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Abstract

We prove a quadratic interaction estimate for wavefront approximate solutions to the

triangular system of conservation laws

v — vy = 0.

{ ue + flu,v)e =0,

This quadratic estimate has been used in the literature to prove the convergence rate of

the Glimm scheme E]

Our aim is to extend the analysis, done for scalar conservation laws HL in the presence
of transversal interactions among wavefronts of different families. The proof is based on
the introduction of a quadratic functional Q(t), decreasing at every interaction, and such

that its total variation in time is bounded.

The study of this particular system is a key step in the proof of the quadratic inter-
action estimate for general systems: it requires a deep analysis of the wave structure of
the solution (u(t,z),v(t,z)) and the reconstruction of the past history of each wavefront

involved in an interaction.
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1. Introduction

Consider a hyperbolic system of conservation laws

1.1
u(0, x) = u(x) (1)

where u € BV(R,R"), f: R” — R” smooth (by smooth we mean at least of
class C3(R", R™)).

Let u® be a wavefront solution to (LI E], where € is a fixed discretiza-
tion parameter. Let {tj }j:L---?J be the times at which two wavefronts wy, ws
meet or collide; each t; can be an interaction time if the wavefronts wy, wo
belong to the same family and have the same sign; a cancellation time, if
w1, wo belong to the same family and have opposite sign; a transversal inter-
action time if wy, wo belong to different families; a non-physical interaction
time if at least one among wi,wy is a non-physical wavefront (for a precise
definition see Definition [B.2]).

In a series of papers E, , Iﬂ, Iﬁ] the following estimate has been dis-

cussed:

< O(1)Tot.Var.(a)?. (1.2)

> |o(w1) — o(wa)||w:||wy]

|wy] + |ws

t; interaction

In the above formula wi,wy are the wavefronts which interact at time ¢;,
o(wy) (resp. o(ws)) is the speed of the wavefront wy (resp. wsy) and |w]
(resp. |wg]) is its strength. Here and in the following, by O(1) we denote a

constant which depends only on the flux function f.

As it is shown in E, H], the proofs presented in the above papers contain
glitches/missteps, which justified the publication of a new and different proof
in [7].

This last paper H] considers the simplest case at the level of (II),
namely the scalar case v € R, and shows that nevertheless the analysis is
quite complicated: in fact, one has to follow the evolution of every elementary
component of a wavefront, which we call wave (see Section 2 below and also

Definition B3]), an idea present also in E] One of the conclusions of the
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analysis in ﬂ] is that the functional used to obtain the bound (L2]) is non-
local in time, a situation very different from the standard Glimm analysis of

hyperbolic systems of conservation laws.

In this work we want to study how the same estimate can be proved
in the presence of waves of different families. For this aim, we consider the
most simple situation, namely the 2 x 2 Temple-class triangular system (see

| for the definition of Temple class systems)

U + f(u,v)z = 0’ (1 3)
vy — v = 0, ’
with of (O 0 - > —1, so that local uniform hyperbolicity is satisfied. Its quasi-

linear form in the Riemann coordinates is given by

{w e+ <af(uv)>wf =0 (1.4)

vy — v, = 0,

where v = u(w,v) is the Riemann change of coordinates. Being the equa-
tion for the first family v linear, it is sufficient to consider the scalar non-

autonomous PDE for w,

we + (%(w,v))wx =0, (1.5)

3f(0 0)

for some smooth (C3-)function f such that > —1.

The (non-conservative) Riemann solver we consider for (L)) in general
will not generate the standard (entropic) wavefront solution of (I3)): in this
paper, we prefer to study the quasilinear system ((L4)) in order to focus on the
main difficulty, namely the analysis of the transversal interactions. Indeed,
the choice of the coordinates (w,v) and of the (non-conservative) Riemann

solver simplifies the computations.

Using the fact that the transformations w — u(w,v), |v| < 1, are uniformly
bi-Lipschitz, it is only a matter of additional technicalities to prove that the
analysis in the following sections can be repeated for the standard (entropic)
wavefront solution of (I3]). This will be addressed in a forthcoming paper

concerning general systems ﬂ§]
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1.1. Main result

The main result of this paper is the proof of estimate (L2]) for the e-
wavefront solution w. to (LI): the parameter e refers to the discretization
fe of the flux f and to the discretization (w:(0),v-(0)) of the initial data
(w(0),v(0)), with, as usual,

Tot.Var.(w.(0), v:(0)) < Tot.Var.(w(0),v(0)). (1.6)

In order to state precisely the main theorem of this paper (Theorem [I),
as in ﬂ] we need to introduce what we call an enumeration of waves in the
same spirit as the partition of waves considered in E], see also H] Roughly
speaking, we assign an index s to each piece of a wavefront (i.e. to each
elementary discontinuity of size ), and construct two functions x(¢, s), o(t, s)

which give the position and the speed of the wave s at time ¢, respectively.

More precisely, let w. be the e-wavefront solution: for definiteness we

assume w, to be right continuous in space. Consider the set
1
W:=<1,2,..., =Tot.Var.(w:(0)) ¢ CN,
€

which will be called the set of waves. In Section 3.3 we construct a function

x @ [0,400) X W — (—00,+0]
(t,s) = x(t,8)

with the following properties:

1. the set {t : x(t,s) < +oo} is of the form [0,7'(s)) with T'(s) € (0, +00):
define W(t) as the set

W(t) :={s e W | x(t,s) < +oo};

2. the function ¢t — x(¢,s) is Lipschitz and affine between collisions;

3. for s < &' such that x(t, s),x(t,s") < +oo it holds

x(t,s) < x(t,s);
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4. there exists a time-independent function S(s) € {—1,1}, the sign of the
wave s, such that

Dywe(t,-) = x(t,-)5(S(-) ecountiyyy ), (1.7)
where countiyy is the counting measure on W(t) C N.

The last formula means that for all test functions ¢ € C}(R,R) it holds

- /R wolt,2)Dodla)de =& 3 (x(t, 5))S(s).

seW(t)

The fact that x(¢,s) = +o0 is a convention saying that the wave has been

removed from the solution w. by a cancellation occurring at time 7(s).

Formula (7)) and a fairly easy argument, based on the monotonicity prop-
erties of the Riemann solver and used in the proof of Lemma[BTT] yield that

to each wave s it is associated a unique value w(s) (independent of ¢) by the

w(s) = Z S(p
pEW(t
p<s

formula

We finally define the speed function o : [0,400) X W — (—00, +00] as follows:

+00 if x(t,s) = +o0,
<%Conv[wg(t,x(t,s)—),wg(t,x(t,s))]fe) <(l@(5)—6, w(s)), ve(t, x(t, S)))

o(t,s) = if S(s) = +1,
<%CODC[wE(t,X(t,s))wE (t,x(t,5)— ]fs) (( (s),(s)+e),va(t,x(t, 8)))

if S(s) = —1.
(1.8)

We denote by f-(-,v:(t, x(t, s))) the piecewise affine interpolation of f(-, ve(t,
x(t,s))) with grid size e, as a function of w (see Section 1.4 for the precise
definition). The definition (L.8]) of o (¢, s) means, in other words, that to the
wave s € WW(t) we assign the speed given by the (non-conservative) Riemann
solver in (¢,x(t,s)) to the wavefront containing the interval (w(s) — ¢, (s))
for S(s) = +1 or (w(s),w(s)+¢) for S(s) = —1. Note that being f. affine in
intervals of size €, then the value of o (¢, s) is constant for s € (w(s)—e, w(s)).
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We can now state our theorem. As before, let ¢;, j = 1,...,J, be the

times where two wavefronts meet, i.e. a collision occurs.

Theorem 1. The following holds:

J
SN olty,s) —o(tj1,8)lls]

J=1 seW(t;)
< [3||D12Uwf\| + 121og(2)|| D3 ., f | Tot. Var. (v(0, -)) | Tot. Var. (w(0, -))?
+|| D2, f || Tot.Var.(w(0, -)) Tot. Var. (v(0, -)), (1.9)
where |s| := € is the strength of the wave s.

Notice that, since the r.h.s. of (9] is independent of € (under the
assumption (L)), the above theorem provides a uniform estimate of ([L2])
for wavefront tracking solution. In fact, a simple computation based on
Rankine-Hugoniot condition yields

(o) —owDhenlval _ 1) o) o + (o) o) ]

in the case of an interaction of the wavefronts wy, wy generating the wavefront
w, with w; coming from the left and ws coming from the right.

1.2. Sketch of the proof

As observed in E, H], the study of wave collisions cannot be local in
time, but one has to take into account the whole sequence of interactions-

cancellations-transversal interactions involving every couple of waves.

Our approach in this paper follows the ideas of H] we construct a
quadratic functional Q such that

(a) its total variation in time is bounded by O(1)Tot.Var.(w(0),v(0))?;
(b) at any interaction involving the wavefronts wq, ws, it decays at least of
the quantity

lo(w1) — a(ws)||w: |[we]
|wi| + |ws
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The functional can increase only when a transversal interaction occurs, but
in this case we show that its positive variation is controlled by the decrease

of the classical transversal Glimm interaction functional M]

H
Qm():=" 3 Juullsl.

h=1  seW(t)
x(t,s)<x(t,vp)

In the above formula, we denote by {vj,}1<p<p the wavefronts of the first
family generated at t = 0, by {|vp|}1<p<p their strengths, and by x(t, vy),
1 < h < H, their position at time ¢t. Clearly it holds x(¢,vs) = x(0,vp,) — ¢,
and we assume that x(0,vp,) < x(0,vp41) for each h.

Being Q"#" a Lyapunov functional, it follows that

positive total variation of Q(t) < O(1)Q™5(0)
< O(1)Tot.Var.(w(0))Tot.Var.(v(0)),(1.10)

so that, being by construction Q(0) < O(1)Tot.Var.(w(0),v(0))?, the func-
tional ¢ +— £(t) has total variation of the order of Tot.Var.(w(0),v(0))%. In

particular,

left hand side of (L9) at interactions < negative variation of Q
O(1)Tot.Var.(w(0), v(0))?. (1.11)

A

The estimates (9] concerning transversal interactions and cancellations are
much easier (and already done in the literature, see E, H]), and we present
them in Propositions FT],

As in H], Q(t) has the form
Q)= ) alt,ss)slls'].
s,8'€W(t)

s<s’

What differs from the analysis in the scalar case is the computation of the

weights q(t, s, s).

We recall that in the scalar case the computation of q(¢,s,s’) involves

two steps:
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(1) the definition of the interval Z(t,s,s’), made of all waves which have

interacted both with s and s';

(2) the computation of an artificial difference in speed of s, s’, obtained by
solving the Riemann problem in Z(t,s,s’) with the flux of the scalar

equation f.
The fundamental fact in the analysis of the scalar case is that

Property D. The Riemann solution of Point ([2)) divides waves which are
divided in the approzimate solution of the Cauchy problem (L)

As a consequence, two waves which have been separated at a time t; > 0,
can join again at some interaction only if this interaction involves waves

which have never interacted.

The main difficulty we face in our setting (i.e. in the presence of wave-
fronts of different families) is that the two properties above are not true
any more. This has an impact in the construction of the intervals Z(t, s, s’)
(Point ([l) above) and in the definition of the weights g, which is now given
by an ”artificial flux” (Point (2))).

We now address these points more deeply.

1.2.1. Definition of the interval Z(¢,s,s’)

The model situation to be considered here is the following: even in the
absence of cancellations or interactions involving waves which have never
interacted with s, s’, the waves s, s’ can undergo to a sequence of splittings
and interactions due to the presence of the wavefronts of the first family.
In this case, the interval Z(t,s,s’) as defined in ﬂ] does not contain the
information about their common story: in fact, by the definition given in
H], Section 3.3, Z(t, s, ") contains all waves which have interacted both with
s and s, but it gives us no information about the transversal interactions in

which each wave p € Z(t, s, s’) has been involved before time ¢.

Hence, it is more natural to compute the interval Z(t, s, s’) starting from
the last common splitting point.

The drawback of this definition is that, differently from the scalar case
(Lemma 3.17 of H]), the intervals Z(t, s, s') and Z(¢,p,p'), for (s,s") # (p,p’),
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are not in general comparable. However, a fundamental reduction property
still holds, Proposition [4.13]

1.2.2. Computation of the weight q(t, s, s)

The other characteristic of systems is that the scalar reduced flux func-
tion (see ﬂa]) depends (as a function) on the solution. Hence the separation
property cited above is certainly not valid, if we use this reduced scalar flux.
Indeed, as we said before, two waves which have split can be again approach-
ing due only to transversal interactions, which means that the flux function
f of (LA is not separating them when solving the Riemann problem in
Z(t,s,s).

In any case, it is not clear which can be a natural flux function to be used
to compute the difference in speeds as in Point (2]), because of the presence

of the wavefronts of the first family.

In order to overcome this difficulty and preserve the separation Property
(D), we build first the partition P(t, s, s’) of Z(t,s,s’) as follows: P(t,s,s’)
is the least refined partition such that for all ¢ < ¢, if p,p’ are waves in
Z(t,s,s") which are separated at ¢, then they belong to different elements
J,J €P(ts,s), Proposition LIl Tt is fairly easy to see that the elements

J of the partition P(t,s,s’) are intervals.

The weights q(t, s, s’) are then constructed recursively by computing at each

transversal interaction the worst possible increase in the difference in speed

w(t,s,s')[s, s'], see (£9) and Lemma [£T4] and then defining (Z£I0)

0 s,s" joined at time ¢; in the real solution

. ! !
q(tj, S, S/) = ‘w(;,r)(i](’;’fs;[fg(}s)e)' s, s’ divided at time ¢; and already interacted,

HD%uwaLOO s, s’ never interacted.

(1.12)

Another difference w.r.t. the scalar case is that here we do not increase
the weight (¢, s,s’) when a cancellation occurs. Even if we do not obtain
the sharpest estimate on (L9I), this choice is sufficient for proving (L2) and

the analysis is certainly simpler.
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In Section 3.4, we introduce an effective flux function £, which is
defined up to an affine function by the formula (B.7]),

2 ceff

d£?

dw?

0% f
(w) = W(w,v) for a.e. w,

where v = v(t,x(t, s)) for any s such that w € (w(s) —e,w(s)] in the case of
s positive (resp. w € [w(s),w(s) +¢) in the case of s negative). As observed
before, this flux £ is not useful for computing the weights: in fact, its
main use is in the comparison in the difference in Rankine-Hugoniot speed
o™ (£ 7) (obtained by Rankine-Hugoniot condition with flux £ on the
element J of the partition P(t, s, s’)) with the weights 7 (¢, s, s’), see [@LI2]).

In particular, when no transversal wavefronts are present, then, up to a con-
stant independent of J € P(t, s, s'), o™ (£, 7) corresponds to the Rankine-
Hugoniot speed o™(f, J) computed according to the flux f on the interval
J, and hence the weights 7 (¢, s, s’) yield a control on the speed difference.

An important consequence of the fact that the intervals Z(t,s,s’),
Z(t,p,p') for (s,s") # (p,p’) are not comparable, is that the reasoning of
Theorem 3.23 of é]
proof) cannot be carried out.

(precisely the inequality before (3.16) in Step 4 of the

However, the separation property of the partitions P(t,s,s’) allows to
divide the pairs of waves (s, s’) (involved in an interaction of the wavefronts
L, R, with s € L, s € R) according to the last transversal interaction-
cancellation time which splits them (Lemma EI7)). The proof of Point ()
of page then proceeds by considering a subtree D of {1,2,3}<N and by
constructing for each o € D a subrectangle ¥, = L, X R, of £ x R, such
that the following estimate holds:

oM(f La) =M (RS Y wltys, ), sl

(s,8")EY,
(s,s’) already
interacted

+ Y ID2ufle (121 + R IsllS
(s,8")EV,
(s,s") never
interacted

This is done in Lemma 4. I8] for the elements ¥, with « final leaf of the tree
D. A standard argument allows to move backward the above estimate to all
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the elements ¥, o € D, obtaining finally

ML) =M (FR) S Y w(tia,s,s)ls, sl
(s,s")ELXR
(s,s’) already
interacted

> D2l (€14 IRT)Isl)s')
(s,s")ELXR
(s,s’) never
interacted

Dividing both side by |£| + |R| and remembering the definition of q(, s, s")
(CI2), we obtain the proof of Point ().

1.3. Structure of the paper

The paper is organized as follows.

Section 2 provides some useful results on convex envelopes. Part of these
results are already present in the literature, others can be deduced with little
effort. We decided to collect them for reader’s convenience. Two particular
estimates play a key role in the main body of the paper: the dependence
of the derivative of the convex envelope of f when f changes (Proposition
2.12) and the behavior of the speed assigned to a wave by the solution to
Riemann problem [u”, u%] when the left state u” or the right state u’ are
varied (Proposition 2.1T).

The next two sections contain the main results of the paper.

In Section 3 we introduce the main tools which are used in the proof of

the main theorem, Theorem [Il

After recalling how the (non-conservative) wavefront approximated solution
w, is constructed, we begin with the definition of the wave map x and of enu-
meration of waves in Section 3.3, Definition This is the triple (W, x, W),
where x is the position of the waves s and w is its right state. In Section
3.3.3 we show that it is possible to construct a function x(¢, s) such that at

any time (W, x(t),w) is an enumeration of waves, with # independent on t.

The second tool is the definition of the effective fluz function £, Section

3.4, and we list some of its properties.
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Finally in Section 3.5 we recall the definition of transversal Glimm interac-
tion functional Q" and Proposition [3.I14] recalls the two main properties
of Qtrans.

Once we have an enumeration of waves, we can start the proof of The-
orem [I] (Section 4).

First we study the estimate (L.9) when a single transversal interaction or
a cancellation occurs. These estimates are standard (see for example E, H])

In the case of a transversal interaction, the variation of speed is controlled by
the strength of the wavefront of the first family interacting with the solution
w., and then the Lh.s. of (L) is controlled by the decay of Q2. The
precise estimate is reported in Proposition [T}, Corollary completes the

estimate (L9) for the case of transversal interaction times.

For cancellation times, the variation of speed is controlled by the amount of
cancellation, which in turn is bounded by the decay of a first order functional,
namely Tot.Var.(w.(t,-)). This is shown in Proposition 3] where the de-
pendence w.r.t. Tot.Var.(w.(t,-)) and ||Dyy f|/re is singled out. Corollary
[£4 concludes the estimate (L)) for the case of cancellation times.

The rest of Section 4 is the construction and analysis of the functional
described above (Section 1.2), in order to prove Proposition L5l This propo-
sition proves (L9) for the case of interaction times, completing the proof of
Theorem [II

In Section 4.1 we define the notion of pairs of waves (s, s’) which have never
interacted before a fixed time t and pairs of waves which have already in-
teracted and, for any pair of waves which have already interacted, we asso-
ciate an interval of waves Z(t, s, s") and a partition P(¢, s, s") of this interval,
which in some sense summarize their past common history. In order to
overcome the difficulty mentioned at the beginning of Section 1.2.1, we in-
troduce the time of last interaction T(t,s,s’) (@), defined as the last time
before ¢ such that s, s’ have the same position. The computation of Z(¢, s, s')
starts from time T(¢,s,s") (see ([LR)) as well as the construction of the par-
tition P(t,s,s’). The desired separation properties of P(t,s,s’) are proved
in Propositions AI1] and

In Section 4.2 we write down the functional £ in order to conclude the proof
of Theorem [l



2014] QUADRATIC INTERACTION FUNCTIONAL 499

Then we study separately the behavior of 9 at interactions and transversal
interactions-cancellations. Theorem and Corollary in Section 4.3
prove that the functional 9 decreases at least of the quantity (L9) at a single
interaction time.

Theorem .20 in Section 4.4 shows that the increase of £ at each transversal
interaction time is controlled by the decrease of the transversal Glimm inter-
action functional Q"#". The behavior of Q at cancellations is elementary,
due to the definition of the weights q(t, s, s’), see the end of Section 4.2.

These two facts conclude the proof of Proposition 5] as shown in Sec-
tion 1.2, namely estimates (LI0) and (LITJ).

1.4. Notations

For usefulness of the reader, we collect here some notations used in the
subsequent sections.

o g(ut) = limy y,+ g(u), glu—) = lim, 4, - g(u);

e ¢'(u—) (resp. ¢'(u+)) is the left (resp. right) derivative of g at point u;

o If g:a,b] = R, h:[bc — R are two functions which coincide in b, we
define the function gU h : [a,c] — R as

) glx) if z € a,b],
gUh(x) = { h(z) if x € [b,¢].

e Sometime we will write R, instead of R (resp. [0,+00); instead of
[0,+00)) to emphasize the symbol of the variables (resp. = or t) we
refer to.

e For any f: R — R and for any € > 0, the piecewise affine interpolation
of f with grid size € is the piecewise affine function f. : R — R which
coincides with f in the points of the form me, m € Z.

e If a,b € N, we will denote by [a,b] := {n eN | a<n< b}. From the
context it will be always clear if [a, b] is an interval of natural number or
the usual interval of real number.

e Given a Lipschitz function g : E C R — R, we denote by

. v) — g(u
u,veE ’U - u’
UF£v
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the best Lipschitz constant of g.

2. Convex Envelopes

In this section we define the convex envelope of a continuous function
f:R — R in an interval [a,b] and we prove some related results. The first
section provides some well-known results about convex envelopes, while in
the second section we prove some propositions which will be frequently used

in the paper.

The aim of this section is to collect the statements we will need in
the main part of the paper. In particular, the most important results are
Theorem 5] concerning the regularity of convex envelopes; Proposition
[2.17] referring to the behavior of convex envelopes when the interval [a, b] is
varied; Proposition Z.12] referring to the to the behavior of convex envelopes
when the function is varied: these estimates will play a major role for the

study of the Riemann problems.

2.1. Definitions and elementary results

Definition 2.1. Let f: R — R be continuous and [a,b] C R. We define the

convex envelope of f in the interval [a,b] as
convigp f(u) 1= sup {g(u) ‘ g :la,b] = R is convex and g < f}

A similar definition holds for the concave envelope of f in the interval
[a,b] denoted by concpyp f. All the results we present here for the convex
envelope of a continuous function f hold, with the necessary changes, for its

concave envelope .

Lemma 2.2. In the same setting of Definition 2.1l convi,y f is a convex
function and convigy f(u) < f(u) for each u € [a,b].

The proof is straightforward.

Adopting the language of Hyperbolic Conservation Laws, we give the

next definition.
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Definition 2.3. Let f be a continuous function on R, let [a,b] C R and
consider convi,y f. A shock interval of convi, ) f is an open interval I C [a, b]
such that for each u € I, convi, f(u) < f(u).

A maximal shock interval is a shock interval which is maximal with
respect to set inclusion.

A shock point is any u € [a,b] belonging to a shock interval. A rarefac-
tion point is any point u € [a,b] which is not a shock point, i.e. any point
such that convy, y f(u) = f(u).

Notice that, if u € [a,b] is a point such that convy,y f(u) < f(u), then,
by continuity of f and convi,y f, it is possible to find a maximal shock
interval I containing u.

It is fairly easy to prove the following result.

Proposition 2.4. Let f : R — R be continuous; let [a,b] C R. Let I be a
shock interval for conv,y f. Then convi,y f is affine on I.

The following theorem is classical and provides a description of the reg-
ularity of the convex envelope of a given function f. For a self contained
proof, see Theorem 2.5 of [7].

Theorem 2.5. Let f be a CY' function. Then:

(1) the convex envelope conv(qy f of f in the interval [a,b] is differentiable
on [a,b];

(2) for each rarefaction point u € (a,b) it holds

d d
) = - conviy £ (w);

(3) d%conv[mb] f is Lipschitz-continuous with Lipschitz constant less or equal
than Lip(f').

By “differentiable on [a, b]” we mean that it is differentiable on (a,b) in
the classical sense and that in a (resp. b) the right (resp. the left) derivative
exists.
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2.2. Further estimates

We now state some useful results about convex envelopes, which we will
frequently use in the following sections.
Proposition 2.6. Let f : R — R be continuous and let a < u < b. If
convigp f(u) = f(u), then

conv[a,b]f = conv[aﬁ]f U CODV[ﬂ,b}f-

Proof. See Proposition 2.7 of H] O

Corollary 2.7. Let f : R — R be continuous and let a < u < b. Assume

that u belongs to a mazimal shock interval (uy,us) with respect to convigp f-

Then COHV[aﬁ]f’[a,ul] = Conv[a,b}f’[a,ul]-

Proof. 1t is an easy consequence of Proposition [2.6] just observing that by

maximality of (u1,uz), convigy f(u1) = f(u1). O

Proposition 2.8. Let f : R — R be continuous; let a < u < b. Then

(1) (%Conv[a,ﬂ}f) (ut) > (%conv[a,b}f) (u+) for each u € |a,u);
(2) (%Conv[a,mf) (u—) > (%CODV[a,b}f) (u—) for each u € (a,ul;
(3) (%conv[u o).f) (ut) < (%conv[mb}f) (u+) for each u € [u,b);
(4) (%conv[@b]f) (u—) < (%conv[a,b}f) (u—) for each u € (u,b].

The above statement is identical to Proposition 2.9 of H], to which we

refer for the proof.
Proposition 2.9. Let f : R = R be continuous; let a < u < b. Then
(1) for each uy,ug € [a,u), u1 < ug,
d d
<%conv[a7a]f) (ug+) — (%conv[ava}f> (u1+)
d d
> <%COHV[a,b}f> (ug+) — (%COHV[a,b}f> (u1+);

(2) for each uy,u € (a,ul, uy < ug,

<%conv[a7a]f) (ug—) — (%conv[aﬂﬂf) (u1—)
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> <diuCOHV[a,b]f) (ug—) — <diuCOHV[a,b]f) (u1—);

(3) for each uy,ug € [u,b), uy < ug,

(%COHV[E,b]f) (ug+) — <%conv[ﬂ,b}f> (u1+)
> <%conv[a,b]f) (ug+) — <%conv[a7b]f) (u1+);

(4) for each uyi,us € (u,b], uy < ua,
d d
(%COHV[ﬂ,b]f) (ug—) — <%Conv[ﬁ,b}f> (u1—)
d d
> <@COHV[a,b]f) (ug—) — <@COHV[a,b]f) (u1—).
Proof. Easy consequence of previous proposition. O

Corollary 2.10. Let f : R — R be continuous and let a < u < b. Let
up,up € [a,al, up < we. If ui,us belong to the same shock interval of

convig g f, then they belong to the same shock interval of convi,y f.

Proposition 2.11. Let f be a C*! function, let a < 4 < b. Then
d _ d _ . _
Ju o) f | (@) = ( Z-conviey f | (@) < Lin(f')(b — a).

Moreover, if f. is the piecewise affine interpolation of f with grid size €, it

holds
d _ d _ o _
JuConVie,a)fe | (@=) — ( Z-convg fe | (a—) < Lin(f)(b - a).
Proof. See Proposition 2.15 of H] O

Proposition 2.12. Let f,g: R — R be C! functions. Let a,b € R, a < b.

It holds
df dg

du  du

S'
LDO

H d con f d con g
o Viab]] — 7 Via,b .
du [a,b] du [a,b] Lo

Moreover, if f-,g- are the piecewise affine interpolation of f, g respectively,
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with grid size €, then

d af  dg
@COHV[a,b]fe ~ 7y, COMV 0,59z . S .
Proof. Take u € [a,b]. We want to prove
d . d _ df —dg
‘%Conv[a,b]f(u) - @conv[mb]g(u) < ‘ 0 du = (2.1)

Without loss of generality we can assume that u is a rarefaction point for f
and a shock point for g. Namely if « is a rarefaction point both for f and
for g, estimate (Z1)) is a direct consequence of Theorem 2.5 Point ([2.3]). If

@ is a shock point both for f and for g, we can always find a point & where
d

Juconvig g f(u) = %conv[mb]f(@), %Conv[mb}g(ﬂ) = %Conv[mb}g(ﬂ) and u is
a rarefaction point for either f or g.

Hence let us assume that « is a rarefaction point for f and a shock point

for g. Set
m = _Conv[a,b]f(a)’ m = —CODV[a,b}g(’a)-

du du

Since u is a rarefaction point for f, it holds
f@)+m(u—1u) < f(u) for each u € [a,b]. (2.2)

On the other hand, since @ is a shock point for g, denoting by (a,b) the

maximal shock interval of g which @ belongs to, it holds

90) ~ 9@ o 9@ —9l@) (2.3)
b—u U—a
Now assume that m > m. It holds
d . d _ _
@Conv[mb}f(u) - %conv[avb]g(u) = m-m
B2.ED f(b) — f(w) _g(b) —g(u)
- b—u b—u
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If m < m a similar argument yields (21]).

In the piecewise affine case, inequalities (22]), (23] still hold with f.
instead of f and g. instead of g. We can always assume that u,a,b € Ze.
Since f. = f,g. = g on Ze, the chain of inequalities (2.4]) still holds. O

df dg

2.4
du du (2:4)

LOO

Proposition 2.13. Let f : R — R be continuous. Let a,b € R. Let
r(u) = mu + q be an affine function, m,q € R. It holds

convigy(f +71) = (Conv[mb}f) +7r.

Proof. Let us prove that (conv[mb] f > + 7 is the convex envelope of f+r in
the interval [a, b]. First observe that <conv[a,b} f ) +7 is convex, since it is sum

of convex functions. Next, since conv,y f < f, then <conv[a7b] f) +r < f+r.
Finally let h be any convex function such that A~ < f + r. This means that

h —r < f. Since r is affine, h — r is convex and so h — r < conv(,y f, or, in

other words, h < (CODV[a,b}f> + . O

3. Preliminary Results

In this section we construct a wavefront solution to a triangular system,
and for this solution we introduce the notions of waves and the idea of
enumeration of waves of the solution u. We next construct a scalar flux
function £, the effective fluz function, which is defined by removing the
jumps in the first derivative of f due to the waves of the first family v.
We conclude the section recalling the definition of the transversal Glimm
interaction potential and its decay properties.

3.1. Triangular systems of conservation laws: a case study

The system of conservation laws we consider is of the form

(3.1)

vy — v, = 0.

{ut+f~(uav)ar = 0,



506 STEFANO BIANCHINI AND STEFANO MODENA [September

The function f is assumed to satisfy

of
%(07 0) > _17

so that the system is uniformly hyperbolic in every compact neighborhood

of the origin.

It is elementary to verify that the system (B is of Temple class ﬂﬁ],
in particular it admits a set of Riemann coordinates (w,v) such that its

quasilinear form is given by

(3.2)

{ wy + —afg;,v) Wy = O,
0,

UVt — Ug

where u = u(w, v) is the Riemann change of coordinates.

3.2. Wavefront solution

Let us define f : R? — R be the relation

of of
a—u(u(w,v),v) = a—w(w,v).
Since the Riemann change of coordinates has the regularity of Df, we can

assume that f is a C? function satisfying

(1) ||Df||pee < oo for any multindex «, |a| < 3;

(2) g—z{)(w,v) > —1 in a neighborhood of (0,0).

We will construct a wavefront solution in the coordinates (w, v), by specifying

a (non-conservative) Riemann solver.

Remark 3.1. The solution we will construct in general will not correspond
to the standard (entropic) wavefront solution of (B.I): in this paper, we
prefer to study the quasilinear system ([B.2]) in order to focus on the main
difficulty, namely the analysis of the transversal interactions. Indeed, the
choice of the coordinates (w,v) and of the (non-conservative) Riemann solver

simplifies the computations.
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Using the fact that the transformations w — u(w,v), |v| < 1, are
uniformly bi-Lipschitz, it is only a matter of additional technicalities to
prove that the analysis in the following sections can be repeated for the
standard (entropic) wavefront solution of ([B.]). This will be addressed in a

forthcoming paper concerning general systems ﬂQ]

For any £ > 0 denote by f.(-,v) be the piecewise affine interpolation of
f(-,v) with grid size ¢, as a function of w.

We define the approzimate Riemann solver associated to f as follows:

the solution of the Riemann problem
(w™,v7), (wh,0")) € (Ze)? x (Ze)* C R? x R?

is given by the function (¢,z) — (w(t, z),v(t,z)), where

; N if x < —t,
vito) = vt if x> —t,

while w(t, x) is the piecewise constant, right continuous solution of the scalar
Riemann problem (w™,w™) with flux function f.(-,v").

Let (w.,v:) be an approximation of the initial datum (w,?) (in the
sense that (w.,v:) — (w,v) in L'-norm, as ¢ — 0) of the Cauchy problem
associated to the system (B.2]), such that w., 7. have compact support, they
take values in the discrete set Ze, and

Tot.Var.(w.) < Tot.Var.(w), Tot.Var.(v.) < Tot.Var.(7). (3.3)

Now, by means of the usual wavefront tracking algorithm, one can con-
struct a function

(t,z) — (w(t,z),v(t,z))

defined for all ¢ > 0 and for all x € R, see for example M], ﬂﬂ] It is easy to
see that (w(t,-),v(t,-)) is right continuous, compacted supported, piecewise
constant and takes values in the set Ze x Ze.

We will call wavefronts the piecewise affine discontinuity curves of the
function (¢,z) — (w(t,x),v(t,x)); in particular the discontinuity curves of
v will be called wavefronts of the first family (positive or negative according
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to the sign of the jump), while those of w will be called wavefronts of the
second family. This is a standard notation used in hyperbolic conservation

laws.

Let {(tj,z;)}, j € {1,2,...,J}, be the points in the ¢, z-plane where two
(or more) wavefronts collide. Let us suppose that t; < t;4; and for every
J exactly two wavefronts meet in (¢;,2;). This is a standard assumption,

achieved by slightly perturbing the wavefront speed. We also set ty := 0.

Definition 3.2. For each j = 1,...,J, we will say that (¢, z;) is an interac-
tion point (or non transversal interaction point) if the wavefronts colliding
in (t;,x;) are of the second family and have the same sign. An interaction
point will be called positive (resp. negative) if wavefronts which collide in

(tj,z;) are positive (resp. negative).

Moreover we will say that (¢;, ;) is a cancellation point if the wavefronts

which collide in (t;,x;) are of the second family and have opposite sign.

Finally we will say that (t;,z;) is a transversal interaction point if one
of the wavefronts which collide in (t;,2;) is of the first family and the other
one is of the second family.

Since, by definition of the Riemann solver, wavefronts of the second
family are not created nor split at times ¢ > 0, the three cases above cover
all possibilities.

Let us denote by {vp, }1<p<p the wavefronts of the first family generated
at t = 0. For each h, denote by v}:,v;{ respectively the left and the right
state of the wavefront v,, denote by |vy| := [v) — v; | its strength, and
denote by x(t,vp,) the position of the wavefront vy, at time ¢. Clearly it holds
x(t,vp) = x(0,vp) — t. Assume x(0,vp) < x(0,vp41) for each h. Finally if
(tj,x) is a transversal interaction point, denote by h(j) the index of the
wavefront of the second family vy,(;) involved in the transversal interaction.

3.3. Definition of waves (of the second family)

In this section we define the notion of wave (of the second family), the
notion of position of a wave and the notion of speed of a wave. By definition

of wavefront solution, for each time ¢t > 0, w.(¢,-) is a piecewise constant,
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compacted supported function, which takes values in the set Ze. Hence

Tot.Var.(w.(t,-)) is an integer multiple of .
3.3.1. Enumeration of waves

In this section we define the notion of enumeration of waves related to
a function w : R, — R of the single variable x: in the following sections,
w will be the piecewise constant, compacted supported function we(t,-) for

fixed time ¢, considered as a function of x.

Definition 3.3. Let w: R — R, w € BV(R), be a piecewise constant, right
continuous function, which takes values in the set Ze. An enumeration of

waves for the function w is a 3-tuple (W, x,w), where

WCN is the set of waves,
x: W — (—o00,+00] is the position function,
w:W — Ze is the right state function,

with the following properties:

(1) the restriction x|,—1( takes values only in the set of discontinuity

—50,4-00)
points of w;
(2) the restriction x|y—1(_oe 400 IS increasing;
(3) for given x¢ € R, consider x !(z9) = {s € W | x(s) = 2¢}; then it holds:
(a) if w(zo—) < w(xo), then Wly-1(5) : x ' (x0) = (w(xo—), w(wo)] N Ze
is strictly increasing and bijective;
(b) if w(zo—) > w(xg), then 1?1|X_1(x0) cx Yxg) = [w(zg), w(zg—)) N Ze

is strictly decreasing and bijective;

() if w(zo—) = w(xg), then x (o) = 0.

Given an enumeration of waves as in Definition B3], we define the sign

of a wave s € YW with finite position (i.e. such that x(s) < +00) as follows:
S(s) :=sign [w(x(s)) —w(x(s)—)|. (3.4)

We immediately present an example of enumeration of waves which will

be fundamental in the sequel.
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Example 3.4. Fix ¢ > 0 and let w. € BV (R) be the first component of the
approximate initial datum of the Cauchy problem associated to the system
[B.2), with compact support and taking values in Ze. The total variation of
w, is an integer multiple of €. Let

W :R — [0, Tot.Var.(w;:)], =+ W (x):= Tot.Var.(w.; (—o0, x]),
be the total variation function. Then define:

W .= {1, 2,..., %Tot.Var.(wa)}
and
xp: W — (—00,+00], s xo(s):= inf {m € (—o00, +00] ‘ es < W(x)}
Moreover, recalling ([3.4]), we define

w:W =R, s (s) = w(xo(s)—) + S(s) [&73 - W(xo(s)—)}.

It is fairly easy to verify that xg, @ are well defined and that they provide
an enumeration of waves, in the sense of Definition

3.3.2. Interval of waves

In this section we define the notion of interval of waves and some related
notions and we prove some important results about them.

As in previous section, consider a function w : R — R, w € BV (R),
piecewise constant, compacted supported, right continuous, taking values in
the set Ze and let (W, x,w) be an enumeration of waves for w.

Definition 3.5. Let Z C W. We say that Z is an interval of waves for the
function w and the enumeration of waves (W), x, w) if for any given s1, so € Z,
with s1 < s9, and for any p € W

s1<p<sy=pecl.

We say that an interval of waves Z is homogeneous if for each s,s’ € Z,
S(s) = 8(s'). If waves in Z are positive (resp. negative), we say that Z is a
positive (resp. negative) interval of waves.
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Proposition 3.6. Let Z C W be a positive (resp. mnegative) interval of
waves. Then the restriction of w to I is strictly increasing (resp. decreasing)

and J,cz(w(s) —e,w(s)] (resp. User[w(s), w(s) +€)) is an interval in R.

Proof. Assume 7 is positive, the other case being similar. First we prove
that 0 restricted to Z is increasing. Let s,s’ € Z, with s < s'. Let & :=
x(s) < & < -+ < &k = x(s') be the discontinuity points of w between
x(s) and x(s’). By definition of ‘interval of waves’ and by the fact that each
wave in Z is positive, for any k = 0,1,..., K, {p | x(p) = &} contains only
positive waves. Thus, by Definition of enumeration of waves, and by the
fact that for each k =0,..., K — 1, w(&) = w(§xr+1—), the restriction

W J{p | 2(0) = &} = (w(éo—), w(ék)] N Ze (3.5)
k=0

is strictly increasing and bijective, and so w(s) < w(s); hence w|z is strictly

increasing.

In order to prove that (J,.7(w(s) — €,w(s)] is a interval in R, it is
sufficient to prove the following: for any s < s’ in Z and for any m € Z such
that w(s) < me < w(s'), there is p € Z, s < p < s’ such that w(p) = me.
This follows immediately from the fact that the map in (8.3]) is bijective and

strictly increasing. O

Let us give the following definitions. We define the strength |Z| of an

interval of waves T as

|Z| := ecardZ.

Let I C R be an interval in R, such that inf I,sup I € Ze; let g : R — R be
a Cb! function. The quantity

g(sup I) — g(inf 1)

rh
I) .=
o9, 1) sup I —inf

is called the Rankine-Hugoniot speed given to the interval I by the function
g.

Moreover let s be any positive (resp. negative) wave such that (w(s) —
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g,w(s)) C I (resp. (w(s),w(s)+¢e) CI). The quantity
o™ (g,1,5) = %convlgg ((uﬁ(s) — 5,11}(3)))

(resp. o(g,1,s) :== %ComqgE <(1?1(5),u§(8) + 6))) is called the entropic speed
given to the wave s by the Riemann problem I and the function g.

If 0™ (g, I) = 0°™(g, I, s) for any s, we will say that I is entropic w.r.t. the
function g.

We will say that the Riemann problem I with flux function g divides s, s’ if
O,ent(g7I’ 8) 7& O,ent(g’ 1'7 S/).

Remark 3.7. Let Z be any positive (resp. negative) interval of waves at
fixed time ¢. By Proposition B.6, the set I := (J o7 (w(s) — &,w(s)] (resp.
I = U ezlw(s),w(s) +¢€)) is an interval in R. Hence, we will also write
o'(g,T) instead of o™ (g, I) and call it the Rankine-Hugoniot speed given to
the interval of waves Z by the function g; we will write 0°™(g,Z, s) instead
of o (g,1,s) and call it the entropic speed given to the waves s by the
Riemann problem Z with flux function g; we will say that Z is entropic if
1 is; finally we will say that the Riemann problem Z with flux function ¢

divides s, s’ if the Riemann problem I with flux function g does.

Remark 3.8. Notice that 0 is always increasing on Z, whatever the sign of
7 is, by the monotonicity properties of the derivatives of the convex/concave

envelopes.

Definition 3.9. Given two interval of waves Z1,Zs, we will write Z; < Zy if
for any s1 € 71,89 € Is, s1 < so. We will write Z; < Zy if either Z; < Zy or
T, = 1s.

Remark 3.10. Given a function g and an homogenous interval of waves Z,

we can always partition Z through the equivalence relation

/

p~p <<= p,p are not divided by the Riemann problem Z with

flux function g..

As a consequence of Remark B.8 we have that each element of this partition
is an entropic interval of waves and the relation < introduced in Definition
is a total order on the partition.
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3.3.3. Position and speed of the waves

Consider the Cauchy problem associated to the system ([B.2]) and fix
e > 0; let (t,z) — (we(t,z),ve(t,x)) be the piecewise constant wavefront
solution, constructed as in Section 3.2. For the first component of the initial
datum w.(0,-), consider the enumeration of waves (W, xg,w) provided in
Example B4 let S be the sign function defined in (34)) for this enumeration

of waves.

Now our aim is to define two functions
x:[0,400): x W — R, U {400}, o:[0,400) x W — [0,1] U {+o0},

called the position at time t € [0,400) of the wave s € W and the speed
at time t € [0,400) of the wave s € VW. As one can imagine, we want to
describe the path followed by a single wave s € VW as time goes on and the
speed assigned to it by the Riemann problems it meets along the way. Even
if there is a slight abuse of notation (in this section x depends also on time),

we believe that the context will avoid any misunderstanding.

The function x is defined by induction, partitioning the time interval

[0, +00) in the following way

[0, +OO) = {0} @] (O,tl] J--- U (tj,tj+1] J---uU (tJfl,tJ] @] (tJ, +OO).

First of all, for ¢t = 0 we set x(0, s) := xo(s), where xo(-) is the position
function in the enumeration of waves of Example B4l Clearly (W, x(0, ), w)
is an enumeration of waves for the function w.(0,-) as a function of x (w

being the right state function, as in the example above).

Assume to have defined x(¢,-) for every ¢t < ¢; and let us define it for
t € (tj,tjt1] (ort € (ty,+00)). For any t <t; set

ot s) == oot <f(-,v(x(t, s))), x—l(x(t, s)>, s>, (3.6)

i.e. the Rankine-Hugoniot speed of the wavefront containing s. For ¢ < t;14
(orty <t < 4o00) set

x(t,s) = x(t;,s) + o(t;,s)(t —t;).
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For t =141 set
x(tjt1,8) = x(t;, 8) + o(tj, s)(tj41 — 1))

if x(t;,s) + o(tj,s)(tj4+1 — t;) is not the point of interaction/cancellation/
transversal interaction x;1; otherwise for the waves s such that x(t;,s) +

o(tj,s)(tjy1 —t;) = xj41 and
S(s)we(tjr1, 1) < S(s)i(s) — e < S(s)d(s) < S(s)we(tjv1, Tj41)
(i.e. the ones surviving the possible cancellation in (¢;41,2;41)) define
x(tjt1,8) = x(t5, 8) + o(tj, s)(tj+1 — t5) = T

where S(s) is defined in ([84), using the enumeration of waves for the initial
datum. To the waves s canceled by a possible cancellation in (¢j41,2;41) we
assign x(tjy1,s) 1= +00.

The following lemma proves that the above procedure produces an enu-

meration of waves.

Lemma 3.11. For any t € (t;,tj41] (resp. t € (tj,+00)), the 3-tuple
W, x(t,-),w) is an enumeration of waves for the piecewise constant function
we(t, ).

Proof. We prove separately that the Properties (1-3) of Definition are
satisfied.

Proof of Property (1). By definition of wavefront solution, x(t,-) (re-
stricted to the set of waves where it is finite-valued) takes values only in the
set of discontinuity points of we(t, ).

Proof of Property (2). Let s < s be two waves and assume that
x(t,s),x(t,s) < 400. By contradiction, suppose that x(¢, s) > x(¢, s’). Since
by the inductive assumption at time ¢;, the 3-tuple (W, x(t;, ), w) is an enu-
meration of waves for the function we(t;,-), it holds x(¢;,s) < x(t;j,s"). Two

cases arise:

o If x(tj,s) = x(tj,5), then it must hold o(¢;,s) > o(tj,s’), but this is
impossible, due to Remark B.8 and equality (3.0]).
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o If x(tj,5) < x(tj,s'), then lines t — x(t;,s) + o(t;,s)(t — t;) and ¢t —
x(t;,s')+o(t;,s)(t —t;) must intersect at some time 7 € (¢;,¢), but this

is impossible, by definition of wavefront solution and times (¢;);.

Proof of Property (3). For t < tji; or t = tj;1 and for discontinuity
points x # x;41, the third property of an enumeration of waves is straight-
forward. So let us check the third property only for time ¢ = ¢;4; and for

the discontinuity point x;1.

Assume first that wavefronts involved in the collision at (tj11,xj41) are
of the second family, i.e. (tj41,2j41) is an interaction/cancellation point.
Fix any time t € (tj,tj+1); according to the assumption on binary in-
tersections, you can find two points &,& € R such that for any s with
x(tj,8)+0(tj, s)(tj41—tj) = xj11, either x(2,5) = & or x(£, s) = & and more-
over we(t,&1-) = we(tjpr, zjp1—), we(t,&) = we(tjr1,2541), we(t,&) =
we(t, Ea—).

We now just consider two main cases: the other ones can be treated

similarly. Recall that at time ¢ < tj41, the 3-tuple W, x(¢,-),%) is an

enumeration of waves for the piecewise constant function we(t,-).

If we(t,&—) < we(t,&) = we(t, &) < we(t, &), then

w‘x_l(ﬂﬁl) : X_1(£7€1) — (wt?(ga 51_)71'08({7 51)] N Ze
and
UA}‘X71(E’£2) : X71(£7 62) — (’U)g({, 52_)7 ’U)g({, 52)] m ZE

are strictly increasing and bijective; observing that in this case x ! (tj+1,Tj41)
=x"1(£,&) Ux (1, &), one gets the thesis.

If we(t,6—) < we(t, &) < we(t, &) = w-(t,&—), then
Wly-13j¢,) : x (&) = (we(t, &-), we (£, &) N Ze
is strictly increasing and bijective; observing that in this case
x (a1, Tjp) = {8 ex (£,&) | w(s) € (we(t,&—), we(f, 52)]}7

one gets the thesis.
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Now assume that (¢j41,2;41) is a transversal interaction point. In this
case, by the definition of the Riemann solver we are using, you can easily
find a time < ;11 and a point £ € R such that

{s | x(t,s) = §~} = {s | x(tj41,8) = zj11}
and

we(t,6—) = we(tjy1, Tj11—), we(t,€) = we(tjp1,2j41)-

From the fact that at time ¢ the 3-tuple (W, x(f,-),w) is an enumeration of

waves for the function w.(t,-), one gets the thesis. O

Remark 3.12. For fixed wave s, t — x(t,s) is Lipschitz, while ¢ — o(¢, s)

is right-continuous and piecewise constant.

To end this section, we introduce the following notations. Given a time

t € [0,400) and a position x € (—o0, +00], we set
W(t) :={s e W | x(t,s) < +o0}, W(t,z) :={seW|x(t,s) =z}

We will call W(t) the set of the real waves, while we will say that a wave s
is removed or canceled at time t if x(t,s) = +oo. It it natural to define the
interval of existence of s € W(0) by

T(s) := sup {t € [0,400) | x(t,8) < —i—oo}.

If Z C W(t) is an interval of waves for the function w,(¢,-) and the enumer-
ation of waves (W, x(t,-),w), we will say that Z is an interval of waves at
time t.

3.4 The effective flux function f£°f

As in the previous sections, let (¢,x) — w-(t,x) be the first component
of the e-wavefront solution of the Cauchy problem (LT]) constructed before;
consider the enumeration of waves and the related position function (t,s) —
x(t,s) and speed function (¢, s) — o(t, s) defined in previous section.

Fix any time ¢. Partitioning W(t) with respect to the equivalence rela-

tion

s~s = [s,8]NW(F) is an homogeneous interval of waves,
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it is possible to write W(t) as a finite union of mutually disjoint, maximal

(with respect to set inclusion) homogenous interval of waves M;,

L
W(t) = [ M.
=1

Observe that the partition changes only at cancellation times.

Fix time ¢ and fix a maximal homogeneous positive (resp. negative) in-
terval of waves M. Let us define the effective fluz function £ : Usen, (0(s)
—¢,1(s)] — R (resp. £ Usear, [@(s),10(s) +¢) — R) as any CH! func-

tion satisfying the following condition:

2 coff
d2ge
dw?

82
(w) := a—wj;(w,v) for a.e. w, (3.7)

where v = v(t,x(t, s)) for any s such that w € (w(s) — ¢,w(s)] (resp. w €
[i(s), w(s) + €))-

Remark 3.13. Let us observe what follows.

(1) To simplify the notation we do not write the explicit dependence of ff—ﬁ
on the homogeneous interval M;. No confusion should occur in the
following.

(2) The effective flux function £¢7 is defined up to affine functions.

(3) Let Z C M; be a positive (resp. negative) interval of waves at time
t. Assume that Z 5 s — v(t,x(t,s)) is identically equal to some ©
on Z. Then £ coincides with f(-,9) on U,cz((s) — e, w(s)] (resp.
Usezlw(s), w(s)+¢€)) up to affine functions. Hence, by Proposition 2.13]
s,s' € T are divided by the Riemann problem Z with flux function ffﬁ
if and only if they are divided by the same Riemann problem with flux

function f(-,v). More precisely
o (£ T, 5" — o (£ T, ) = 0 (f (-, D), L, 8) — o (f (-, D), T, 5).

Similarly, if Z,7,,Zo € M, are intervals of waves at time ¢ such that
71,7, CZ and Z 3 s — v(t, x(t, s)) is identically equal to some o, then

oM (£ Ip) — o™ (271, T1) = 0™ (f(-,0), T2) — " (f(-,0), Ta)-
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3.5. The transversal interaction functional Q2"

In this section we define the standard Glimm transversal interaction

functional Q" which will be frequently used in the following:

H
QU= Y, lullsl

h=1  seW(t)
x(t,s)<x(t,vp)
Recall that |vp,| is the strength of the wavefront vy, and |s| = ¢ is the strength

of the wave s. The following proposition is standard, see for example [9].

Proposition 3.14. The following hold:

(1) Q%™as(0) < Tot.Var.(v(0,-))Tot.Var. (w(0, -));
(2) Q'S s positive, piecewise constant, right continuous and not increas-

ing; moreover, at each transversal interaction times t;, it holds

QtranS(tj) _ QtranS(tjil) — —|’Uh(j)||W(tj7‘Tj)|a

where vy ;) 1s the wavefront of the first family involved in the transversal

interaction at time t;.

4. The Main Theorem

The rest of the paper is devoted to prove our main result, namely The-

orem [Il For easiness of the reader we will repeat the statement below.

As in the previous section, let (t,z) — (w:(t,x),v-(t,z)) be an e-
wavefront solution of the Cauchy problem (LI]); consider the enumeration of
waves for the function w.(¢,-) and the related position function x = x(t, s)
and speed function o = o(t, s) constructed in previous section. Fix a wave
s € W(0) and consider the function t — o(t,s). By construction it is finite
valued until the time T'(s), after which its value becomes +o00; moreover it
is piecewise constant, right continuous, with jumps possibly located at times
tztj,j el,..., J.

The results we are going to prove is
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Theorem 1. The following holds:

J
DY oty s) —o(ty1,s)lls|

J=1seW(t;)
< [3\|Di,wf|| +1210g(2) || D3, f | Tot.Var. (v(0, -)) | Tot. Var. (w(0, ))?

+|| D2, f|| Tot.Var.(w(0, -)) Tot. Var. (v(0, ),

where |s| := ¢ is the strength of the wave s.

The first step in order to prove Theorem [ is to reduce the quantity we

want to estimate, namely

J
Z Z a(tj,s) — a(tj_1,s)||s],
J=1seW(t

to three different quantities, which requires three separate estimates, ac-
cording to (¢;,z;) being an interaction/cancellation/transversal interaction

point:

J
Z Z —o(tj-1,s)||s]
J=1seW(t

_ Z > lolty,s) = oltj-1,s)|ls]

(tjzj) seW(t;)

interaction

4 Z Z o(tj,s) —o(tj—1,s)||s]

(tjws)  sEW(t))
cancellation

+ Y > oty s) —o(tjo1,9)|lsl.

(tj,zj) seW(t;)
transversal
interaction

The estimates on transversal interaction and cancellation points are
fairly easy. Let us begin with the one related to transversal interaction

points.
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Proposition 4.1. Let (tj, ;) be a transversal interaction point. Then

Y oty s) = a(ti—1,8)lls| < [1D5 fllrelongy W (E, )],

seW(t;)

where |vp(;)| is the wavefront of the first family involved in the transversal

interaction at time t;.

Proof. Set wr = w.(tj,x;—), wg = we(t;,x;). Assume by simplicity
wy, < wg, the other case being similar. Recall that v,;(j),v;;(j) are the left
and right state respectively of the wavefront vy,(;). By Proposition 2.12] for
any s € W(t;,z;),

lo(tj,s) —o(tj-1,s)|
= <%Conv[wL7wR}fe> ((117(8) - 6,1@(8)),11;:(]‘))

d
) (acommm]ﬁ) ((05) = 2, 6()), vz )

(Prop 212) 0
+ Lo o
Haw ’vh(j))_awf( hs) Lo
< DL lelvi) = vl

Hence, observing that the only waves which change speed are those in
W(tj ’xj),

S oty s) —oltins)llsl = Y oty s) — ot 9)]ls|

SEW(tj) SGW(tj,:BJ')
< D2, flielify, — v 3 I8
seEW(t;)
= |1 D% fllzoelon g V(5 ;)] O

Corollary 4.2. It holds

oD oltys) —oltj1,s)lls]

(tj,xs) seW(t;)
transversal
interaction

< ||D2, fllL=Tot.Var.(w(0, -)) Tot.Var. (v(0, -)).
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Proof. The proof is an easy consequence of Proposition [3.14] and the fact

that, by previous proposition, for any transversal interaction time t;,
D oty s) = o(tj1,8)llsl < (1D5,fllzelong)| V(5 25)]
seEW(t;)

= D2l (Q*™(t51) — QU (1y)).
O

Let us now prove the estimate related to the cancellation points. First
of all define for each cancellation point (¢, z;) the amount of cancellation

as follows:
C(t;,x;) := Tot.Var.(w.(tj—1,-)) — Tot.Var.(w.(t;,)). (4.1)

Proposition 4.3. Let (t;,x;) be a cancellation point. Then

S Jolty,s) = olty—1,9)ls| < D%, fllz=Tot.Var.(w(0, )C(t;, x)-

seEW(t;)

Proof. Let wp,wys be respectively the left and the right state of the left

wavefront involved in the collision at point (¢;,x;) and let wys, wr be respec-

tively the left and the right state of the right wavefront involved in the colli-

sion at point (¢;,x;), so that wy, = $11/‘Hq,1‘ we(t,x) and wg = we(t;, ;). With-
J

out loss of generality, assume wy, < wr < wy. Finally set v := v(t;, ;).
Then we have

> lolts,s) —olti1,9)]ls|

SEW(t]')

= [<%00nv[wbwlﬂ f€> ((m(s) - 6,1[)(5)),17)

seEW(t;)

(s comviug i) (((5) — 269, |

(Prop. 29) d ~
S Z [(%Conv[wL,wR]fé) ('LUR—,'U)
SEW(tj)

d _
— <%COHV[wL7’w1u]f6> (wR_7 U):| ’S’
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d _ d _
= |:<@CODV[wL7wR}f5>(U)R—,U)—<@CODV[wL7wM]f5>(wR—,U):| Z ’3’

seW(t;)

d d
[(@CODV[WL,U)R} f6> (’LUR—, ID) - <d_conv[wL,w1\/1}f€> (’LUR—, ’U):|

w

Tot.Var.(w(0, -)). (4.2)

IN

Now observe that, by Proposition 2.11]

d d
<dwconv[wL wi) fe >(wR—,v) - (d—conv[wbwmfg) (wr—,0)

w
2p( =
< Hd f(,0) | (wnr —w)
< ||D2 . fllzee (war — wr)
< D2 fllLC(ty, ). (4.3)

Hence, from ([£2) and (£3)), we obtain

S Jo(ts25) — 0(t;-1,5)lls] < 1D flli Tot Var (w(0, ))C(t;, 2;). O
seEW(t;)

Corollary 4.4. It holds

S S ol ) — o(tj-1.8)lls] < D2yl Tot. Var. (w(0, ).

(tj,zj)  sEW(t;)
cancellation

Proof. From (B3], (41 and Proposition 3] we obtain

oD oty s) —olti1,)lls]

(tj,$j) SEW(tj)

cancellation
< D2, fllTot.Var. (w(0, )
J
™ | Tot. Var. (w. (tj1,)) — Tot.Var. (w.(t;, )|
j=1
< |D2,,f |z Tot.Var.(w(0, -) [Tot Var.(w:(0,-)) — Tot.Var.(w.(t,))

IN

| D2, fl|LeTot.Var.(w(0, -))?,

thus concluding the proof of the corollary. O
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From now on, our aim is to prove that

Yoo D> altys) —o(tj-1,)lls]

(tj,$j) SEW(tj)
interaction

< 2[||1D2,, /1| + 610g(2)[| D3, | Tot.Var. (0(0, ) | Tot. Var. (w(0, -))2.

As outlined in Section 1.2, the idea is the following: we define a positive
valued functional Q = Q(t), t > 0, such that Q is piecewise constant in time,
right continuous, with jumps possibly located at times ¢;,7 = 1,...,J and
such that

Q(0) < || D2, |l L= Tot.Var.(w(0, -))2. (4.4)

Such a functional will have three properties:

(1) for each j such that (¢;,z;) is an interaction point, Q is decreasing at
time ¢; and its decrease bounds the quantity we want to estimate at time

t; as follows:

> Jolty,s) —oltns)llsl <2[Q0) - )]s (45)
seEW(t;)
this is proved in Corollary E.19
(2) for each j such that (t;,x;) is a cancellation point, Q is decreasing; this
will be an immediate consequence of the definition of £;
(3) for each j such that (¢j,z;) is a transversal interaction point, Q can

increase at most by

Q(tj) = Q(tj-1) <610g(2) || D, f | oo [on ) Wt 25) | Tot. Var. (w(0, -));
(4.6)
this is proved in Theorem

Using the two estimates above, we obtain the following proposition, which

completes the proof of Theorem [I1

Proposition 4.5. It holds

Yoo > loltys) —o(tj1,9)]ls]

(tj,@j) s€W(t))
interaction
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Q{HD?MJ”H + 6log(2 )HwafoTot.Var.(v(O,-)) Tot.Var.(w(O,-))2.

Proof. By direct computation,

> D loltys) —altioys)lls|

(tj,;)  sEW(L;)

interaction
(by @5) <2 > [Qt;1) — Q)]
int(g;z%i)on
<2l 3 [ -a)]
_ (t55)
interaction
+ > [AG-y-aw] - Y [ﬂ(tj1>—a<tj>}]
(t,25) (tj,7;)
cancellation cancellation
+ Y At -a)] - Y [Q(tj—l)—ﬂ(tj)]]
(tj,25) (tjm;5)
transversal transversal

(Q decreases at cancellations)

J
< 2[2 BICEESRHIEEY [Q(tj)—ﬂ(tjl)]]

j=1 (tj,25)
transversal

J

(by (@&8)) <2 [Z [Q(tj-1) — Q)]

J=1

+610g(2)|| Dy f | 2 Tob. Var. (w(0,)) D ’Uh(j)HW(tﬁxj)’]

(t5,25)
transversal

J
= 2[2 [Q(tj-1) — Q(t;)]

J=1

+61og(2)|| D3 0. f |l Lo Tot. Var. (w(0, -)) Z (QtranS(J—) QU (t ))]

CED)
transversal

(by Proposition BI4])
< 2[9(0) + 610g(2) | D3 f 115 Tot. Var. (w(0, ) Q" (0)]
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(by (@4) an d Proposition [3.14])
< 2||D2,,fl + 6log(2)|| D3, fl| Tot.Var.(v(0, ))] Tot. Var. (w(0, -))?,

wwv

thus concluding the proof of the proposition. O

In the remaining part of the paper we prove estimates (£5]) and (Z.0]).

4.1. Analysis of waves collisions

In this section we define the notion of pairs of waves which have never
interacted before a fized time t and pairs of waves which have already inter-
acted and, for any pair of waves which have already interacted, we associate
an interval of waves and a partition of this interval, which in some sense

summarize their past common history.

Definition 4.6. Let ¢ be a fixed time and let s,s" € W(t). We say that s, s’

interact at time t if x(t,s) = x(¢, §').

We also say that they have already interacted at time t if there is t < ¢
such that s,s’ interact at time t. Moreover we say that they have never
interacted at time t if for any ¢t < ¢, they do not interact at time ¢.

Lemma 4.7. Assume that the waves s, s’ have already interacted at time t.
Then they have the same sign.

Proof. Fasy consequence of definition of enumeration of waves and the fact
that S(s) is independent of t. O

Lemma 4.8. Lett be a fized time, s,s’" € W(t), s < s'. Assume that s, s’
have already interacted at time t. If p,p’ € W(t) and s <p <p' < &', then
p,p’ have already interacted at time t.

Proof. Let t be the time such that s, s” interact at time ¢. Clearly s, s’,p,p’ €
W(t) 2 W(t). Since for t fixed, x is increasing on W(t), it holds x(t,s) =
x(t,p) = x(t,p") = x(¢,5). O
Definition 4.9. Let s, s’ € W(t) be two waves which have already interacted
at time t. We say that s, s’ are divided in the real solution at time t if

(x(t,5),0(t,5)) # (x(£,5),0(%5)),
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i.e. if at time ¢ they have either different position, or the same position but

different speed.

If they are not divided in the real solution, we say that they are joined in

the real solution.

Remark 4.10. It ¢ # t; for each j, then two waves are divided in the real
solution if and only if they have different position. The requirement to have
different speed is needed only at cancellation and transversal interaction

times.

Fix a time ¢ and two waves s < s’ which have already interacted at time
t and assume that s, s’ are divided in the real solution at time ¢. Define the

time of last interaction T(t,s,s’) by the formula
T(t,s,s") == max{t < 1| x(t,s) = x(t,s)}. (4.7

Moreover set

Finally define
I(t,s,8) = W(T(t_, s,8'),X(t, s, s’)> NW(t). (4.8)

It is easy to see that Z(¢,s,s’) is an interval of waves at time ¢ (i.e. with re-
spect to the function w(t, -) and the related enumeration of waves). Observe
also that it changes only at interaction/cancellation/transversal interaction
times. It is immediate to see that if x(¢,s) = x(¢, s’), but s, s’ are divided in

the real solution at time ¢ (i.e. o(t,s) < o(t,s')), then t = T(¢, s,s’) and
I(t,s,8") = W(t x(t,s)) = W(Et, x(t,s)).

The interesting case we are interested in is for ¢t > T(¢, s, s').
Let us now define a partition P(t, s, s") of the interval of waves Z(t, s, ")
by recursion on ¢ = tg,...,ts, t > T(t,s,s'), s,s divided in the real solution

at time ¢, as follows.
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For t = T(t,s,s') = t;, for some j € {0,...,J}, then P(t;,s,s') is given
by the equivalence relation

p~p <= p,p are not divided in the real solution at time t; or,
equivalently, they are not divided by the Riemann
problem W(t;,x(t;,s)) with flux function ff;f

On the other hand, if £ = t; > T(f,s,s’) for some j € {1,...,J} (i.e. s,
are divided in the real solution also at time ¢;_;), then P(t;,s,s") is given
by the equivalence relation

p~7p <= p,p belong to the same equivalence class J € P(t;_l, s,8")
at time ¢;_; and the Riemann problem J N W(t;) with

flux function ffff does not divide them.
J

As a consequence of Remark B.I0land the fact that both W(t;,x(t;,s)) and
J NW(t;) are interval of waves at time ;,
element of the partition P(;,s,s’) is an entropic interval of waves (w.r.t.
flux function f%ﬁ ) and the relation < introduced in Definition is a total

order on P(t3,s,s').

we immediately see that each

Proposition 4.11. For any j = 0,...,J such that s,s’ are divided at time
tj in the real solution, if r,r" € I(tj,s,s’) are not divided by the partition
P(tj,s,s'), then they are not divided in the real solution at time t;.

Proof. We prove the proposition by induction. Clearly we have only to
consider the the case t; > T(t;,s,s’), since the case t; = T(t;,s,s’) is imme-
diate.

Assume thus s, s" already divided at time ¢;_1. Take r,7" € Z(t;,s,s’),
not divided by the partition P(t;,s,s’). By definition, this means that r, 7’
belong to the same equivalence class J € P(tj—1,s,s’) at time ¢;_; and the
Riemann problem J N W(t;) with flux function f‘fjﬂ does not divide them.
Assume by contradiction that they are divided in the real solution at time ¢;.
This means that x(¢;,7) = x(¢;,r") = z; and the Riemann problem W(t;, z;)
with flux function fff (see Remark BI3] Point (B13]) divides r,7’. Since by
inductive assumption waves in J are not divided in the real solution at time
tj—1 and 7,7 € J NW(t;,x;), then T N W(t;) € W(tj,z;). By Corollary
210, this is a contradiction. O
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Definition 4.12. Let A, B two sets, A C B. Let P be a partition of B.
We say that P can be restricted to A if for any C' € P, either C' C A or
C C B\ A. We also write

P|A::{C€P‘C§A}.

Clearly P can be restricted to A if and only if it can be restricted to
B\ A.

Proposition 4.13. Let j = 0,...,J fized. Let s,s',p,p' € W(tj), p < s <
s" < p'; assume that p,p’ have already interacted at time t; and s,s’ are

diwvided in the real solution at time t;. Then P(t;,p,p") can be restricted both
to Z(tj,s,s')NL(t;,p,p’) and to Z(tj,p,p’) \ Z(t;,s,s).

Moreover if p,p’ € Z(t;,s,s"), thenZ(tj,p,p') =ZI(tj,s,s) andP(tj,p,p’) =
P(tj,s,s).

Proof. Let us prove the first part of the proposition. Assume first that
cither j = 0 or s,s" are joined in the real solution at time ¢;_;. Let J €
P(tj,p,p') such that J NZ(t;,s,s") # 0. Since Z(t;,s,s") = W(t;,x(t;,s)),
by Proposition ELII] applied to Z(tj,p,p’) and waves in J, it must hold
J S W(tj, z;).

Now assume that s,s” are divided in the real solution at time t;_;. Take
J € P(tj,p,p') and assume that J NZ(t;,s,s") # 0. By definition of the
equivalence classes, there is K € P(t;_1,p,p’) such that J C K. Clearly
KNZ(tj-1,s,s) # 0, and so, by inductive assumption, K C Z(t;_1,s,s’).

Hence

J CKNW(t;) CZ(tj—1,s,8)NW(t;) =ZL(tj,s,s).

Let us now prove the second part of the proposition by recursion. If
either j = 0 or at time ¢;_;, waves s, s” are joined in the real solution, then
the conclusion is obvious. Assume now that at time t;_; waves s,s’ are
divided in the real solution and assume that Z(t;_1,p,p) = Z(tj-1,s,5').
Thus

I(t],p,p) I(tj 1,pp)ﬂW( )= (tj 1,5, S)ﬂW( )= (t]78 3)
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Finally assume that r,r" € Z(t;,s,s') = Z(tj,p,p’). Then it holds

r ~ 1" w.r.t. the partition P(¢;,p,p’)

<= 1,7’ belong to the same equivalence class J € P(tj_l,p,p’)
at time ¢;_; and the Riemann problem J NW(t;) with flux
function ffjﬁ does not divide them

<= 7,7’ belong to the same equivalence class J € P(tj-1,s, s")
at time t;_; and the Riemann problem J N W(t;) with flux
function ffjﬁ does not divide them

<= r ~ 71" wr.t. the partition P(;, s, s').

Hence P(t;,p,p") = P(tj,s,5). O

4.2. Definition of 9

We can finally define the functional £ and prove that it satisfies inequal-
ities (3] and (4.6]).

Let s < s’ be two waves. Let ¢; be a transversal interaction time; assume
that s, s’ are divided in the real solution both at ¢;_; and at ¢;, and have
already interacted. For any p,p’ € Z(tj_1,s,s") = Z(t;,s,5'), let Jp, Ty be

the element of P(t;_1,s,s’) containing p,p’ respectively. Define

M(tj,s,8")[p,p'] = Z |7
JEP(tjfl,s,s/)
ToST<T
TEW(tj,24)
The above number is the length of the minimal interval containing p, p’, ob-

tained by union of components of P(t;_1, s, s") which are subsets of W(t;, z;).

Let s < s’ be two waves. For any time ¢; < min{7(s),T(s")} such that
s,s" are divided at time ¢; in the real solution and have already interacted,

define by recursion the map
m(t;,s,8): (I(tj,s,s/) X I(tj,s,s/)) N{p<p}—R

as follows:
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(1) if either j = 0 or s,s’ are joined in the real solution at time t;_1, set
7(tj,s,s")[p,p'] = 0 for any (p,p’) € (I(tj,s,s’) X I(tj,s,s’)) N{p <p'};
(2) if s, are divided in the real solution at time ¢;_1,
(a) if ¢; is an interaction or a cancellation point, set 7(t;,s,s)[p,p'] :=
m(tj-1,8,8")[p. '] ;
(b) if t; is a transversal interaction point, set

w(tj, s,8")[p, 0] = 7(tj—1,8,8") D, 0142/ Dy f | [o ) M (25, 5, ") [p, P']-

(4.9)

Now for any time ¢; and for any pair of wave (s,s'), s < &, define the
weight q(tj,s,s") of the pair of waves s, s at time t; in the following way:

0 s,8" joined at time ¢; in the real solution

. / ’
q(tj, S, S/) = m(;/r)(ij(’;’fs;[jg(]s)e)‘ s, 8" divided at time t; and already interacted,

HD121;waL°° s, s’ never interacted.

(4.10)

Finally set

Qty) = Y alty,s,s)lslls'], (4.11)
s,8'eW(t;)
s<s’
and Q(t) = Q(t;) for t € [t;,tj41) (or [ts,+00)). Recall that |s| = |s'| = ¢ is
the strength of the waves s, s’ respectively.

It is immediate to see that £Q is positive, piecewise constant, right con-
tinuous, with jumps possibly located at times t;,j = 1,...,J, and Q(0) <
| D2, f| L Tot.Var.(w(0,-))?. In the next two sections we prove that it also
satisfies inequality (A1) and ([G]). This completes the proof of Proposition

Indeed, the fact that £ decreases at cancellation is simply due to the
fact that the weights are not increasing, and some terms of the sum (ZI1])
are canceled.

4.3. Decreasing part of Q

This section is devoted to prove inequality (£5]). We will prove it only
in the case of a positive interaction point, the negative case being completely
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similar.

Lemma 4.14. Let t; be a fized time. Let s < s’ be two waves, divided in
the real solution at time t;, but which have already interacted. Assume s, s’
positive. Let J,J" € P(tj,s,s'), T <J', andpe J,p € J". It holds

oM (25, T) — o (£ T') < w(ty, s 8 ) p,p]. (4.12)

Proof. The proof is by induction on times (¢;)j—o,... s. Notice that the r.h.s.
of [@I2) is greater or equal than 0. If either j = 0 or at time ¢;_; waves s, s’
are joined in the real solution, the L.h.s. of (AI2]) is negative, hence (LI2])
holds.

Assume now that at time ¢;_; waves s, s’ are divided in the real solution.

Case 1. Assume t; is an interaction point. In this case Z(t;,s,s")=Z(tj-1,s,s'),
P(tj7878/) = P(tj—17378/)7 ﬂ(tj,S,S/) = 7T(tj—1787$/)7 fgjﬁ = f?f_l; hence by

inductive assumption we are done.

Case 2. Assume that ¢; is a cancellation point and w.l.o.g. suppose that
the cancellation is on the right of Z(t;_1,s,s’). It is not difficult to see that
there is at most one interval I € P(t;_1,s,s’) which is reduced (but not
completely canceled) and possibly split by the cancellation.

o If 7,7 C K, the Lh.s. of [£I2)) is negative and we are done.
o If 7 <Kand J CK, Urh(ffff_l,j) = Urh(ffjﬁ, J), while, by Proposition
28 Urh(ffﬁl,IC) < arh(ffjﬁ,j’). Hence
o™(£f1, ) — oM (EE, T < oMET L T) — o™ (£ LK)

tj—1°

IN

m(tj—1,s,8)[p. 0] = w(t;,s,9")[p, ],

where the second inequality comes from the inductive assumption at time
tj 1.
o If 7,7 < K, then, as before,
oM, )~ 0w T) = oM, ) - oL T)

S 7T(tj—h878,)[]771),] — ﬂ'(tj787$,)[pap/]'

Case 3. Assume that t; is a transversal interaction point. There exist
K, K' € P(tj_1,s,s") containing J,J" respectively. If 7, J' < W(t;,z;)
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(or J,J" > W(t;,xj)), then J = K, J' = K’ and we can use inductive
assumption to conclude:
Urh(f?f,j) o Urh(f?;f’jl) _ Urh(feff

tji—17

J) =o' (g5, T)

< 7T(tj—la S, SI)[p7p/] = ﬂ'(tj7 S, 8/)[p7pl]'
Assume thus

<.7<W(tj,acj) or jQW(tj,xj)) and <j/§W(tj,xj) or j/>W(tj,xj)>.

We can also assume K < K’ otherwise the Lh.s. of ([LI2]) is less or equal
than 0. Set J := U, ¢/ (W(r) —¢,w(r)] and similarly define J', K, K/, W C R
as the union of the waves segments in J', K, K', W(t;, z;), respectively. Let
a be any point such that sup K < a < inf K’. Since £ is defined up to
affine function on each maximal monotone interval of waves, we can choose
£5 £50  such that, LT (a) = £ (a) = 0.

1 ' dw

For any w € K, it holds
d € d €
) - o ()

a d2 & a d2 &
/ Wf?j (T)dT —/ Wf?j—l(T)dT

82 82

< /(w,a)mw ‘Wf(ﬂv(tj,ﬂ?j)) - Wf(ﬂv(tj,ﬂ?j—)) dr
N
UnG) | O3 f

< / / (1,v)|dvdT

(w,a)NW v;(j) ow?dv
< || Do || o [vai | [ (w, @) W]
< HDiwfoLoJUh(j)‘M(tj,8,8,)[]?,]),],

. <[ Do | oo [ o) | M (85,5, 8) . 0] (4.13)
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Now observe that for any w € J,

d d
Urh(f§f7j) _ arh(ffff,lvlc)‘ = ‘@coanfffe(w) - @coanffihe(w)

. d _. d .
(by Proposition 212]) < ' %ft? - @ft?_l Lo ()

(by (m)) < HDiwfoLoo|vh(j)|M(tj’Sasl)[p’pl]'
(4.14)

A similar computation yields

o™ (£, K) — o™ (g5, T)

<D f || e [on ) | Mt 5,8 [, '] (415)
Using (£14)), (£I5) and the inductive assumption, we obtain

o5, T) — o (5, )
_ [Urh(fgf \T) - o™ gt l,zc)} v [afh(f;f{l,m — oK)
+ oK) — ot )]
<r(tj-1,5,8) 0, 0] + 2| Do f|| oo [on ) | M (t5, 5, 8) [, ')
= m(t}, s, p, '] O

Lemma 4.15. Let t; be a fized time. Let s < s’ be two waves, divided in
the real solution at time tj, but which have already interacted. Let p,p’ €
I(tj,s,s'), p<s<s <p'. Then for each r,r" € I(t;,s,s') =L(t;,p,p),

W(tj’ S, S/) [Ta T/] = W(tjapa p/) [’I“, T/]-

Proof. By the second part of Proposition @13} Z(t;,s,s") = Z(t;,p,p’) and
P(tj,s,s") = P(tj,p,p"). The conclusion follows just observing that in the
definition of w(t;,s,s"), w(tj,p,p’) only the partitions P(t;,s,s"), P(t;,p,p)
are used. O

Theorem 4.16. Let (t;,x;) be a positive interaction point. Let L, R be the

two wavefronts (considered as sets of waves) interacting in (t;,x;), L < R.

It holds

rh/ ceff
9 (ftj_1 ’

L) —o™(£5 R)IL|IR]
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< Y Aas s sl Y 102l (1214 [RI)Islls')

(s,8")ELXR (s,8")ELXR
(s,s") already (s,8") never
interacted interacted

Proof. First let us introduce some useful tools. For any rectangle C :=

L xR C L xR, define (see Figure [)):

(0, C =10,
Bo(C) = [f NZ(tj—1, max £, min 7@)} X [7@ riI(t.j_lj max L, H.lin 7%)] ,
max £, min R already interacted,
{(max £, minR)}, max £, min R never interacted,
(0, c=0,
B.(C) = [ﬁ ﬂZ(tj_l,maxﬁ,minﬁ)} X {Q\Z(tj_l,maxﬁ,minﬁ) )
max £, min R already interacted,
{max L} x [7@\ {min 7%}], max £, min R never interacted,
0, C=0,
[ﬁ \ Z(t;_1, max £, min 7%)] X [7@ \ Z(tj_1, max £, min 7%)] ,
Oy(C) = max £, min R already interacted,
[5 \ {max EN}] X [’/é \ {min 7?,}} ,
max £, min R never interacted,
0, C=10,
Ba(C) = [f \I(tj_l,maxf,minfz)] X [ﬁﬂl’(tj_l,maxﬁ,minﬁ) ,
max £, min R already interacted,
[5 \ {max EN}] x {minR}, max £, minR never interacted.

Clearly {CDO(C), D,(C), P2(C), <I>3(C)} is a disjoint partition of C.

Denote by Aarh(ffjﬁ_l,C) = Jrh(fff_l,ﬁ) - Jrh(fff_l,ﬁ) the difference in
speed assigned to the first and the second edge of C by the effective flux

function at time ¢;_;. Set |C| := |L||R| = card(C)e*. By conservation it
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2(0) 1 di(c) ||

i R R
rbg(C)E o(C)
\ Y ]~

L

\ )
Y
L

Figure 1: Partition of £ x R.

holds Aa™(£5 . C)[C| = 30— Aa™(£51 , 2,(C))|®a(C)].

For any set A, denote by A<N the set of all finite sequences taking values in
A. We assume that € A<N and it is called the empty sequence. There is a

natural ordering < on A<N: given o, f € A<N,
a < <= [ is obtained from « by adding a finite sequence.

A subset D C A<N is called a tree if for any o, 3 € AN, a <8, if 8 € D,
then v € D.
Define a map W : {1,2,3}<N — 26XR by setting
v L xR, if =0,
| @a, 00 0P, (LXR), ifa=(a1,...,an) € {1,2,33<N\ {0}
For a € {1,2,3}<N let L4, R, defined by the relation ¥, = L, X Ra.
Define a tree in {1,2,3}<N setting a € D <= ¥, # ). See Figure 2l

The idea of the proof is to show that for each o € D, on the rectangle
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g | C e
&= X PoX
X 5 1=
S Lo X R () A
< [ = g
_______ S B - Y
i X o
L:Qg X Rgg: ‘Do(ﬁg X Rz) e : f:/i — R
| A
L31 x Ry
(D()(f, X R)
(I)()(;Cg X Rz)
\ J“
Y
L

Figure 2: Example of partition of £ x R using the tree D.

v, it holds

Ao (£ W)Wy
< Y Al s Slslls 1+ D0 D2 (1214 R1)Islls')

(s,8")EV (s,8")EV
(s.,s’) already (:s,s’) never
interacted interacted

The conclusion will follow just considering that () € D and ¥y = L x R. We
need the following two lemmas.

Lemma 4.17. For any o € D, if max L,, min R, have already interacted at
time t;_1, then the partition P(t;_1, max L, min Ry) of Z(t;_1, max L, min
Ra) can be restricted to

Lo N Z(tj—1,max L, min Ry)

and to
Ra N Z(tj—1,max Lo, minR,).

Proof. Let us prove only the first part of the statement, the second one being
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completely similar. We prove (by induction) the following stronger claim: for
each f<da, the partition P(t;_1, max L, min Ry ) of Z(t;_1, max L,, min R, )
can be restricted to L5 NZ(t;—1, max Lo, min Ry).

For 8 = (), by definition L3 = £ and thus the proof is an easy consequence
of Proposition [AI11

Thus assume the claim is true for some S <1« and let us prove it for Sa, with
a € {1,2,3}. If a = 1, by definition it holds

L =Lz NI(tj_1,max Lg, minRg).
Hence

L NI(tj—1,max L, minRy)
= LsNI(tj—1,max Lz, minRg) N Z(tj_1,max Ly, min Ry).

By inductive assumption, the partition P(t;_1, max Lo, minR,) of Z(t;_1,
max Lo, minR,) can be restricted to L£g N Z(tj_1, max L,, min R, ), while,
by Proposition EE13], since 3 < ¢, it can be restricted also to Z(t;_1, max Lg,
minRg) NZ(t;—1, max Ly, min R, ), and thus we are done.

If a = 2,3, by definition it holds

Lgg =L\ Z(tj—1,max Lg, minRz).

Hence

Lo NI(tj—1, max Ly, minRy,)

= (L’g \ Z(t;j—1, max Lz, min Rg)) NZ(tj—1,max Ly, minRy,)

= (Eg NZ(tj—1, max Ly, min Ra))

N <I(tj_1, max Lo, min Ry ) \ Z(tj—1, max Lz, min Rﬁ)) .

As in the case a = 1, by inductive assumption, the partition P(t;_1, max L,
min R ) of Z(t;_1, max L,, min R,) can be restricted to LgNZ(t;_1, max L,
minR,), while, by Proposition .13} since 8 < v, it can be restricted also

to Z(tj—1,max Lo, min Ry) \ Z(tj—1, max Lg, min Rg), and thus we are done

also in this case. O



538 STEFANO BIANCHINI AND STEFANO MODENA [September

Lemma 4.18. For each o € D, if max L,, min R, have already interacted

at time tj_1, then on ®o(¥,) it holds

Ao (£ @o(Wa))|Po(Wa)l < Y wltj1,s,8)[s, s ]lsl[s]-
(5.5/) €0 (¥ (@)

Proof. By definition of @,
Dy (V) = [EQOI(tj,l,maxﬁa,minRa)} X [RQOI(tj,l,maxﬁa,minRa)}.

By previous lemma,

P(tj—1, max L, min Ra)|£amI(tj_1,maX£a7minRa) = {jl, . ,jL},
P(tj—1, max Ly, min Ra)|RaﬂI(tj,1,maXl:a,minRa) = {Kl, . ,ICN}.
Hence,

Ac™(£71, @o(Wa)) R0 (Vo)
L N
(by conservation) = Z Z Aarh(f?f_l,ﬂ X ICo)| T x Ko

=1 n=1

L N
S D) IR PYRIN DN

=1 n=1 (s,s")eT xKn
L N
(by Lemma .14 < Z Z m(tj—1,max Lo, min Ry )[s, s]|s|||
=1 n=1 (s,s")eT; xKn
< Z m(tj—1, max Lo, minRy)[s, s']|s||s’|
(s,8")EP(Pa)
(by Lemma [L15]) < Z m(tj—1,s,8)[s, s]|s||s']. O

(s,8")EP (Vo)

Conclusion of the proof of Theorem [4.16l As said before, to conclude
the proof of the theorem it is sufficient to show that for each o € D, on ¥,
it holds

Ao,rh(feff

ti—17

o)Wl (4.16)
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< Y wlns s SsllsS D 1Dl (1214 [R1)slls')

(s,8")EV, (s,8")EY,
(s,s") already (s,s’") never
interacted interacted

This is proved by (inverse) induction on the tree D. If a € D is a leaf
of the tree (ie. aa ¢ D for each a € {1,2,3}), then ¥, = ®o(¥,). If
max Lo, min R, have never interacted at time t;_1, then ¥, = ®¢(¥,) =
{(max L,, min R,,)} and inequality (£10) follows from Mean Value Theorem;
if max £,, min R, have already interacted at time ¢;_;, then each wave in
L, have interacted with any wave in R, and thus inequality (LI6]) is a

consequence of Lemma [£.I8]

Now take o« € D, a not a leaf. Then ®1(¥,) = V,q, Po(V,) = Py,
q)g(\lfa) == \I’ag and

Aarh(ffjﬁ_l y U)W,
(by conservation) = Aarh(ffjﬁil,<I>0(\I/a))]<1>0(111a)\

3
+ Y ATNET D0 (1,))| B0 (T
a=1
_ rh/ceff
— Ao(ET | 0o(W,) o (W,)|
3
+ Z Aarh(ffﬁl, \I/aa)’q/aa‘
a=1
(by Lemma BI8]) < Z m(tj—1,5,8")[s, s']|s|s']
(5,8 )€P0(Va)
3
+ Z Aarh(ffff_l s ‘I]aa)|\1]aa|
a=1

(by inductive assumption)

< X Al s sl

(s,8")€P (Vo)

3
+Z; ( Z ﬂ(tj—h873/)[37‘9/”8”‘91’

(S,S’)G\I/aa
(s,s’) already
interacted
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£ DRl 11+ R )

(Svsl)e\ljaa
(s,s’) never
interacted

= X At sl
(s,8")EVq
(s,s’) already
interacted

> D2l (121 [R)Islls',
(s,8")ET,
(s,s’") never
interacted

thus concluding the proof of the theorem. O

Corollary 4.19. For any interaction point (tj,x;), it holds

Y loltys) —olti-1,s)lls| < 2[Q(t;-1) — Q(t)].

seEW(t;)

By direct inspection of the proof one can verify that the constant 2 is

sharp.

Proof. As said at the beginning of this section, we assume w.l.o.g. that
all the waves in W(t;,x;) are positive. Let £, R be the two wavefronts
(considered as sets of waves) interacting in (¢;,z;), £ < R. With standard
arguments, observing that the waves which change speed after the interaction

are those in £L U R, one can see that

o (5, £) — oM (277 R)|IL|IR)]
L[+ [R]

> lolty,s) —oltj-1,9)lls| =2

seEW(t;)
(oh(e . £) = oh(g5 R) ) I£IIR)

—9 ,
L]+ R

where the last equality is justified by the fact that, since £ and R are inter-
acting and £ < R, then oM (£¢  £) > o (£¢f R). Hence, using Theorem
Jj—1 j—1

{16l we obtain
> lolts,s) —olti1,9)s|

seW(t;)
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(e, £) — oz R) ) I£IR]
[Z[+ R

S wltons s Slsls'
(s,8')ELXR
(s,s’) already

interacted

- 2 HDawfuLoo(w+\R\)\sus’\]
(s,8")ELXR
(s, 8") never
interacted

m(tj—1,8,5)[s, s]|s||s
) J ? 9 ) D2 o /
[ L i T, WPkl

$,S X 8,8 X

(s,s’) already (s, ") never

interacted interacted

=2 > qltjiuss)slls

(s,8")ELXR

= 2((t;-1) - ()]

= 2

2
S JE—
L]+ [R]

i

IN

which is what we wanted to get. O

4.4. Increasing part of Q

This section is devoted to prove inequality (4.6]), more precisely we will
prove the following theorem.

Theorem 4.20. If (t;,x;) is a transversal interaction point, then
Q(t;) — Q(tj-1) < 6108(2) | Dy f | oo [on ()| [W(#5, 25) [ Tot. Var. (w(0, -)),

where |vy;)| is the strength of the wavefront of the first family involved in
the transversal interaction at time t;.

Proof. Assume for simplicity that W(t;, z;) =[p1, p2] and waves in W(t;, z;)
are positive. First of all, let us split the quantity we want to estimate as
follows. Recall that given s < s' in W(t;), their weight can increase only if
they are divided both before and after the transversal interaction and have
already interacted before the transversal interaction.

Q(tj) —Qtj-1)
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= Y [atss) —atts )]sl
s,s'eW(t;)
s<s’

= ¥ S |altss) = altass)|lsls
8<W(tj ,:L‘j) SIEW(tj 7xj)
s’ already interacted
with s

+ Y S |altiss) —alt1ss)|Isls
s<W(tj,25) s’>W(t]~,xj)

s’ already interacted
with s

+ > 3 [q(tj,s,s') - q(tj_l,s,s')]]sHS']. (4.17)
seEW(t;,x5) s'>SW(tj,x5)
s’ already interacted
with s

Let us begin with the estimate on the first term of the summation. Fix

s < W(tj,x;) and assume that s has interacted with p;. Set
rs i= max {p € W(tj,z;) | p has interacted with s at time tj_l}.

We need the following lemma.

Lemma 4.21. There exists a partition Py = {K1,..., Kk} of [p1,rs], with
Ki < Kgy1 such that for any s € [p1,7s], if Ki(sy is the element of the

partition Ps containing s', it holds

k(s")

M(t;,s,8')[s, 8] = Z K.
k=1

The remarkable point in this lemma is the fact that the partition Py depends

only on s and not on s’

Proof. Define N € N and a finite sequence (S,)n=1,. . n+1 as follows.
Set s; := p1. Now assume to have defined s, € [p1,7s]; set spi11 =
maxZ(tj_1,s,5,) + 1. If 5,41 < 74, keep on the recursive procedure, other-

wise set NV := n and stop the procedure. Clearly s; < --- < sp.

Now observe that for each n = 1,... N, the partition P(t;_1,s,sy) can
be restricted to Z(t;—1,5,5n) N [Sp, Sp+1 — 1]. Namely for n =1 this follows

from Proposition [.I1], while for n > 2, it is a consequence of Proposition
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413l just observing that
Z(tj-1,8,5n) NV [sn, sn1 — 1] = Z(tj-1,8,8n) \ Z(tj-1,8,8n-1)

and s < s,—1 < s,. Hence we can set

N
Py = U P(tj—la S, Sn)‘I(tj,l,s,sn)ﬂ[sn,sn_,_lfl}
n=1

Observe also that for each s’ € [sp,sp41 — 1] € Z(tj—1,5,5,), by the sec-
ond part of Proposition FI3] it holds Z(t;_1,s,s") = Z(tj_1,s,sn) and
’P(t]’,b S, S,) == P(tjfl, S, Sn).

Hence for any s’ € [s,, sp+1 — 1], denoting by Js, Jy the elements of

P(tj_1,s,s") containing s, s’ respectively, we have

M(tj,s,8")[s,s'] = Z |T| = Z T

TEP(tj—1,5,5") TEP(tj_1,8,5n)
NESSVASV Ts<IT<Ty
ng(t17$]) ng(tJ,{L‘J)

= > W+ > Y
jG'P(tj,hs,sn) JE’P(tj,l,s,sn)
J<sn T Clsnssnt1—1]
TW(tj,x;) T<T
=|ns-1+ X I
KePs
’Cg[snasn+1_1]
KS’CIC(SI)
=D K+ > K
KePs KePs
K<{sn} KC[sn,sn+1—1]
’CSKIC(S/)

k(s")
=) IK|. O
k=1

Now for fixed s < W(t;,x;), s already interacted with pi, consider the
partition Ps = {K1,...,Kx} of [p1,rs], with K < Kky1 constructed in

previous lemma and, as before, for any s’ € [p1,7s] denote by Ki(sy the
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element of the partition Py containing s’. We have

Z [q(tj, s,8) — q(tj—1,s, s')] |s||s

S/G[plﬂ“s}
1
= 21D lslenc o] 3 e M sl 1
s'=p
(by Lemma [.2T]) 1 k()
1
= 2Dl Y e 51X K
'_p1
1
= DTl 1S Z o )|s'|§j|fck|
= ISGKI k=1
1
DTl 3 Z Y
k 11= ksEICl
|5 |
< 2D, fllLos |vng HS\Z!’CM Z () =)
1D o o 13 s |p1w(p2 d
SQwav Loo’Uh SWt,CE / N .
P J(pry—e W' — (0(s) — €)

Now we sum over all s < W(t;,x;) which have interacted with p;.

Z Z |:q(tj,8,5/) - q(tjfl,S,S/)} |s||s|

s<W(tj,z;) s'€[p1,rs]
s interacted with pp

w(p2) duw’
< 2D flielony Wz S / (

o gy = (@) =)

s interacted with p;

(P1) w(p2) dw’dw
< ADRndlslng Wzl [ [

(p1)—e

where a := w ( min {s | s has interacted with p; }) —e. An easy computation

shows that
/ / AW o (2)(b— a). (4.18)

w’—w

Hence,

Z [q(tj,s,s’) — q(tj_l,s,s/)] s8]

s<W(tj,25) s'€W(t],2;5)
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< 2 log(Q)HDiwfoLoo |vh(j)||W(tj, x;)|Tot.Var.(w(0,-)).  (4.19)

A similar computation holds for the third term in the summation ([A.I7)

and gives
3 3 Aty 5.8) = alti-1,5,8) |35
seEW(t;,x;) s'>SW(tj,x5)
s already interacted with s
< 2 log(Z)HDiwfoLoo |vh(j)||W(tj, x)|Tot.Var.(w(0, -)). (4.20)

The estimate on the second term of the summation in (A7) is similar,

but easier.

3 S Jaltss) = altins,s)|lsls

s<W(tjms) S >W(t;m5)
s’ already interacted
with s
[s]ls'|
< > o 2ADhu e long) WV, x5)| -
s<W(t,m5) ' >W(tj,a;) v 7 w(sl) - (w(s) - 8)
VR VR
s’ already interacted
with s

wlpr)=e rb gy dw
< DB e o Wt )] / /

N I’
w(p2) w w

where a := w(min M) —¢, b := w(max M) and M is the maximal monotone

interval in which W(t;, ;) is contained. Thus, using again (£.I8]),

3 S Al s) = altins,s)|lslls
S<W(tj,l‘j) s’>W(t]~,xj)

s’ already interacted
with s

< 210g(2)HD3 fHLoo\vh(j)HW(tj,xj)\Tot.Var.(w(O,-)). (4.21)

wwv

Summing up inequalities (£19), (£20), (£21]), we conclude the proof. O

Corollary 4.22. It holds

> At —Qlta)

t; transversal
interaction

< 6log(2)|| D3, f I Tot.Var. (w(0, -))*Tot. Var. (v(0, -)).

wwv
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roof. By previous theorem,

Q(t;) — Q(tj-1)
< 61og(2)|| D3, f || L= Tot. Var. (w(0, -)) [Qtraﬂs(tjfl) - Qtrans(fj)] :

Using Proposition B.14] we get the thesis. O
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