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Abstract

In the absence of magnetic effects, the dynamics of two-species charged dilute par-
ticles (e.g., electrons and ions) interacting with their self-consistent electrostatic field as
well as their grazing collisions is described by the two-species Vlasov-Poisson-Landau sys-
tem, while the one-species Vlasov-Poisson-Landau system models the time evolution of
dilute charged particles consisting of electrons interacting through its binary grazing col-
lisions under the influence of the self-consistent internally generated electrostatic forces
with a fixed ionic background. To construct global smooth solutions of the two-species
Vlasov-Poisson-Landau system near Maxwellians, a time-velocity weighted energy method
is developed by Guo in [Guo Y., J. Amer. Math. Soc. 25 (2012), 759-812] which yields a
satisfactory well-posedness theory for the two-species Vlasov-Poisson-Landau system with
algebraic decay initial perturbation in the perturbative context. It is worth emphasizing
that such a time-velocity weighted energy method relies heavily on the fact that the po-
tential of the electrostatic field decays sufficiently fast. The main purpose of this paper is
to show that, for the one-species Vlasov-Poisson-Landau system, although the temporal
decay of the electric potential is worse than that of the two-species Vlasov-Poisson-Landau
system, the method developed in [Guo Y., J. Amer. Math. Soc. 25 (2012), 759-812] can

still be adapted provided that the initial perturbation satisfies the neutral condition.
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1. Introduction and Main Results

In the absence of magnetic effects, the dynamics of two-species charged
dilute particles (e.g., electrons and ions) interacting with their self-consistent
electrostatic field as well as their grazing collisions is described by the two-
species Vlasov-Poisson-Landau (called VPL in the sequel for simplicity of

presentation) system (cf. [9, (15, [18)]):

OFy +v -V l'y + E-V,Fy = Q(Fy, Fy) + Q(Fy, F-),

1.1
OF_ +v-VF_—E-V,F_=Q(F_,F.)+Q(F_,F_). .

Here Fly(t,x,v) > 0 are the number density functions for the ions (+) and
electrons (—), respectively, at time ¢ > 0, position = (z1,z2,23) € R3,
and velocity v = (v1, v2,v3) € R3. The collision between charged particles is

given by

Q (G:l:’ G¥)

~V, [ dw— v/){Gi(v/)VUGjF(v) - Vv/Gi(v’)GjF(v)}dv’
R

3
=Y 0 /RS OV (v — v/){Gi(v/)ajG¢(v) — ajGi(v')GqE(v)}dv/, (1.2)

ij=1

where 0; = 0,, and ®(v) = (<I>ij(v))3x3
Planck) kernel (cf. |1, 12,13, 16, [7, 9, 10, 11, [13, 15, 16, [18]):

is the famous Landau (Fokker-

09(0) = (3 - T )l 0z -3 (13)

and the case of v = —3 corresponds to the Coulomb potential (cf. [2,[17]).

The self-consistent electric field E(t,x) = —V ¢ and the electric poten-
tial ¢(t,x) will then satisfy the Poisson equation

Ve E=—-0p0p= (Fp — F_)dv, lim ¢(t,z) = 0. (1.4)

RS la|—+o0

Here, without loss of generality, all the physical constants such as the mag-

nitudes of charge and mass of the two-species charged particles and all the
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generic constants such as 47 in the Poisson equation (L4), etc. evolved are

normalized to be unit for notational simplicity throughout this manuscript.

In physical situations the ion mass is usually much larger than the elec-
tron mass so that the electrons move much faster than the ions. Thus, the
ions are often described by a fixed ion background ny(z) and only the elec-
trons move. For such a case, the dynamics of the electrons interacting with
its self-consistent electrostatic field as well as its grazing collisions with a

fixed background of ions can be described by the following one-species VPL

system
OF +v-ViF+V,¢-V,F=Q(F,F), (1.5)
Ay = / Fdv—ny(x), lim ¢(t,xz) = 0. (1.6)
R3 || =00

Here the unknown F' = F(t,z,v) > 0 is the density distribution function of
electrons located at © = (21,72, 23) € R with velocity v = (vy,v9,v3) €
R3 at time t > 0. The potential function ¢ = ¢(t,x) generating the
self-consistent electric field E(t,x) = —V,¢(t,z) in ([LH) is coupled with
F(t,x,v) through the Poisson equation (L6) where ny(z) is the density of
the ionic background. Throughout this manuscript, ny(x) is assumed to be
a positive constant, which means that the density of the ionic background
is spatially uniform, and without loss of generality, we can further assume
that ny(z) = 1.

This paper is concerned with the global solvability of the one-species
VPL system (L), (I6) around the following normalized global Maxwellian

uzmr%mQﬁQ

2

in the whole space R;” x R3 x R? with prescribed initial data
F(0,z,v) = Fy(z,v). (1.7)
For this purpose, we define the perturbation f(t,z,v) by

F(t,z,0) = p+ p? f(t, z,v),
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then, such a Cauchy problem (LE), (L6]), (L7) is reformulated as
Ouf +0-Vaf +Ved Vuf = 50+ Vabf — Vat- ot + L =T(f, ),
8= [ wido,
R3

F00,2,0) = folz,v) = u~2 (Fo(a,v) — p(v)) .

lim ¢(t,z) =0, (1.8)
|z|—+o0

Here the linearized Landau collision operator L f and the nonlinear collision
term I'(f, f) are defined by

Lf = —p'/? {Q (u,u%f) +Q (u%f, u)}
and

L(f.f) = w2Q (i f.if),

respectively. Recalling (IL8]), we can rewrite ¢(t, z) in terms of f(t,z,v) as
olt.x) = / 2(0)f(t,,v) d
= —— %k 2 .
, T Tl . w2 (v)f(t,z,v)dv

Here *, denotes the convolution with respect to the x variable.

For the linearized Landau collision operator L, it is well known [7] that

it is non-negative and the null space N of L is given by
N = Span {u%, viu%(l <1 <3), (|v|2 - 3) ,u%} .
If we define P as the orthogonal projection from L?(R3) to N, then for any
given function f(¢,z,v) € L2(R3), one has
Pf = a(t,z)u® +b(t,) - vp® + olt,z) (jv]* - 3) 3,
a = / ,u%fdv :/ ,u%Pfdv = Py f,
R3
b; = / vi,u%fdv = / vi,u%Pfdv, i1=1,2,3,
R R3

1 1 1 1
c = 6/ (|v|2 —3) p fdv = E/R (|v|2 —3) u2P fdv.

R} 3

Therefore, we have the following macro-micro decomposition with respect to



2015] THE VLASOV-POISSON-LANDAU SYSTEM 315

the given global Maxwellian u
f(t,{l},'l)) :Pf(t,fl,’,'l)) —l—{I—P}f(t,x,v) (19)

Here I denotes the identity operator. P f and {I—P}f are called the macro-
scopic and the microscopic component of f(¢,z,v), respectively. For the
corresponding macro-microscopic decomposition for the Boltzmann equa-
tion, see [, [14].

Before going on, we first list some basic notations used throughout this
paper:

e (' denotes some positive constant (generally large) and A, €, k, and ¢
stand for some positive constant (generally small). Note that all these
constants may take different values in different places;

e A < B means that there is a generic constant C' > 0 such that A < CB.
A~ Bmeans A < Band B < A. A2 B can be defined similarly;

e The multi-indices « = [a1,az,a3] and 5 = [f1, 52, 03] will be used
to record spatial and velocity derivatives, respectively. And 8gf =
031032 82‘;8511 852053 . Similarly, the notation 9 will be used when 8 = 0
and likewise for dg. The length of « is denoted by |a| = a1 + a2 + a3.
o/ < a means that no component of o/ is greater than the corresponding

component of a, and o/ < o means that o < o and |[¢/| < |a|. And it is

= | > 1o f1
|a|=k
3

e (-,-) is used to denote the L? inner product in R?, with the L? norm

convenient to write

\&i

| - [z2, while (-,-) denotes the L? inner product either in R? x R or in
R3 with the L? norm || - ||;

e For p > 1,q > 1, we also define the mixed velocity-space Lebesgue space
LYLY = LP(R3; L9(R3)) with the norm

Wiz = ( [, ([, 1w orar) o

for f = f(z,v) € LYLE and when p = 2, we will use Z, to denote L2L.
Forp>1,q>1,¢cZ", ILLY, LHH!, etc. can be defined similarly;

1
P
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e For some time and velocity dependent weight function w(t,v) 2 1, as in

[7], we define the the weighted norms | - |54 and || - |50 as
o ~ [t o)) 1], + ot o) (029,72
L3 vl |2
|t )0 9, % (1.10)
|v] L2

and || fllo.w = H|f|07wH Moreover, |f|s = |flo1 and [|fllo = || fllo1;

e For p € [1,4+00] and some time and velocity dependent weight function
w(t,v) 2 1, LP(R3) denotes the usual Lebesgue space in R3 with the
usual norm |- |;», L, (R3) stands for the weighted Lebesgue space in R}
with norm |f|pw = |wf|pe for f(v) € L,(R3). Similarly, LP(R? x R3)
(or LP(R3)) in R3 x R3 (or R2) and L}, (R3 x R2) (or LL,(R3)) in R3 x R3

(or R?) can be defined similarly with the corresponding norms || - [|z» .
(or [|-][zr) and || - ||p,w, respectively. It is easy to see that |-[21 = |- |12,
I llox =11 llzz, = II- [l and |- [lz,0 = [ [z = I - -

With the above notations in hand, it is well known, cf. [7], that the

linear operator L > 0 is locally coercive in the sense that
(Lf, f) 2 KI-P}f[5. (1.11)

As pointed out in [9], the main difficulty for the construction of solutions,
either local or global, to the Cauchy problem of both the two-species VPL
system (LI)), (I.4) and the one-species VPL system (L5]), (L6) for the case
of =3 < v < —2 is due to the degeneration of coercive estimate (LII) at
large velocity for the linearized Landau collision operator L and the velocity-
growth of the nonlinear term —%v -V, ¢ f with the first order velocity-growth
rate induced by the electrostatic force. To overcome such a difficulty, a time-
velocity weighted energy method is introduced in [9] for the two-species VPL
system ([L1), (I4)) in a periodic box to capture the dissipation for controlling
the velocity growth in the nonlinear term for —3 < v < —1 and to overcome
the large-velocity degeneracy in the energy dissipation for —3 < v < —2.

The main ideas developed in [9] can be outlined as in the following:
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e An exponential weight of electric potential e¥® is introduced to cancel
the growth of the velocity in the nonlinear term :F%Vﬂf) -vfy, which is
mainly due to the following identity

e:F¢fi (qzévx(b : vf:l: +uv- fo:l:) = %’U ' (eq:¢f:%:> . (1’12)

Here fu(t,a,v) = p(v) "2 (Fi(t,,v) — p(v));
e A velocity weight

we(a, B)(v) = (v) " OFDEITED ) = /T4 o2 (1.13)

is designed to capture the weak velocity diffusion in the linearized Landau
kernel L for the case of —3 <~ < —2;
e A temporal decay of the electric potential ¢(¢,x) is obtained to close the

energy estimate.
We note, however, that the fact
0t d ()| oo (ms3) € L' (RT)

plays an essential role in the analysis in [9], cf. |15] and [18] for the cor-
responding results in the whole space. But for the Cauchy problem of the
one-species VPL system (L.§]), the temporal decay analysis for the solution
operator of the corresponding linearized system in [6] tells us that even if

the initial perturbation fy(x,v) is assumed to satisfy the neutral condition
/ / u%(v)fo(x,v)dvdx =0, (1.14)
R3 JR3
one can only deduce that d.¢(t,x) decays at most like

1066 () poomzy S (1 +8)7"

and consequently, the arguments developed in [9, [15, [18], which have been
proved to be effective for the construction of global solutions to the Cauchy
problem of the two-species VPL system (1), (L4]), can not be adopted
directly to deal with the one-species VPL system (L)), (L.0).
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To study the global solvability of the Cauchy problem (L8] of the one-
species VPL system, another time-velocity energy method is introduced in
[6] and ]12] which is first used in [4, |5] to deal with the Vlasov-Poisson-

Boltzmann system and is based on the following weight function w,_ 5|(t, v)

7 () (r+D(E=18) g(v)’ )]
we—)(t,v) = (v) exp a+07) 0<gxl1l, 0< <7
(1.15)
By combining the dissipation term
~ o 2
@1 (t, v)05{T = P} ]| (1.16)

which is the weighted variant of the coercive estimate (III]) of the linearized
Landau collision operator L with respect to the weight function w,_| Bl(tv v)

and the extra dissipation term

(L+6)"17 || (o) (8, )5 {1 — PY £ (1.17)

v 2

induced by the exponential factor e(h—t))"’ of the weight function wy_g|(t, v),
a somewhat satisfactory well-posedness theory is obtained for the Cauchy
problem (L8] for the whole range of v > —3 and for any small initial per-
turbation fo(z,v) which is not necessarily assumed to satisfy the neutral
condition (I.I4]), but at the price that the initial perturbation fy(x,v) de-

cays exponentially for large |v].

Thus a natural question is: Does similar global solvability result hold
for the Cauchy problem (L8]) of the one-species VPL system with algebraic
decay initial perturbation? Or in other words, Can the approach developed

in (9,115, 18] still be adapted in the one-species case?

The main purpose of this paper is devoted to the above problem and we
will show that it is indeed the case if the initial perturbation fo(z,v) satisfies
the neutral condition (I.I4]). Before stating such a result, for some integer
N > 1 and some constant £ > N, we define the energy functional £y ¢(t) and
the corresponding dissipation rate functional Dy () of a given f(t,z,v) by

Enve®) ~ Y wele, HOGF|” + IIVaolzgn (1.18)

loe|+|B|<N
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and

Dye(t) = llal> + Y 0%, b,o> + Y |jwela, )OI~ PIf|.

1<|a|<N lal+|8]<N
(1.19)

Now our main result can be stated as follows.

Theorem 1.1. Assume that

L4 _3S’Y<_2)N2370<60§%J
o The parameters 1;(j = 0,1,2,3) are chosen such that
l() 3’7 +4

Lh>-+N, >+

In> 2 or e
0~ 3 2 2(y + 1)’

1
ls 212+ 5;
o The initial perturbation fo(x,v) is assumed to satisfy Fo(z,v) = p+
VEfo(z,v) >0 and the neutral condition (I.14));
_ o o a1
o Yo= > H<“> (r1)(s | Hw)aﬁfou+||V$¢0HHN+H<U> 2 zOfO‘

lo|+|BI<N
+ /(1 + |z])agl| ;1 is assumed to be sufficiently small.

Z1

Then the Cauchy problem (L8) of the one-species VPL system ezists a unique
global solution f(t,x,v) satisfying F(t,z,v) = p+ /mf(t,z,v) > 0 and the
following temporal decay estimates:

1(f(t), Vad(E)? S YA +1)2,

(1.20)
IV (F(8), Vad(0)IP S Yo (1+1)72,

N

and
Envp(t) S V(1 4+1)7%, (1.21)

Remark 1.1. Several remarks concerning Theorem [L.T] are listed below:

e Although only the case of —3 < v < —2 is treated in Theorem [L.I] the
case of v > —2 has been studied in [12] and it is shown in Theorem 1.1 in
[12] that similar result holds even without the neutral condition (L.I4));

e For the case of —3 < v < —2, it would be of some interest to see
whether similar result holds or not if the initial perturbation fy(x,v)
is not assumed to satisfy the neutral condition (I.I4]). Such a problem

is under our current study.
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Before concluding this section, we point out the key technical points
in the proof of Theorem 1.1. First of all, similar to that of 9], we use
the velocity weight wy(c, ) defined in (ILI3])) and an exponential weight
of the electric potential e~? to cancel the velocity growth induced by the
self-consistent electrostatic field V,¢. As a consequence, the corresponding
weighted energy estimate based on these two weight functions wy, (o, §) and
e~? will result in a Lyapunov type differential inequality for some energy

functional En, (t) like

d
235N (1) + D ga () S 11060 (0) | e Envy (1) (1.22)

Since, unlike the case of two-species VPL system (L)), (4] studied in
[9, 115, 18], the temporal decay of the electric potential ¢ for the one-species
VPL system (L), (LG) is worse such that [|0;¢(¢)| oo (rs) does not belong to
L'(R*) any longer, the argument in [9, [15, 1&] can not be adopted directly
to deal with the term [|0;¢(t)||LecEn 15 (1) appeared in the right hand side of
(@22).

To deal with such a term, we have by multiplying ([.22]) by (1 4 ¢)~°

for some constant ¢y > 0 that

% (1 )8, ()} + o1+ )81, (1) + (1 + 1) Dy (1)
S (487 )0p) | pge Envs (2)- (1.23)

The estimate (L23]) tells us that if the electric potential ¢ decays suitably
such that

|19:(E) | oo sy < €(1+ )7 (1.24)

holds for some sufficiently small positive constant ¢ > 0, then we can use
the new dissipation term (1 4 ¢)717€&y . (¢), i.e. the second term in the
left hand side of the differential inequality (I.23]), to absorb the term (1 +
t)7°||0sp(t)|| Lo EN 15 (t) appeared in the right hand side of (L.23)).

Now the problem is how to get the temporal decay of the electric po-
tential, especially the temporal decay estimate on [|0;¢(t)||ze. To this end,
by combining the temporal decay analysis on the solution operator of the

corresponding linearized VPL system with the Duhamel principle as in [6],
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we can indeed deduce the temporal decay estimate (L.24]) together with the

following temporal decay estimate on [|V4¢(t)|| oo (r3)
_5
IVa@(t)l] oo (ra) < €(1+1)7 7 (1.25)
under the assumption that
Ena (1) Se(l+1)72. (1.26)

To verify the temporal decay estimate (I.26]) on Ey, (t), on the one hand,
one has for any £ > N > 2 that

d
aEN,z(t) + 'DN,g(t) <0, (1.27)

where we need the smallness of £y T (t) which is caused by the velocity
’ s

growth comes from the nonlinear term V,¢-vf (For details, see the estimates
on Iy, I, and I4 in the proof of Lemmal[3.2]). On the other hand, the analysis
on the temporal decay estimate (L26]) on the energy functional Ex, (¢) in

Lemma [B.3] asks that (L27]) also holds for ¢ = I3 + 2I* with [* = 2&121).

Consequently, the smallness of Ey j, 1o« T T (t) needs to be justified.
’ ¥

To guarantee the smallness of Ey 4o ok (t), by performing the
weighted energy estimates with respect to the weight wy(c, 5) only and by
re-examining the terms related to the nonlinear term V.¢ - vf, one can
deduce the following Lyapunov type differential inequality for some energy

functional En ¢(t)

d
25 Ene(t) + Drve(t) S [Vad(t)l 23Dy, 1 (1) (1.28)

for any ¢ > N.

Thus, if we replace ¢ in (L28)) by Iy > ll+2l*—|—2(ﬂ/—11) and take I3 > l2—|—%

in (I.23]), respectively, we can then close the whole analysis by combining
(L23) with ¢ = I3, (L28]) with ¢ = lo, and the estimate (I.25]) provided that
€o is suitably chosen such that ¢y € (0, 1].

The rest of this paper is arranged as follows. In section 2, we will first

give some weighted estimates on the linearized Landau collision operator L
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and the nonlinear collision term I'. For our later use, some weighted esti-
mates on the nonlinear term related to the electric potential ¢(¢,x) will also
be given in this section. Section 3 is first devoted to deducing some a priori
estimates on the local solutions to the Cauchy problem (L.8]) constructed by
repeating the argument used in [9, [15, [18] and then to proving our main
result Theorem [L.T] by the continuation argument in the usual way.

2. Preliminaries

In this section, we first collect several fundamental results to be used
frequently later. The first lemma is devoted to the estimates on the linearized
Landau operator L and the nonlinear term I', whose proofs can be found in
[18].

Lemma 2.1 (cf. [18]). Assume —3 < v < =2 and let w = wy(a, B)(v) be
the weight function defined in (LI3)), then we can get that

(i) There ezist k > 0 and Cy, > 0 such that

(wi (e, 0) (V) Lf,0%f) = KIf13 a0y — Crlf 12 (2.1)

Let |5] > 0, for 1> 0 small enough there exists Cy) > 0 such that

(w} (e, A))IFLL 05 F) > wlogf2, o o=n 3 |08T-PH2,

owe(a,f
|18"1=18I
o 12
—Cy Y 105 f|W(aﬁ). (2.2)
18'1<18l
(ii) It follows that
<wlg(a76)(v)8gr(glvg2)va§g3> (23)
§ qa a—a fo fe

S Z ‘,u 95" L 955, 92 oyl <‘8ﬁg3‘o,w[(a,g) +€‘6’893‘27Li’5)) .

aj<a v ’ ’ ("2

B<p1<B

Here § > 0 is a sufficiently small universal constant. In particular, we
have

(T(g1,92),93) S ‘M‘Sgl 92, 1930 (2.4)

|
L3
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Next we turn to deduce some weighted estimates on the nonlinear terms.
Our first lemma is concerned with the term v - V, f which can be stated as

in the following lemma:

Lemma 2.2. Assume —3 < v < —2 and take N > 2 and £ > N, then it
follows that

(v-Vaiof, f) S / b]*(a + 2c)dz + Eno(t)Dne(t) + €Dy e(t).  (2.5)

~dt
Furthermore, we also have the following weighted estimates with respect to

the weight function wy(a, f):

> (v Vapd® fwi(e,000°f) S Eneryn (ODwo(t) +eDive(t), (26)

1<[a<N

S (v Va9 {1 - P} f), wh(a, )OZ{I ~ P}f)
lo|+|BISN

= 5N7é+ﬁ (t)Dn,o(t) + €D e(t), (2.7)

> (v V0™ 0" fw}(0,000% ) S Eno(t)Dive(t) + €Dy e(t), (2.8)

1<|a|<N
a1#0

and
S (00 Va0 005 5T - PY,wi(e, B)I5 T - PY)

la|+|B|<N,
a1 #0,a1<a,B1<B

S Eno(t)Dn(t) + D (t). (2.9)
Proof. For [2.3), as in Lemma 3.2 of [6], one has

(0-Voof, f) < / bP(a+ 20)dz + |26, | (0

~odt )HI- P}fH

+{||<a, b,z + Vel + V0] V2] }

‘ {nvz(a, bl + || {1 - P}fH2}

d

S 5 |b| (a+2c)dz + Enp(t)Dn,e(t) + eDnye(t), (2.10)

where we have used the fact that £ > N and N > 2.
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As for (2.6)), one has from Sobolev’s inequality that

> (v Vad0” fwf(@,000° )

1<|a<N
~+2
S Y IVl [Jweles 0)0% ) 7 | el 0)0% i) F
1<|a|<N
5112
S > V2l ||wele, 0007 o) 73 |7+ € (e 000 £
1<|al<N
S Enpy, o (6)Dno(t) +eDne(t).

2(v+1)
This proves (2.6 and (Z7) can be proved by the same way as ([2.6]).
Now for (2.8]), we have

Z (v -V 0% o™ f, w?(oz, 0)80‘]‘")

1<|a|<N
lag|=1
S Y 106l e, 000" P ) 7R | (e 000 £ ()5
iy
30 1906l e i, 00 {T-Phs(w 00" ()
1<|a|<N
lag]=1
S.; Z Haa1v2¢H§{% { Hﬂéaa—alf ‘2
1<|a|<N
lag|=1

e Y w002

+[wela = ar, 00 1= Pyr@w)
1<]al<N

< 5N70(t)'DN,g(t) + E'DNj(t).

Here we use the fact that

wy(e, 0)(v) "3 = wy(e — a1, 0) ()10 < wylar =, 0)(0) T,

1 <lai| < af.
In the similar way, we can also obtain

> (v- V0" g0 fwi (e, 0007 f) S Eno(t)Die(t) + Dve(t).

1<[al<N
2<]|ay |<N
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Collecting the above two estimates gives (2.8]).

29) follows by employing the same argument used to deduce (2.8]).
Thus the proof of Lemma is complete. O

Remark 2.1. For the estimates (Z3)-(29]), only the estimates (2.6) and
[27) can lead to the increase of the order of the weight with respect to v. It
is worth to emphasizing that if we perform the corresponding energy type
estimates by using the weights wy(a, 8)(v) and e~? simultaneously, we do
not need to deal with these two terms since, due to

e~ %w}(a,0)0% f x <—%v V00 f +v- anaf>

2(a, 0
_ wz(;% )Uvm (e—¢|8af|2) ’
e %wi(a, B)OG{I—P}f x <—%v V05 {1-P}f +v V. 05{I - P}f>
2
_ 08, o (elasa-pysf)

they will vanish after integration with respect to v and = over R3 x R3.

The next lemma is concerned with V¢ - V, f, which can be stated as
follows:

Lemma 2.3. Let N > 2, £ > N, we have the estimates on the nonlinear
term V¢ - Vi f as follows:

Z (0*(Vad - Vo f)swi (a,000%f) < Eno(t)Dne(t) + D o(t) (2.11)

1<]a|<N

and
S (93(Ved- VoI - P} /), wh(a, £)3{I - P}f)
la|+[BISN
S ENo()Dnye(t) + €D e(t). (2.12)

Proof. We only need to prove (Z.I1]) since (ZI2]) can be proved similarly.
For this purpose, one can get first that

> (Vet - Vo0 f, wi(a,0)0°f)

1<]al<N
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1

= D 5 (Vad Vil ) 0} (0, 0))
1<|a|<N
112
s 3 [ vl furto 0 s H
1<|a|<N v
N2
S D Vbl |fwele, 0)0% i)
1<|a|<N
1112
S X IVl ||t 005 @) 3|+ e el 00011
1<|a|<N

SJ 5N70(t)'DN’g(t) + E'DNJ(ZL/)

and
S (Ve0M6- 07V, f w0, 0007 f)

e

‘:‘__ <Z:<N (Vo0*¢- 0% f, Vv(wi(a,O)aaf))

& ;E:N_hvxaawnw wele, 000~ Pr (o) |||V (wela, 0007 £) () 3
+<§:<:j|vx8al¢||Lgosz(a,0)8‘1_‘11{I—P}f<v>‘% o (we(a,0)9° f){v)3
+Z V20" 8l [, 00 P1 0) {we (0, 0007 f(v)
*:Z:N”V 0% 9l |[wn(a, 000 {I-P} 1 v) 000" (o)

AR

< ¥ 0wl w0 s ot - an op-e Py s )

lag|=1

te > [lwe(a, 0002

1<|a|<N
S Eno(t)Dnye(t) +eDny(t),

where we have used again the fact that

% :u)g(oz—oq, 0) (’U>|a1|(7+1)_% gwﬂ(a_ala 0) <U>%

we(a, 0){v)~

; L<en| <]af.
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Similarly, one can also conclude that

Z (v Vg0 ¢ - 0"V, f,wi (e, 0)0° f) S Eno(t)Dnye(t) + D plt).

1<|al<N
2<|ay [<N

Collecting the above three estimates yields (2.11]). Thus we have completed
the proof of Lemma 2.31 O

For the estimates on T'(f, f) with respect to the weight function wy(a, ),
from ([24) and (Z3)) in Lemma 2] we can obtain that

Lemma 2.4. Let N > 2, { > N, we have the following estimates on the

nonlinear term I'(f, f) with respect to the weight function wy(a, B)

(T(f, ), w7 (0,0){I = P}f) < Eno(t)Dne(t)+eDne(t), (2.13)
Z (0°T(f, £), wi(,000%f) < Eno(t)Die(t)+eDno(t), (2.14)
1<|al<N
and
Z (03T (f, £), wi (o, B)OG{I-P}f) S Eno(t)Dne(t)+eDp (). (2.15)
lal+]BI<N
1B1>1

Proof.We only prove ([2.14) in the following since the proofs of (2.I3]) and
[2I5) are similar. It follows from (23) of Lemma 2] that

3" (8°T(f, f), wh(a,0)0° f)

1<|a|<N

52/@

1<[al<N,
ay<a

>,

1<|a|<N,
a1=0

1<|al<N,
1<[ag|<N-1

JFZ/R3

1<|al<N,
ar=a,a|>2

W0 £ fwela, 00077 | (e, 0007 £l da

N

i |, lweo, 0)0° 113 da

W0 f| | e, 00077 [y fwele, 0007 £l da

poo f

Lo [we(; 0) fl g Jwe(a, 0)0 | d
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< . lhwe(a, 007 71
1<\a\<N
a1=0
+ HMaalfH , [rwe(,0)0°7 f1] g g (e, 0)0° 1,
15@5‘551
> o lwela, 001 g e lweter, 0)0% 1,

1<|a|<N,
ap=a,|al>2

S Eno(H)Dne(t) + D).
This proves (2I3]) and the proof of Lemma [2.4] is complete. O

For later use, we also need the time-decay property of the linearized
VPL system

O +0-Vaf ~Vobrop P +Lf =0, A= [ ukfdo, T ofta) =0
R% T|—00

(2.16)

with the prescribed initial data f(0,2,v) = fo(x,v). We use e'® to denote

the evolution operator. The following lemma is concerned with the linearized

VPL system (2.16).

Lemma 2.5. (c¢f. [G]) Set k = k(v) := (v>_77+1. Let -3 <y < —=2,1>0,

lop > %, a >0, m=|al, and assume

/ agdx —/ / fo x,v)dvdx = 0, / (14 |z|)|apldx < 00, (2.17)
R3 RS JR3 R3

&

Then, the evolution operator e'B satisfies

||, + Hm“loaafou < 0. (2.18)

|slovet® fo|| + 079,07 Poet fo|

S @+ (Hnl”Ofo "

+H”lHOaafOH*”(1+|ﬂ«’\)a0HL;> (2.19)

for any t > 0, where

e~ w

+m
2

Om =



2015] THE VLASOV-POISSON-LANDAU SYSTEM 329

Proof. The only difference between this lemma and Lemma 3.5 in [6] is
that we use k(v) := <v>_WT+1 to replace p(v) = <v>_% used there. Since the

modification is straightforward, we thus omit the details for brevity. O

The next lemma is concerned with the estimates on H <v>_WT+1lOI‘( £ ) ‘

and ‘ (v>_%ﬂl°F(f, f)‘ for later use.

Lemma 2.6. Assume —3 <~y < —2 and N > 3, it holds that

|||, + @) VL] S €y v 0 (220)
Proof. By the definition of T'(f, f), one has
T(f,f)
3
=Y wto [ @ {3 ()1 (0)0; (1 ()£ ()
ij=1 v
0 (1)) 13 (0)f () v’
= 23:(1)2] Xy al (/L%f> (1)) <8jf—%’l)jf> (1))— 23: (I)ij *y aij (:u'%f) ('U)f('l))
ij=1 ij=1
S \ 1
+3 00 5, (/ﬁf) (v) (a f- vza f- v](? f+qvivif - Z]f> (v)
ij=1
3
- Z D" s, 0 (M%f> (v) <3if - %%’f) (v). (2.21)
ij=1

Here %, denotes the convolution with respect to the v variable.

Therefore, one can deduce that

| Feri ),
3
D Vs {# 0,0 (u1) ) (035 - Joar )

+DY s, (u%f) (v) <8¢jf Svidj f — Uga f+ 1nyf 5ijf> (v)
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ij 1 1
— DY %, 0; (Wf) () | 0f — §Uif (v)
and
|- o )|

< Z: o509, 87 1,0, (u21) (0 (931 - 50sf ) (0

—0% 5, 0y (w2 f) () f(0)
+87 x, (,u%f) (v) (@'jf - 1’Uz'ajf - lvjaif + ivivjf - %%’f) (v)

— D %, 0 (M%f) (v) ( v2f> }H (2.23)

Now we estimate the following two terms

(2.22)

Al

Ki = [[@) =005+, (u3f) () (0 @),

1
and

K = )00 x, (1 F) (0) (V205f) (0)

which are typical terms in the right hand sides of (2.22)) and (2.23)).

To this end, noticing that for each sufficiently small §' > 0

O+, (M%f) (v)‘ < <|<I,ij|2 . (M1_5l>)

which follows from the Cauchy-Schwarz inequality, we can get that

5/

< v>'y+2 ‘Mé f L

Ki 5 |07 (43F) @)0) ol
S |6 o [or e oo |
1| ez o]

(2.24)

and
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’ _ofl
< |l a], o2 sovou],,
< || s |t L0,
S 53,%0+3(t)
S Exvigon(®) (2.25)

if N > 3. It is worth emphasizing that it was here that we need to ask that
N > 3.

It is direct to verify that for all other terms in the right hand sides of

[222]) and ([2.23)), the same estimate still holds and hence it proves (2.20).
This completes the proof of Lemma O

The next lemma is concerned with the macro dissipation. For this pur-
pose, by applying the macro-micro decomposition (L.9)) introduced in [§], for
any f(t,z,v), define moment functions A,,;(f) and B;(f), 1 <m,j <3, by

Ani(P) = [ (omts =02 pde, B =5 [ (0 =5) vt p,

v

Then, one can derive form (L8)) a fluid-type system of equations

Oia+Vy-b=0,

b+ Vi(a+2c) + Vo, A{I — P}f) — Voo = Vo,
Opc+ 3V -b+ 3V, - B{I-P}f) = V.0 - b,
Nap=a

(2.26)

and

Oy Amj({T = P}f) + 0,,b; + O, b — 261V - B{I — P}f)
= Amj(r +G) — %5mjvx¢ - b, (2.27)

8tB]({I — P}f) + 8xjc = Bj(T + G)
with
r=—0Vo{l = P} -L{I P}, G=T(f, ) 30Vedf ~VedVof, (2:28)

where r is a linear term related only to the microscopic component {I — P} f
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and G is a quadratic nonlinear term.
Using (2.26]) and ([2.27)), one has

Lemma 2.7. There is a temporal interactive functional E*(t) such that

ev ) < 0 o s (2.29)

la|<N
and

7 W+ DR S ) 0T —PH|2 + Eno(t)Dro(t) (2.30)
lo| <N

hold for any 0 <t < T, where

D (1) ~ llall* + Y 110%(a, b, o)

1<]al<N

Since the proof of Lemma [2.7] is similar to that of Lemma 5.1 in [5], we

thus omit the details for brevity.

3. The Proofs of Our Main Results

This section is devoted to proving our main results based on the contin-
uation argument. Local existence for the Cauchy problem (L8] in certain
weighted Sobolev space is now well-understood, cf. [9], thus the proof will
consist in deducing the global a priori estimate in the same weighted Sobolev

space in which the local solution is constructed.

To make the presentation clear, we divide the rest of this section into
two subsections. The first one focuses on deducing some a priori estimates
on f(t,z,v).

3.1. Some a priori estimates

This subsection is devoted to deducing some a priori estimates on
f(t,z,v). For this purpose, let f(t,x,v) be the unique solution to the Cauchy
problem (.8]) defined on some time interval 0 < ¢ < T' constructed in [9].
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To this end, set
X(t) = sup {(1 +5)2 (£, Va0) ()I* + (1 + ) | Ve (. Vai) (5)]1”

0<s<t

F(145)2En0, (5) + Engy(s) + (1 + s)-fosN,lg(s)}, (3.1)

where the precise ranges of the parameters N and [;(j = 1,2,3) will be
specified later, we now try to deduce certain a priori estimates on f(t,z,v)
and ¢(t,x) in terms of X (¢) and Y{ in this subsection.

Our first result is to deduce certain basic temporal decay estimates on
f(t,z,v) and ¢(t,z). For result in this direction, we have from Lemma [2.4]

and Duhamel’s principle that

Lemma 3.1. Assume —3 <y < —2 and let N > 3, Iy > %, and ly > %’—l—N.
Then it holds that

sup {(1+9)3 [(Vad, £) (9)I” + (1 +9)3 || (V26,Vaf) ()] } S Y8 + X2(1)
0<s<t

(3.2)
forany 0 <t <T.

Proof. By Duhamel’s principle, we can write the solution f(¢,z,v) to the
Cauchy problem (L8] as

s ="fot [ PG
0

Where G = %’U . qubf - vm¢ : va + F(f7 f)

Notice that PoG(t) = 0 for all ¢ > 0, one has by applying Lemma [2.4]
that

IV f @I+ ([ V2|

s @+ oH o

(@) 50|

. H<U>_%IOV:BJCOH +(1+ |~”C|)a0||L&}

+/Ot(1 +t—s)7 {H(U>JTH“G(S)‘

Lt H<v>‘”7“lova(S)H}ds, (3.3)

where we recall that [y > % is a constant by Lemma
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To bound the second term in the right hand side of ([8.3]), we first esti-

mate the Z;—norm of the terms containing ¢ as follows

+

(0) 70 {—vm Vof 450 vmf}

Z1

-+
%+Mw o+l f

N

19201 {9,

L

L%}
_ o+l

99l {[| )5 0w + || )50 1] }

<
N 52,170+2(t)‘

For the L?—norm, one can get by applying the similar way that

(v)~ oy, {—vm- Vof + %v ' Vz¢f}H S0

Combining the above two estimates and the assumption (H;) with the esti-
mate (2.20) yield that

_ o+l

|0~ Fa(s)]

it H <v>‘”7“lova(s)H < Extan(9)

5 gN,h (8)

where we have taken {; > %0 + N with N > 3.

Therefore, plugging the above estimate into (38.3)) yields that

sup {1493 [[(V26,9.1) (5)]*} £ 95 + X°(0),

where we used the following inequality
t 5 3 5
/(1+t—s)_4(1+s)_2ds§(1—|—t)_4.
0
In the similar way, we can also obtain that

sup {(1+9) (V0. /) (I} S V8 + X2(0).
0<s<t
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Thus the proof of Lemma [3.1]is complete. O

The essential assumption imposed in Lemma [B.1]is to assume that

(Hy) sup {(1 + t)%SN,ll(t)} < 1.

0<t<T
To verify such an assumption, we need to deduce the temporal decay of the
energy functional £y, (¢). For this purpose, we need first to deduce the
desired Lyapurov type differential inequality for some suitably constructed
energy functional €y ¢(t) and the corresponding dissipation rate functional
Dy ¢(t) which is the main content of the following lemma.

Lemma 3.2. Let -3 <y < =2, N >2, and £ > N. If we assume further
that

<
(Ha) P {‘S‘N,Z—i-w—“)(t)} <M

for some sufficiently small M > 0, then there exist an energy functional
Enye(t) and the corresponding dissipation rate functional Dy (t) which sat-

isfy (LI8) and ([LI9) respectively such that

d
a&v,z(t) +Dny(t) <0 (3.4)

holds for any 0 <t < T.

Proof. The proof of ([B.4) is divided into the following three steps:

Step 1. Applying % with |a| < N to (L8), then taking the L? inner
product of the resulting identity with 0“f, one can get from (LII), (25
and (2.I3) that

d
i 2 {Haafuhuaavmu?— L. |b|2<a+2c>dx}+ S o1 - P2

lo|<N lo|<N
S ENo()De(t) + €D e(t)- (3.5)

Step 2. This step is concerned with the desired energy estimates with
respect to the weight function wy(a, 8)(v), which is further divided into the
following three sub-steps:
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Step 2.1. For the weighted estimates on the terms containing only x deriva-
tives, we can get by replacing 0 f with w%(a, 0)0“ f in step 1 and by using

1) that

d
2 w0 P+ Y w0007

I<|a|<N 1<]al<N

SO 10OVeslP+ > N0 flG+ YD (v Vagd™ fwp (e, 00 f) |

1<[al<N 1<[al<N 1<|al<N

Y (0 Va0 fwd(e,0007 )|

1<|al<N,a1£0

+ ) [(0%(Vad - Vo), wi(a,000° )]

1<|a|<N

+ ) [(0°T(f, ), wi(e, 000 f)].

I<]al<N

I

From (2.6), I; can be dominated by

L < gN,Z—i— (t)D]\Lo(t) + EDN7g(t).

y
2(v+1)

Moreover, with the help of (Z8)), (ZI1)), and (ZI4)), the last three terms in
the right hand side of the above inequality can be bounded by CEn o(t)D (t)
+CeDpy(t). Thus we arrive at

d
o 2 w0 P+ Y wele, 0000

I<|a|<N I<]al<N

SO 10T =PYHIS + Dnolt) + Ener

1<|a|<N
+5N70(t)'DN,g(t) + EDN7g(t). (3.6)

(t)Dn (1)

5
2(y+1)

Step 2.2. Applying {I — P} to the first equation of (L)), we get the micro-
equation for f:

at{I—P}f+v-Vx{I—P}f+Vx¢-VU{I—P}f—%U-VIQS{I—P}]’
+L{I—P}f
D(f, 1)+ (v Vaf + Vot Vof = 50+ Vatf) —v- VP
V.6 VPS4 %v V6P, (3.7)
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For brevity, we denote the right hand side of (8.7) by

Lnae(t) = P(v Vof 4 Vat Vof — 50 Va gzbf)—v-VmPf

1
~Vet - VoPf + S VodP /.

Taking the L? inner product of 1) with w?(0,0){I —P}f and by using
22), [213), and (2I2]), one obtains

@ (0,0)(1 — PYFI + e 0,0){1 ~ P 1|2
< T = P2 + |(0 Vad{T - P}/, w?(0,0){1 - P} /)]
Iz
+[(Vao - Vo{I = P} £, w0} (0, 0){1—P}f)\
+ (DU, ) wf (0,0{T = P | + | (Imac(t), w7 (0,0){T — P} f) |
S Dwo(t) + Ent (t)Dno(t) + Eno(t)De(t) +eDny(t),  (3.8)

~y
2(y+1)

where we have used the following estimates

IQ = gN /. - (t)DN,()(t) + EDNI(t)

27+ +1)
and

(Imac, w3 (0, 0)

2
1L2+||V£B(a7 b7 C)Hz"‘gN,O(t)DN,O(t)v

which follows from (2.6]).

Step 2.3. For the weighted estimates on the mixed z — v derivatives,
applying 05 with |a| + |B] < N,[8] > 1 to ([B.1), multiplying it by
w?(a, B)95{1 — P}f and integrating the final results with respect to v and
T over }R?’ x R3, we obtain

% e, 8105 T~ 1| + el )3T~ P
S Z [|we (e, )35/{I—P}fH +1n Z | we (e, E%{I—P}f“
1B8'|<|8] |8’|=I8
+[ (83 (v Vo{I = P}f), wi (e, B)05{I — P}f)]
b
+| (v Vopd3{I - PYf,w?(a, B)5{L - P}f)|

1y
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+ > (Omv- 07005 5HI - P wi(a, B)OF T - P )

a1<a,f1<8

~
I

+[(853(Vod - Vo{I = P} ), wi(a, B)G{I - P}f)|

Is
+[(03(T(f, 1)), wi(cv, )IG{T — P}f)]
I7
+ [ (08 Tinac(t), wi (0, B)OF{I — P}f)|. (3.9)
Ig

Now we estimate [;(j = 3,---,8) term by term. Firstly, I3 can be bounded
by

Iy = (9570{1— P}f w}(a, $)O {1 - P}S)
= / aa—i—el P}fwg(a + e, ,8 — 67,)<1)>¥
R3 JR3

y+2

06,08, {1 = P} fwe(a, = e;)(0) 7 (v) 772 duda

< e sz(a +ei, B — )95 S {I- P}fH +||we(a, ez')@%_ei{I—P}in
S EH’U)Z(OZ—FEZ‘,ﬁ )8‘”61{1 P}fH Z | we(a, aﬁ'{I—P}fH
B

With regard to Iy, (Z7) tells us that

It S Enypry 2 (H)Dno(t) + €D e(t)-

GRSV
From (2.9), (212) and (2.I5]) respectively, one obtains

Is + I+ I7 S 5N70(t)'DN7g(t) + E’DN’Z(ZL/).
As for the last term Ig, it is straight to get that

I S ’DN70(ZL/) + 5N70(t)’DN7o(t).

Therefore, inserting the above estimates on I3 ~ Ig into (3.9), taking sum-
mation over {|8| = m,|a|+ || < N} for each given 1 < m < N, and then
taking a proper linear combination of those N — 1 estimates with properly
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chosen constants Cy, > 0(1 < m < N), we obtain

—Z S e aﬁ{I—P}fH+Z S Junle B {T-PYHf2

m=lla|+|8|<N m=1|a|+|B|<N
|B]l=m |B|=m
3 e 009 {1 PYFIZ + Do) + Exves 2 (Dxo(1)
la|<N
+EN0(t)Dn,e(t) + €D ye(t). (3.10)

Step 3. With the above estimates in hand, if we assume that £y A (t)
’ v

is sufficiently small, we can finally get by taking a proper linear combination

of 2.30), B.3), B.6), B.8), and (3.10) that

%SNZ( t)+Dne(t) <0, 0<t<T,

which completes the proof of Lemma O

Based on the above lemma, we can indeed yield the desired temporal

decay of the energy functional Ey, (t) in the following lemma

Lemma 3.3. Let —3 < v < —2 and assume that the initial perturbation

fo(x,v) satisfies the neutral condition

/ao da:_// % ) fo(z,v)dvdx = 0.
R3 R3 JR3

Fixz parameters N,l1 as stated in Theorem [l and let I* = (Z/Jfl If we

assume further that

(Hs) sup {SN,I1+2Z*(t)} <M
0<t<T

holds for some sufficiently small M > 0. Then, one has

sup {(1+5)3€n,(s)} S V3 + X2(1) (3.11)
0<s<t

forany 0 <t <T.

Proof. Firstly, if we take ¢ > 0 small enough, we can get by noticing that
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(B.4) holds true when ¢ there is replaced by ¢; that

d
@SN’ll (t) + DNJl (t) <0.

3
2

Multiplying the above inequality by (1 +t)27¢ gives

d : : 1
dt {(1 + )2+ Eny, (t)} (L4 1)2T Dy, (1) S L+ )2 Eny (). (3.12)

Secondly, from the assumption (Hs) and the result obtained in Lemma [3.2]
we can deduce that the estimate (8.4]) also holds true when ¢ there is replaced
by I; +I* and [y + 2{*. Thus

d
ESNJH_[* (t) + DN gy 41 (t) <0 (3.13)
and J
ESN’llJ,_Ql* (t) + 'DNJH_Ql* (t) <0 (3.14)

hold for all 0 <t < T.

Multiplying ([B13]) by (1 + t)%Jre gives

d lie =+e —L4e
T {(1 +1)z 5N7l1+l*(t)} + (14 8)2 Dy () < (L+8) 724 En, - (1)

< Enpir () (3.15)

Moreover, (LI8]) and (LI9) tell us that
Ene(t) S D esr () + [0, )] + Voo (1)

holds for any given ¢. Then, by taking the time integrating over [0,t] of
B12), 315), and ([B.14]), one can get from an appropriate linear combination

of the resulting inequalities that

(1+ t)%+EgN,l1 (t) + (1 + t)%JregN,llJrl*(t) + En gy 1+ ()

S Enurar (0) + /0 (1+ )71l )(5)|1? + Va6 (5) | }eds.

Applying the estimate (B.2]) to the second term in the right hand side of the
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above inequality, it follows that

(1+ t)%JregN,ll(t) +(1+ t)%JrEEN,le*(t) + Eniy o+ (t)
< Enagar (0) + (L+ ) {YF + X*(1)},

which implies further that

sup {(1+)5En1,() + (14 8)3Engy e (5) + (1+ )" Eny s (5)}
0<s<t

< YE 4 X2(t) (3.16)

holds for any 0 < ¢t < T. Thus we conclude the proof of Lemma [3.3] O

From Lemma and Lemma [3.3] it is easy to see that to guarantee
the temporal decay estimate of the energy functional &y, (t), we need only

to verify the smallness of SN711+21*+2($+1) (t) = SN711+2?1141; (t). The main
purpose of the rest of this subsection is to do so. To this end, we first have

the following result

Lemma 3.4. Let -3 <y < =2, N > 2, and £ > N, if we assume further
that

(Hy) S {&v,o(t)} <M

holds for some sufficiently small M > 0, then we can deduce that

d
Ef‘fmé(t) +Dne(t) S IVed(®)ll e Dy ey 1 (1) (3.17)

holds for any 0 <t < T.

Proof. If one checks the proofs of Lemma [B2] it is easy to find that for the
weight function wy(a, 5)(v) given by ([LI3) with £ > N and N > 2, if we
perform the weighted energy estimate with respect to the weight function
wy(e, B)(v) as in Lemma [B.2] all the nonlinear terms involved except the
terms Iy, Iz, and Iy are bounded by (En,0(t) +€) D (t) with € > 0 being
any sufficiently small positive constant, which can further be absorbed by the
corresponding energy dissipation rate functional Dy ¢(t) if En,0(t) is assumed
to be sufficiently small for all 0 < ¢ < T. Thus to conclude the proof of
Lemma [3.2], we only need to bound Iy, Is, and I, suitably. To this end, since
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such three terms can be treated by the same way, we just give the estimate

on I, as follows

Iy 5 |(v'vxd)ag{I_P}f’w%(aaﬂ)ag{I—P}fﬂ
1 2
< /R 9.l b YT P[] o

< IV26(0)l s |0 F wele AT - P 0) 2
< IVl |00~ 5wl )T~ PY
S 192600l = Do 1 (0 (318)

Here we have used the fact the —3 <~ < —2.

With the above observation and the estimates on I;(j = 1,2,4) in hand,
the estimate (3.17]) follows easily.

It is worth pointing out that although in the proof of [BIT), we do

not need the smallness of Ey T (t) as in the proof of Lemma B.2] we
’ s

note however, that the estimates on Iy, Iy and I lead to the new term

Hvxqﬁ(t)HLgoDN’H%(t). This completes the proof of Lemma 3.4 O

In order to absorb the term ||V,é(t)|| LDy o, 1 (t), which appears in the
)
right hand side of ([B.I7), we need the following lemma, which plays a key

role in closing the time-velocity weighted energy estimates.

Lemma 3.5. Assume —3 < v < =2, N > 2, and £ > N. If we assume
further that

(Hs) Yo <M
and
(Hg) Xt)<M, 0<t<T

hold for some sufficiently small positive constant M > 0, then it follows that

% (L4807 ENe(B)} + (L + 677 EN(t) + (1 +1) "Dy (t) <0 (3.19)

holds for any 0 <t <T.
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Proof. Firstly, repeating the analysis performed in step 1 and step 2 in the
proof of Lemma B2 if we introduce the weight function e~ as in [9] to the
weighted energy estimates done in step 1 and step 2 in the proof of Lemma
B2 it is easy to see that the terms I;(j = 1,2,4) and as a consequence,
the term Hvxqﬁ(t)HLgoDN’H%(t) in the right hand side of (3.I7)) does not
appear. We note, however, that this argument will induce the additional
term [|0¢¢(t)|| Lo Ene(t). And we can deduce that

SEnalt) + D) S 100(0) 12 Enlt). (320)

Since, for the solution of the Cauchy problem (L8]) of the one-species VPL
system, as pointed out in the introduction, the temporal decay of the electric
potential ¢(¢,z) is worse such that [|0;¢(t)|| € L'(RT) can not hold any
more, to control such a term, we can get by multiplying (3.20)) by (1 +¢)~€
for some €y > 0 to yield that

% (146 0Exo(t)} + eo(1 + 1) Eno(t) + (1 +£)“Dyo(t)

< L+ 07 06 Enveld) (3.21)
To control the term in the right hand side of (3:21]), recalling (2.26])1, it holds
that

Op = A7 0a=—-A;'V, - b,

then, one has from the estimate (3.2]) obtained in Lemma[B.I]and the Sobolev
equality that

IV.ar(b)l|? | V200(t)|
bt [ Vab(t)]2

LF )12 Vo f (8|2
(1 +t)-1(X%(t) + Yg).

10(0)]]

S
S
S
S

Thus the term (1 4 ¢)7||0;(t)||zocEn,e(t) in the right hand side of (B.21)
can be controlled by the second term (1+4¢)~17€Ey 4(¢) in the left hand side
of (B:21) if the assumptions (Hs) and (Hg) are satisfied, which gives (3.19]).
This completes the proof of Lemma O
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Based on the above lemmas, we are ready to deduce the uniform-in-time
boundedness of the energy functional £y ,(t) and the temporal growth rate
of the energy functional Ey g, (t), which are the main content of the following

lemma.

Lemma 3.6. Under the assumptions listed in Lemma B0 and let lo > 11 +

%, I3 > 19+ %, and 0 < eg < 1, then it is follows that

gNJz (t) + (1 + t)_EOgNJg (t) S YE)2 (322)

forany 0 <t <T.

Proof. Taking€:l2211+%in(B:|:ZI)and€:lgzlg+%in(BIQI),

respectively, we obtain

d
1SN () + Dy (t) S [IVad (@)l Divis (1) (3.23)

and

d —€ —1—¢ —€
- (L4£)" 8N 1, ()} + (148 TN 1, (8) + (1+8) " ODpyy(t) S 0. (3.24)

On the other hand, the estimate (B8.2]) obtained in Lemma B.I] and the esti-
mate (B3.II]) obtained in Lemma [B.3] together with the Gagliardo-Nirenberg
inequality tell us that

Vo)l S [V2000]|2 [V360)]2
< @+t (X%(t) +Y05>.

Consequently, if we take 0 < ¢g < 1 in ([B.24)), the term ||V $()| £ D5 (1)
appeared in the right hand side of ([8.23]) can be bounded by

IV06()l = Dyvas () < (141 (X%u) n Yé) Davas(t)
AR <X5<t> n Yé) Dy (1),

which can further be controlled by the second term in the left hand side of
B24) successfully provided that X (¢) and Y are chosen sufficiently small.
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Therefore, combing (3.23]) with ([B3.24) gives
d —c
o {Enpy (B) + (1 + )" EN, (1)} <0, (3.25)
which implies that

En (1) + (L +1) 78N 5 (t) S Enys(0).

This is ([3.:22]) and the proof of Lemma [3.6] is complete. O

3.2. The proof of Theorem 1.1

This subsection is devoted to proving our main result Theorem [LT] by
the continuation argument. Since the local solvability result to the Cauchy
problem (L8] in certain weighted Sobolev space is well-established in |9, [15,
18], to extend such a solution f(¢, z,v) step by step to a global one, all that we
need to do is to deduce some uniform-in-time a priori estimates on f(t,x,v)
in the same weighted Sobolev space. To this end, suppose that the local
solution f(t,x,v) to the Cauchy problem (L.8]) constructed in [9, 15, [18] has
been extended to the time interval [0, 7] for some 0 < T' < oo and satisfies
the a priori assumption

Xt <M, 0<t<T (3.26)

for some sufficiently small positive constant M > 0, now we turn to deduce
certain a priori estimates on f(t,z,v) such that the a priori assumption
B26) can be closed. Here the parameters N,l,ls,l3, and ¢y satisfy the
conditions listed in Theorem [I.1]

In fact, if Yp is sufficiently small and the a priori assumption (B3.20))
is assumed to be hold, then the conditions listed in Lemmas are
satisfied, thus we can get from the definition of X (¢) and the estimates
B2), (B11), and (3:22) obtained in Lemmas respectively that

X(t) SYG+X%(t), 0<t<T, (3.27)
from which one can then deduce that

X(t) S Y5 (3.28)
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holds for all ¢ € [0, 77 if Y is suitably chosen such that
Yo <4

for some positive constant d; > 0.

The ([B28) not only yields the desired unform-in-time estimate on
f(t,z,v), but also verifies the a priori assumption ([B.26]) if Y} is chosen to
be sufficiently small further such that

Yy < 09

for some positive constant ds > 0.

Thus if the initial perturbation fo(z,v) is assumed to be sufficiently
small such that

Yy < min{d1,d2},

then the global existence result to the Cauchy problem (L8) follows from
the local existence result obtained in [9, [15, [18] and the standard continuity
argument in the usual way. As a byproduct, the temporal decay estimates
(L20) and (L21)) follow directly from the definition of X (¢). Thus we have
completed the proof of Theorem [I.11
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