result follows.
Claim 3 follows from Lemma 5.5. Next, we are going to prove Claims
1-2.

To prove Claim 1, let v be the solution of

A’U:O in B1/2

v=u" on 0By 5.
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By the maximal principle, we have

sup [v —u"| < Cel/?,
B2

By the mean value inequality (A|Vv|? > 0), we have

splVoP<c [ (wo<c [ v < c/ IVl
Bia Biyo Biys By

Hence for any 6 € (0, %],

92—”/ Vs 2 < 292—"/ \V(u,—l—v)\2+202_”/ Vo2 (15)
By By By

< 292—"/ |V(uh—v)|2—|—092/ IVl (16)
Bg By

Note

(800" (@ — y)]u(y)dy

n

Aul

n

(86" @ = plu)dy] = | 6@ = y)Dyuly)dy

I
—

" (x — )] Au)(Vu, Vu)(y)dy

which implies

/ i <c | |V
Biys B

Then

/ Vb — o) =— [ Adh@h—v) < 051/4/ Vu.  (a7)
By /2 B2 B

Claim 1 follows from (I5])— (I7).

Now we are going to prove Claim 2.
We recall § = &7 with v < %. Letl = [3%] (> %E_Tlﬁ —1) be the integer
of 3% and write

0,0 +371) = Ui<i<i Ly, |I;| = 37,
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where each I; is a closed interval of length 37. Since 7, < %, > %g_ s,
Then
/ |Vu|?dr = Z ]Vu\2dw§/ |Vul?.
Bj 31, \Bg 1<i<1”’|zl€li By

There is at least one interval I; with 1 < j <1 such that

/ \Vu]zdxgl_l/ ]Vu\2§C€1_16/ |Vul?.
‘w‘EIj By By

Let 6 be the number such that I; = [0 — 7,0 +27] C [#,26], and let h = h(x)
be as in Lemma 5.3. Then u, € W'?(By 9, N) and uy, = u for any |z > 0+,

and

/ Vunl? < cgl—%/ V2.
Boy+\Bsg By

This proves Claim 2. O
As a consequence of this lemma, we can prove:

Theorem 5.7. Letu € WY2(M; N) be a minimizer of E(u) in WH2(M; N).
Then, u is smooth in M\X, where 3 is the singular set defined by

Y={zxeM: lintl)rz_"/ ]VUF > 6(2)} (18)
r—

Br(x)

and H"2(S) = 0.

Proof. 1f zy ¢ X, then there is a 9 > 0 such that

Gl NN\
By (z0)

implying

(%0)2—"/ Vul? <222, Va € By (a0).
Bro(x)

By the monotonicity, we have

7“2_"/ Vul|? <2728 <e, Vre B%o(aco) and 0 <r < %0
()
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for g sufficiently small, where € is the constant in Lemma 5.6. By the above

lemma, there is a 6 € (0,1) such that

92—”/ Vuf? < 1/ IVl
By 2 By

We consider a rescaling map ug(x) = u(6x). Then

/ Vul? = / Yl <.
B

Using again Lemma, we have

2
@ [ vt = e [ wuks g |Vue|2=<1> | i
B, By 2 By 2 By

By the induction argument, we have

| \Ws(l) [ 1w
Bi 2 By

[4

02

For any r € (0,1), there is integer i so that r € [#7*1,67]. Then

Ao [ e [ vat <o [ v
By (z) By By

for some a = log2/(2log #~') > 0. Repeating the above arguments, we can

obtain
7“2_”/ ’VU,‘Z < CT‘2a, Yo € BTQ/Q(‘TO) and 0 < r < TEO
(2)

for some a € (0,1) depending on g9, M and N. By Morrey’s Lemma,
u € CY(B,,/2(70), N).

Next we will show H"2(X) = 0.

Since M is compact and ¥ is relatively closed, by Vitali’s covering lemma

(see Giaquinta’s book ﬂﬁ]), there are disjoint balls {B,, (z;) }ier such that

Y CU;Bs (x;), r; <96
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S0
n—2 noz _ 9" 2 2
H (D) <) (5r)" 7 < |Vul?de < C | |Vul* < 0.
icl E_:0 UieIBrl-(mi) M
Note
meas| Ujer By, (z;)| < C6?
Hence H"2(X) = 0 by letting § — 0. O

Lemma 5.8. Let u; € WH2(Q, N) be a sequence of minimizing harmonic
maps. If u; — u weakly in WH2(Q, N), then u; — u strongly in VV;}S(Q,N)

and u is a minimizing harmonic map.

The proof is based on the application of Luckhaus’s Lemma. (We omit
details and refer to see Leon Simon’s book B] or Lin-Wang’s book ﬂﬂ])

Next we will prove the Hausdorff dimension of the singular set is n — 3.

Following @], we define

¢P(F) = inf {Z ri B C UiBri($i)}

Then
¢P(F) = 0 if and only if HP(E) = 0.

Moreover, if ¢*(E) > 0, then the following density result of Federer holds:

limsup A\ *@*(ENBy) >¢>0
A—=0

for ¢® a. e. x € E (see @])

Lemma 5.9. Suppose u; is a sequence of minimizing maps in WH2(M, N),
which converges weakly to u in W2, Let ¥; be the singular set of u; and ¥

denotes the singular set of u. Then we have

©* (XN By) > limsup ¢*(X; N By)

i—0

for any s >0
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We complete the proof of Theorem

Proof. Suppose u € W12(M, N) is a minimizing harmonic map with the
singular set ¥ C int M. Let 0 < s < n — 2 be such that ¢*(X) > 0. Then by
the density result, we can choose xy € ¥ such that

lim X, °¢®(3X N By, (x0)) >0
)\i_>0

for a sequence of \; — 0. Then we consider the scaled maps uy(z) = u(Az).
By the monotonicity formula (Lemma 5.3) and Theorem 5.9, uy, converges
to a minimizing harmonic map uy weakly in W12(By, N) and strongly in
WH2(B;). Note that ¢*(X) N By) = A%p*(X N By). The density result
implies

lim ¢*(2), NB1) >0
By Lemma 5.9, we obtain
(XN By) >0.

Since 8“0 =0, we have \Xy C Xg for any A > 0.

There are two cases: either s < 0 or there is a point 21 € ¥y N dB; such

that
lim sup A™%¢*(Xp N By (z1)) > 0.
A—0

Then repeating the above argument at xp, there is a radially symmetric
minimizing harmonic map w; with ¢*(31 N By) > 0, where ¥ is the singular
set of 1. If s — 1 < 0, we stop. Otherwise, we repeat the above argument
so that there is a point 2o € X1 NOB;. If we repeat this procedure m times,
we get minimizing harmonic maps u; € WH2(R", N) for j = 1,...,m such
that 6u3 =0 for k =1,...,j. By the construction u,,, it must have that
S—m—l—l > 0 and s < m. Since s < n — 2 and m is an integer, then
m <n—2. If m=mn—2, then we have

Y DRYZ = {(z!) ..., 2"72,0,0)}

which contradicts with the fact that H" 2(%,,) = 0. Therefore, we have
m < n —3. Hence p/(X N By) = 0 for all t > n — 3. This implies that
dim ¥ <n — 3. Oa
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In fact, Leon Simon B] (also also ﬂﬂ]) presented another beautiful
proof based on the ideas of Almgren.

6. Further Developments

In this section, we would like to make a few remarks about harmonic
maps and related topics.

1. Minimizing harmonic maps:

Leon Simon @] proved the rectifiablity of the singular set of minimizing
harmonic maps.

2. Partial regularity result on Stationary harmonic maps:

Partial regularity result on Stationary harmonic maps have been estab-
lished by Bethuel ﬂ] A new approach was presented by Riviere-Struwe ]
Lin ] established a result on the structure of the singular set.

3. Heat flow for Harmonic maps:

Struwe @] proved the global existence of the weak solution to the har-
monic map flow and that the solution to the flow converges to a harmonic
map as t — oo. Chang, Ding and Ye B] constructed an example where
the harmonic map flow blows up at finite time. Chen-Struwe B] (also ﬂﬂ])
used the Ginzburg-Landau approximation to establish the global existence
and partial regularity of the harmonic map flow. Recently, Hong-Yin ﬂﬁ]
introduced the Sack-Uhlenbeck flow in 2D to establish new existence of the
harmonic map flow.

4. Relaxed energy for harmonic maps and a new approximation approach:

Bethuel-Brisis-Coron introduced the relaxed energy functional.
Giaquinta-Modica-Soucek proved the partial regularity using Cartesian
currents. Glaqumta—Hong-Ym | proposed a new approximation method

to prove the partial regularity.

5. Biharmonic maps between manifolds:

Partial regularity of stationary bi-harmonic maps was established by
Chang-Wang-Yang [4], Wang @] and Struwe ﬂﬁ] Recently, Hong and Yin
| solved a problem on the relaxed energy for biharmonic maps.
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