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Abstract

Let (X,w) be a Hermitian manifold and let (E, h¥), (F,h*) be two Hermitian holo-
morphic line bundles over X. Suppose that the maximal rank of the Chern curvature c¢(E)
of E is r, and the kernel of ¢(F) is foliated. In this paper, local versions of Demailly-
Bouche’s holomorphic Morse inequalities are presented. The local version holds on any
Hermitian manifold regardless of compactness and completeness. The proof is a varia-
tion of Berman’s method to derive holomorphic Morse inequalities on compact complex

manifold with boundary.

1. Introduction

Let X be a compact complex manifold of complex dimension n. Let
(L, h") (vesp. (E,Rh¥)) be a hermitian holomorphic line (resp. vector) bun-
dle over X, where the rank of F is r. Let V% be Chern connection of
L with respect to the hermitian metric h%, and ¢(L) = Q(VLV be the
Chern curvature. Denote by X (g) the open subset of X on which ¢(L) has
strictly ¢ negative eigenvalues and n — g positive eigenvalues and X (< q) =
Ui<gX (7). Let HY(X, L¥ ® E) be the cohomology group which is isomorphic
to Hg’q(X, L* ® E) by the Dolbeault lemma [16].
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The celebrated holomorphic Morse inequalities read that as k — oo, the
following estimates hold
]{:TL
dime HY(X, LF @ E) < (—1)qr—' / (c(L)"™ + o(E™), (1.1)
- JX(q)
. . kn
> (-7 dime H (X, Lk®E)§(—1)qr—'/ (c(L)"+o(k™). (1.2)
0<j<q " IX(<9)
Where (L) and (L2]) are called weak and strong Holomorphic Morse in-

equalities respectively.

Holomorphic Morse inequalities were first introduced in [12] by Demailly
to improve Siu’s solution of the Grauert-Riemenschneider conjecture in [2§]
which states that if X carries line bundle L with a smooth Hermitian metric
h, such that the associated Chern curvature ¢0;, is semi-positive and positive
at least at one point, then X is Moishezon, i.e. birational to a projective
variety. It is proved by Ji-Shiffman [21] that, a compact complex manifold
is Moishezon, if and only if it carries a holomorphic line bundle equppied
with a singular Hermitian metric such that the curvature current associated
to the singular metric is a Kéhler current. A closed real (1,1)-current T’
is said to be a Kahler current, if there is a ¢ > 0, such that T > ew in
the sense of current. It is worth to mention that, Demailly’s holomorphic
Morse inequalities give a criterion of a line bundle to be big only through
the positivity of a integration of the curvature form. Namely, (L, h) is big if
and only if f X( Sl)(i@h)n > 0. Holomorphic Morse inequalities are applied to
many situations to study important problems [3, (10, 11,115, 25,126, 30,131,32].

Recently, there are many generalizations of Demailly’s holomorphic Morse
inequalities [1, 2, 7, 18, [17, [18, 19, 20, 22, 23, 24, 27, 29] due to increasing in-
terests in different research topics. One of the highlights is the recent work of
Hsiao-Li [18, [19]. They derived CR versions of holomorphic Morse inequal-
ities, which are closely related to the embedding problem of CR manifold

with transversal CR S'-action. We refer to [18, 19] and references therein.

The original proof of Demailly was inspired by Witten’s analytic proof of
the classical Morse inequalities for the Betti numbers of a compact real man-
ifold [33]. Subsequently Bismut [6], Bouche [9], Demailly [13], Ma-Marinescu
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[22] gave alternative proofs through asymptotic estimates of the heat ker-
nel of the O-Laplacian which were quite delicate analytic arguments. Re-
cently, Berndtsson [5], Berman [1] indicated the proof of these inequalities
in an elementary way based on the estimate for the Bergman kernel for the
space HY(X,L* ® E). In fact, Berman [1] proved a local version of holo-
morphic Morse inequalities regardless whether the manifold is compact or
non-compact, which could be used to study other problems in complex geom-
etry, such as asymptotics of eigenvalues of super Toeplitz operator, sampling
sequences [3].

From Demailly’s holomorphic Morse inequalities, we know that if ¢(L)
is not everywhere degenerate, then there always exists g such that X (q) # 0,
thus h? ~ Ck™. But if ¢(L) is degenerate everywhere, the only thing we
know from Demailly’s holomorphic Morse inequalities is that h? ~ o(k™). It
is natural to ask: can we get a better estimate of the term o(k™)? It was
not until Bouche [g], who proved the following theorem, which can make us
understand the term o(k™) in the degenerate case better.

Theorem 1.1 (c.f., [8]). Let (X,w) be a compact connected Hermitian man-
ifold of complex dimension n. Suppose (E,h¥), (F,hY) are two hermitian
holomorphic line bundles over X, (G, hG) be a hermitian holomorphic vector
bundle of rank g over X. Let VE, V¥ be the Chern connections of E, and
F, and ¢(E) = g(VE)z, c(F) = g(vf’)? be the Chern curvature forms
of E and F respectively. Assume that the mazimal rank of ic(E) is r and
the kernel of ¢(E) is foliated, i.e. there is a foliation'Y of X, of codimension
r, such that the tangent space of the leaf at each point x € X is contained in
the kernel of ¢(E),. This is automatically satisfied if the rank of the kernel
of the form c(E) is constant since c(E) is a closed form. For any direct
sum decomposition of TX =TY @& NY, we can define a real (1,1)-form ©
which equals to the direct sum of the form induced by ¢(E) on NY and by
c¢(F) onTY. For q = 0,1,...,n, we define X(q), the open set on which
© have exactly q negative eigenvalues and n — q positive eigenvalues, and
X (L q) =Uj<gX(i). Then by letting k — +o00, | = 400, and % — 400, we
have the following inequalities

dime HY(X,E* @ F' @ G)

< 9 G [ O AR o, (1)
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> (-7 dime H(X, E* @ F' ® G)
0<j<q

<o | R ACE) T ol (L

7l (n—1)!

It is pointed out by Bouche [§] that, from the above Theorem, one can
get that if I satisfies the same condition as in the above theorem, then when
k tends to +oo, we have dime HY(X, E* ® G) < Ck". This makes the term
o(k™) more like “it should be”.

The original proof in [§] of Theorem [[T] was along the way of Demailly
[12], but with more delicate estimates. It is natural to ask if we can get a
local version of Demailly-Bouche’s holomorphic Morse inequalities and then
we can find more applications, e.g., in asymptotics of super Toeplitz operator

and sampling sequences [3]. This is the main motivation of this paper.

Let (X,w) be a compact complex manifold with complex dimension n,
(E,h") and (F,h') be holomorphic hermitian line bundles over X. By
Hodge theory, H%q(X, E* @ FY), the (0, g)-th Dolbeault cohomology group
is of finite dimension and isomorphic to the space of harmonic forms with
values in E*®F! which was denoted by H(X, E*®F'). There is a canonical
L? metric of this space induced from the hermitian metric of E, F and of
the hermitian metric of the manifold X. So we can choose an orthonormal
basis {¥1,...,Un} of HO9(X, E* @ F'), then define the so-called Bergman

kernel function and the extremal function :

N
kel
B (z) =) W)
i=1

o) ?

SLR () = .
X ) Tl

There is also a component version of Sgék’l(a:). For a given orthonormal
frame el in AYY(X, EF @ F'), set

s ()]

ledl%

L
S()l(,l (z) =sup
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It is proved in [1] that the above kernels satisfy the following inequality

S (@) < B (@) < 3 58 (@), (15)
1

Now, we are on the way to introduce the main results in this paper.
Firstly, by adapting Berman’s localization technique to our situation, we get
the following local version of Demailly-Bouche’s weak holomorphic Morse
inequalities.

Theorem 1.2. Given a Hermitian manifold (X,w), let E, F be two holo-
morphic line bundles satisfying the assumption in Theorem [LI. We can
define metrics wy,; and wy (see Section 2) on X. Then the Bergman ker-
nel function Bg(’k’l and the extremal function Sg'(’k’l of the space of the global
0-harmonic (0, q)-forms with values in E* @ F', satisfy

lim sup BgékJ(JJ) < Bg Ccn (0), limsup S()lék’l(x) < Sg (C”(O)v
kL% oo ’ kL% oo ’
where
B cn(0) = 82 0n(0) = 1x(g)(2)|detey (©)s],
and lim Bg’ék’l(az) = lim Sg(’k’l(x) if one of the limits exists.
k% oo k.l koo

AN T

Furthermore, when X is compact, we show that the above local
Demailly-Bouche’s weak holomorphic Morse inequalities can be extended to

an asymptotic equality. Denote by Bi’ﬁ;ﬁll the Bergman kernel function of the

space spanned by all the eigenforms of the 0-Laplacian, whose eigenvalues
are bounded by gz ;.

Theorem 1.3. Under the same assumption as in Theorem[L2], one has that

lim  BE* () = 1x(y) (2)|detuy (0)s]-

<
kil koo M

for some sequence i tending to zero.

It is worth to mention that in [4], Berndtsson pointed out that the precise
relation of Bouche’s results (Theorem [[L1]) and his eigenvalue estimate are
for the moment not clear. Here Berndtsson’s eigenvalue estimate is stated
as follows.
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Assume L is given a hermitian metric of semipositive curvature. Take
q > 1, then if 0 < A < k, we have

W2U(X, LF @ B) < C(1+ )k
If 1 <k <A\ we have
h2i(X,LF ® E) < CA",

where h<(X, L* ® E) is the dimension of the linear span of the eigenforms
of the 0-Laplacian, whose eigenvalue is less than or equal to \.

Now let L be a semipositive holomorphic line bundle, and the maxi-
mal rank of the Chern curvature form ¢(L) is r such that r # 0, then the
question is that: Can we improve the estimate in the above Berndtsson’s
result? Observed that the key ingredient in the proof of Berndtsson’s esi-
mate [4] is a localization technique, which is used by Berman [1] to deduce
the local holomorphic Morse inequalities. For this consideration, the local
version of Demailly-Bouche’s holomorphic Morse inequalities is a good start
to investigate this question.

The structure of this paper is as follows. In Section 2, we introduce the
Bergman kernel functions and the extremal functions and give an inequality
which relates these two functions. In Section 3, we give the philosophy of
localization including some basics of elliptic operator and the model extremal
functions and Bergman kernel functions. In Section 4, we give a proof of
the weak version of the Demailly-Bouche’s holomorphic Morse inequalities.
In Section 5, we give a proof of the strong version of the Demailly-Bouche’s
holomorphic Morse inequalities. We also raise a question on generalizing
Demailly-Bouche’s holomorphic Morse inequalities to CR setting.

2. Localization Procedure

Throughout this paper, we assume that the condition in Theorem [T
holds unless otherwise is specified.

Let wp be a hermitian metric of X, at each point x € X, the orthogonal
space of T,Y with respect to wy defines a vector bundle of complex rank
n — r which was denoted by NY. Choose 7 (resp. () a hermitian metric on
NY (resp. TY). Without loss of generality, we let wg = n + (. Define a
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hermitian metric wy; = kn 4 (¢ on X. The volume form on X with respect

to the Hermitian metric wy; is

=2 (o)et

=0
.
= (1) tnr a0
kmln—r - N
Corl(n— 7’)!77 NG
B kmln—r’ "
=W

Note that the fibers NY and TY are orthogonal with respect to the metric
wg . Around each point x € X, we can find a local complex coordinate

{z1,...,2n},such that Y = {z; = --- = 2, = 0} and

=V Z h7,] dZZ A\ dZ], h%](O) = (52'7]',

Jl

( =V — Z hz ] dZZ A dZ], h%](O) = (57;7]'.

ij=r+1
By choosing suitable local frame of E and F', up to orthonormal transfor-
mation to (z1,...,2-) and (2,41, ..., 2,) respectively, we have
r
=> Azl + Y MgarE + Mgz + O(|2P),

1<j<n,r+1<i<n
n

V)= Y vialalP+ Y (erE + Taagz) + O(2).

i=r+1 1<5<n,0<i<r

By our assumption, the tangent space of Y at any point z € X is
contained in the kernel ¢(£), we have that A\;; =0for 1 <j <n,r+1<

1 < n. It is easy to see that

o(E) = */_ Z Azidzi N dzi + O(|2))
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V-1

n
5 Z Veidz; A dz; + mixed terms + O(|z]).
T

i=r+1

c(F) =

Set

@(Z) = C(E)‘NY + C(F)‘Ty

\/—1 T \/—
= 5 )\xzdz d_ 5 xzdz dz
WZ 2 A dZ; + Zu % A dZ; + O(|2]),

i=r+1
Z)\xz|zz| + Z sz|zz|

i=r+1

Set 11, = log min{%,l}. Then for any sequence of k,I € N such that
k — +o0, I = 400 and % — +00, one has ry; — +oo0.

Let 2/ = (21,...,2.) and 2" = (2p41,...,2p), then z = (2/,2"”). Let
B, = {2|7'| < riy/Vk,|2"| < riy/V1} be identified with a small open

subset in the coordinate chart of x.
Define a scaling mapping f*4) from Byt <ry )2 <y 80 Bryy by

/l)'

(kD) Z 2

For any given object o defined on the manifold X, denote by a®! the

scaling of « restricted to By, ,, i.e.

a) = () (a).

By direct computation, we have

(k) (2 ZA:HIZ:I +kO1(k, 1)(|2),

=1

)F ) = Y \/%Re(’/ij,rzizj)‘i' > veilzl® +102(k, D)(|2),

1< <n,0<i<r i=r+1
where Re(v;j,2Z;) is the real part of v;,2;Z;.

For later use, we analyse the two terms Oq(k,[) and Os(k, 1) a little bit
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more. Since ¢(E) contains TY as its kernel, by computing 09¢, we know

that the term O(|z|?) in the expansion of ¢ should contain at least two

coordinate functions from {z;}1<;<,. This implies that O (k,1) < k%ﬁ In

general Oy(k,l) < (\h)3. From the choice of r;;, easy computations show
that

sup |0°((k) M) + (1)) —70)(2)| = 0,

|2/ |[<ri 1, 2" |<rh 1

when k,l — +o00 and % — 4o00.
Moreover, Bi./|<p, |2/ <r,, €Xhausts C", when k,l — +o0.

We also have the following fact
Fidla ) = [0 (2.1)

where the first norm is taken with respect to the metric wy; and the fiber
metric k¢ and [y, and the second norm is taken with respect to the scaled
metric w,gkl’l) and the scaled fiber metric (k¢)* and (Iy)*D,

Denote by Ay, the O-Laplacian is defined with respect to the metric
wy,; and the fiber metric k¢ and I, by A(;’l) the O-Laplacian defined with
respect to the scaled metric w,glfl’l) and the scaled fiber metric (k¢)*! and

UDRS

As stated in |2, Lemma 5.2], the Laplacian is naturally defined with
respect to any given metric, it is invariant under pull-back, we thus have the
following identity

Agc7l)a(k,l) _ (Ama)(’”).

Moreover, similar to |2, (5.3)], one can obtain that

ALY = A5

3,70 + Ek,le,l; (2.2)

where A5,wo is the O-Laplacian defined with respect to the Euclidean metric
on C" and the metric e™ of the trivial line bundle over C", and Dy is a
second order partial differential operator with bounded variable coefficients
on the scaled ball B/« , |27|<r,, and € is a sequence tending to zero with
k‘,l,% tending to +oo.
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Observed that for any form « with values in E¥ ® F!, one can get that

2 kD) (12
HaHBTk,z ~ Ha( )H’YO,\Z'|<7”1¢,L7|Z”\<T1C,1' (2:3)
From standard techniques for elliptic operators, and similar to [1, Lemma

3.1], the following lemma holds.

Lemma 2.4 (c.f., [I, Lemma 3.1]). For each k,l, suppose that B%Y is a
smooth form on By, <y, |27<ry,, Such that A(gk’l)ﬁ(k’l) = 0. Identify g%
with a form in L?YO((C") by extending with zero. Then there is a constant C
independent of k,l such that

sup |ﬁ(k’l)(2)\,2yo < C”/B(k’l)”?yo,Bz'
z€B,

el

Moreover, if the sequence of norms Ha( cn 18 bounded, then there is a

2
Yo
subsequence of B*D which converges uniformly with all derivatives on any
ball in C™ to a smooth form B, where B is in L?YO((C").

Consider a model case, i.e., a trivial line bundle over C" equipped with

Hermitian metric ~y. Simple computations from calculus imply that

Moreover, suppose that the first ¢ eigenvalues of the quadratic form g are
negative and the rest are positive (which corresponds to the case when x is
in the open subset X (q)). Then

5% 4.cn(0) =0, (2.5)
unless I = (1,2,...,q). For the detailed proof, we refer to |, Proposition
4.3].

3. Local Version of Demailly-Bouche’s Weak Holomorphic Morse

Inequalities

In this section, we are going to prove the following local version of

Demailly-Bouche’s weak holomorphic Morse inequalities.
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Theorem 3.1 (=Theorem [[2)). Let (X,wy;) be a hermitian manifold. Let
E.F satisfy the assumption in Theorem [LIl. Then the Bergman kernel
function Bg(’k’l and the extremal function Sg'(’k’l of the space of the global
0-harmonic (0, q)-forms with values in E* @ F', satisfy

lim sup Bg(’k’l(ﬂf) < Bg Ccn (0), lim SuP Sgék’l(ﬂf) < S:Z (C”(O)v

TN (YR
where
B cn(0) = 87 cn(0) = Ly(g)(w)|detu (©)al,
and lim Bg’ék’l(:n) = lim Sq’kl( ) if one of the limits exists.
k,l,7—>oo klE o0

" T

Proof. Firstly, we will prove that

limsup Sg(’kl( ) <57 cn(0).

kvlvl

By definition, there is a sequenence ay; € H%(X, E* @ F'), such that
el =1,

lim sup SL*! () = limsup |y (z)]?.

k,l,T—mo k,l,T—mo

Now consider the sequence 8%, which equals to a®**) on
B2\ <ry )2 <ry,, and identifies with a form in L?yo (C™), by extending with
ZEro.

Note that

. k)12
== llm Sup ||a( )||707B‘z/‘<7‘k’[v‘zll‘<7'k,l

lim sup 18%D13,

kl,%—o0 kel o0

~ lunsup v, ||Brkl

k’,l,T—)OO

< hmsup ||Oék7l||_2X =1,

kol

where the second estimate follows from (2.3]).

From Lemmal[Z4] there is a subsequence 8*i:ki) that converges uniformly

with all derivatives to 8 on any ball in C*, where /3 is smooth and || 3||? Socn S

1. Hence we have Ay - B = 0, which follows from (22]), implying that
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: q,k,l 1 (kj,15) 2 _ 2 |5(0)|2 q
lim sup % () = lim [8055)(0)2 = |B(0)2 < o — < 82 .(0),

kil k 00 jmeo 1813, o

where the first equality follows from (2.1]).

Moreover, from

Bg7([:n(0) - Sg’(cn (0) — 1X(q) (:L’)‘detwo ((—))Z‘

)

and Lemma [[5] we can see that lim B‘)Zék’l(a;) = 0 outside X (q).

k% —o00

Next if z € X (q), we may assume Aq,. .., \; are the negative eigenvalues.
By (ZH), we have 8! =0, if I # (1,...,q). We obtain that if I # (1,...,q),

im SP(0) = tim af (0 = |8 (0) =0.

k:j,lj—>oo kj7lj—>
This proves

lim  S$7%(0) =0

k% =00

it I#(1,...,q).
Finally, from Lemma [L.5] we deduce that

lim  BY(2) <0+ +0+ 87 .(0) = BY ., (0).

k% —o00

The proof of this theorem is thus completed. O

4. The Weak Version of Demailly-Bouche’s Holomorphic Morse

Inequalities

In this section, by using local version of Demailly-Bouche’s weak holo-
morphic Morse inequalities, we give a simple proof of Demailly-Bouche’s

weak holomorphic Morse inequalities.

Theorem 4.1 (c.f., [8]). Suppose X is compact. E, F are two holomorphic

line bundles which satisfy the assumption in Theorem [L1l, then for any q =
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0,1,...,n, when k1,5 7 tend to infinity, we have

dimec HY(X, E* @ F')
< i,% /X e <2;TC(E)>T A (%C(FOW Fo(kT T,

Proof. We first show that the sequence Sg(’k’l(:n) is dominated by a constant

if X is compact.

Since X is compact, it is sufficient to prove this for a sufficiently small
neighborhood of a fixed point xg.

For a given form oy € H%(X, E* @ FY), we consider its restriction to

a polydisk B_1 1 centered at xg.

VE VI
Using Garding’s inequality, we see that there is a constant C'(xg) de-

pending continuously on zg, such that

kg (20) | ~ @D (0)]5, < Clao)|a®™ D3, 5, ,

for k, [ larger than ko(zo) and lp(zo).

Moreover, we may assume that the same ko(xg) and lo(z¢) work for all

x sufficiently near xg.

By using (23]), we have that
| (@0)|* < 20 (wo)lloa | %

for k and [ larger than kj(zg) and l1(x¢) and the same ky, [; work for all =
sufficiently near xy. This proves that S‘)lék’l(:n) is dominated by a constant if

X is compact.

By (L5) and the fact that X has finite volume, we see that the sequence
B‘)Zék’l(a;) is dominated by a L' function.

Finally, we have that

lim sup dim¢ HO’Q(X, EF ®Fl) - limsup/ qul( Wi,1)"
X

I
kol koo kol ko0 n:
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and then, Fatou’s lemma shows that

/ lim sup Bgék’li(wk’,l) S/ 1X(q)(x)\detwo(@)m|(wk’,l)
Xk,l,%—)oo n. X n.
S A 1 Ay ner
= " (—( LeE L (F .
rl(n —r)! /X(qg ) <27TC( )> /\<27TC( )>

5. The Strong Version of Demailly-Bouche’s Holomorphic Morse
Inequalities

Let ’H% s (X, EF ® F) denote the space of the linear span of the eigen-
forms of Az whose eigenvalues are bounded by ju;; and nggl the Bergman
kernel function of the space ’H% L (X, EF®F"). In this section, we will prove
the following asymptotic equality

. k,l
lim BLY (1) = 1x(g)(2)|detu, (0)q|

<
kol koo —HE

where i, is a properly chosen sequence.
Theorem 5.1. Assume that ju,; — 0, then the following estimate holds:

lim sup qu’ﬁ;j’l (z) < 1x (g (2)]dety, (8)s].

el & — o0

Proof. The proof is a simple modification of the previous proof of the local
Demailly-Bouche’s weak holomorphic morse inequalities and the subsequent
modifications will be presented.

The difference is that ay; € ’H%uk (X, E* ® F') and we have to prove

that all terms of the form (Ag’l))m(a(k7l)) = (A(;’l))mﬁ(w) vanish in the
limit.
For any ball B,

k’,l m k’,l m m
IAE gD |2 < (Al < A%k

(k1) ”2
’YO’B\Z/\<7'kyl:‘5”‘<7'k,l
and the last term is just a sequence tending to zero because

/’LZfl — 0.
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Since by assumption, ay,; is of unit norm and in ’H’iuk Z(X, EF @ FY,
and p,; — 0, Garding’s inequality as in Lemma [2.4] gives that

k,l m m
1851, .2 ~ CUBSVIE, 5+ ATy BEDI2 5y < (€ + piip) <

which shows that the conclusion of Lemmal2.4lis still valid. Finally, Ay o 8=
0 as before and the rest of the argument goes through word by word. O

The next lemma provides the sequence that takes the right value at a
given point x € X(q), with “small” Laplacian, that was referred to at the

beginning of the section.

Lemma 5.2. Let cg(z) = 1x(g (z)|detw, (©)z|. For any point zo € X(q)
there is a sequence oy, such that ay is in Q4(X, EF @ FYY with

(i) |ok(z0)|* = co(zo)
(ii) lim[jag,)*> =1
(iii) [[(Ag)™ak,l| — 0.

Moreover, there is a sequence 0y independent of xo and tending to zero,
such that

(iv) (Aggos, i) x < Op-

Proof. We may assume that the first ¢ eigenvalues \;, ; are negative, while

the remaining eigenvalues are positive.

Define the following form in C™:

Al ]A 1w,
() = Pl ot g g
so that [B[2) = We‘ Similleil® and Hﬂ”,%o’(cn = 1. Observe that [ is

in Lg,;)m, the Sobolev space with m derivatives is in L?YO, for all m.

Now define ay,; on X by
ag(z) = xw(\/%z’, \/Zzll)ﬁ(\/gz/, \/ZZ”)

where xp; = X(\lj—%, “’TIlI) and x is a smooth function supported on the unit

ball, which equals one on the ball of radius %
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It is a direct computation that |ag (20)|? = co (o), which implies (i).

To see (ii), note that

lealk = DBl 0 = 1812, 1

+ HXk’lﬁHioZ%m,zE%m,l (5.1)

and the tail’ ||xx.8| and

71, tends to infinity.

n Zero, sin is in L2
S0.>dren> tends to zero, since (3 is Jo,0m

Now we show (iii). Changing variables and using (2.2]) gives

k) \m
(AR ™kt ~ 1A x5 1810 e 1
(

k) 1 2
- ||(A5 )m (Aé Y0 + EkJDkJ)Xk’,l/B||’yo,7”k’l,7”k’[
where Dy, is a second order partial differential operator, whose coefficients

have derivatives that are uniformly bounded in k.

To see that this tends to zero first observe that

kD \m—
(A" A 5 Xk BB (5.2)

tends to zero. Indeed 3 has been chosen so that Ay - p = 0. Moreover Ay "

*,70

is the square of the first order operator 9 + 0 which also annihilates 3

and obeys a Lebniz like rule, showing that

Ag o Xkt = kB

where 74 is a function, uniformly bounded in k, [ and supported outside the

ball B:1 L (7k,1 contains second derivatives of xy ).

Now using (Z2) again we see that (5.2]) is bounded by the norm of
Ye,p(w, )3, where p is a polynomial, and thus tends to zero estimated by
the ’tail’ of a convergence integral, as in (5.I])-the polynomial does not affect

the convergence.

To finish the proof of (iii), it is now enough to show that

kD) \m—
ALY 1Dy 1 (0 1B) 12, e

is uniformly bounded. As above one sees that the integrand is bounded by
the norm of ¢(w,w)p3, for some polynomial ¢, which is finite as above.
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To prove (iv), observe that as above,

*,(k,l)

(Apgang, ang) = [0+ )ar X ~ |0+ )(Xk,lﬁ)”?»k,l,rk,l-

Hence, by Leibniz’s rule

5, 7oEhDy o2 c 2
(Araarg, ) ~ X0+ 7Bl vy, + 5 1BlEn-
k.l

Clearly, there is an expansion for the first order operator (9 + 5*)(k’l) as in

22), giving

2n
C
(Apick g, et ~ era(BI° + D 19:8I17) + TTI!/BHz-
k,l

i=1

Note that even if ||3|? is independent of the eigenvalues A; s, the norms
10;8||> do depend on the eigenvalues, and hence on the point zy. But the
dependence amounts to a factor of eigenvalues and since X is compact, we
deduce that ||0;3]|* is bounded by a constant independent of the point .
This shows that (Ay a1, o) < 0. Note that €5 can also be independent
of the point zg, by a similar argument. This completes the proof of (iv). O

Theorem 5.3. Assume that the sequence . is such that puyp; # 0 and
% — 0, where 6y is the sequence appearing in Lemmal5.2. Then for any

po%'nt x € X(q), the following holds

liminf B () > 1x(y) (x)|detu, (©)s].

<
kol koo M

Proof. Let {aj,;} be the sequence that Lemma [5.2] provides and decompose

it with respect to the orthongonal decomposition Q0¢(X, L*) = HZ " Z(X ,

EFp e HEL,, (X, E* @ F') induced by the spectral decomposition of the

elliptic operator Az:

Q| = Q1 k] + Qg k.

Firstly, we prove that

lim oY (0)2 = 0. (5.3)

k% —o00
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As in the proof of Lemma 2.4 we have that
kil k) k) \m (k.
g™ O < C@)(las™ 5, + 1(AF")"as™ 5,).

To see that the first term tends to zero, observe that by the spectral
decomposition of Ay ;:

k) Okl
O3 < N—<Akl0@klaa2kl> < —=

(fe5
k.l Nk,l

Furthermore, the second term also tends to zero:
k,l k)2 2
IASD a3, < I1(Ag.,) " 02klk — 0

by (iii) in Lemma[5.2] Finally,

okt (0) 2
ok ll%

> Ja 1 (0)

= a1 (0) — ao i (0) .

q,k,l >
S<Hkl—

By (53], we can see that this tends to the limit of |y ;(0)|?, which
proves the theorem according to (L) and (i) in Lemma O

Now we can prove the following asymptotic equality:

Theorem 5.4 (=Theorem[L3)). Let (X,w) be a compact hermitian manifold.
Then

i BN (1) = 1x(g) () |detuy (O)a

T

for some sequence ., tending to zero.

Proof. Let pup; = +/0x;. The theorem then follows immediately from
Theorem 5.1l and Theorem B.3]if = € X (q). If x is outside of X(q), then the
upper bound given by Theorem [5.1] shows that l}em B%’ﬁ;jl(aj) = 0, which

k,l,7—00

finishes the proof of the theorem. O
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Proof of Strong Demailly-Bouche’s holomorphic Morse inequalities

By combination of the following lemma, we obtain the strong version

(T4) in Theorem [T}

Lemma 5.5 (c.f., [13]). Denote by h? the complex dimension of H1(X, EF ®
Fl) and by hqéuk,z the complex dimension of H%“k’l (X, EF g Fl) respectively,
then the following holds:

SO (0TI < Y (—1) TR,

0<j<q 0<j<q

Theorem 5.6. In fact, all the above inequalities we proved is for the case
of E¥ @ F' but they generalize to the case of E* @ F' @ G directly, where
G is a holomorphic vector bundle with rank g > 2. Since the estimates for
the extremal functions S‘)lgk’l are the same, while the estimates for Bg&k’l are
modified by a factor g in the right hand side.

Remark 5.7. Let E be a holomorphic line bundle, the kernel of the cur-
vature of F is a tangent space of a foliation of codimension r. Let G be a
holomorphic vector bundle on X. Then it is proved (c.f., [], Corollary 0.2])
that there exists a constant C such that for ¢ =0,1,--- ,n, and k£ — oo,

dim HY(X,E* ® G) < Ck".

Example 5.8. Let M be a compact complex manifold. £ — M be the
trivial holomorphic vector bundle C" x M with » > 2. Equipped E with
the trivial hermitian metric, which can induce a hermitian metric h on the
holomorphic line bundle Og(1), which have positive curvature along the fiber
and vanishes along the horizontal direction, i.e. the curvature ¢(E) of E has
rank r and M is a foliation of the kernel of ¢(F). Then from the above
Remark, we can get that dim¢ H(P(E*),0p(k)) < Ck™ 1,

Remark 5.9. Thanks to our local version of Demailly-Bouche’s holomor-
phic Morse inequalities, combined with the technique developed in [3], it is
possible to extend the corresponding result in [3] of asymptotics of super
Toeplitz operator and sampling sequences to the case of E¥ @ F', where
E and F' are holomorphic line bundles satisfying the assumptions in The-
orem [[LTl Since our main purpose of this paper is to develop local version
of Demailly-Bouche’s holomorphic Morse inequalities, we do not investigate
such applications in this paper.



358 ZHIWEI WANG [December

Remark 5.10. In [20], Hsiao-Li proved Morse type inequalities on CR man-
ifolds with transversal CR S'-action. The main strategy of their work is to
adapt localization procedure in the case of complex manifolds to the case of
CR manifolds with transversal CR S'-action. In view of this, it is natural
to ask the following;:

Question 5.11. Let X be a compact connected CR manifold with transver-
sal CR S'-action, let £ be the Levi form associated to X. Suppose that £
is everywhere degenerate and the maximal rank of £ is r and the kernel of
L is foliated, i.e., there is a foliation Y of X of CR codimension r, such
that the tangent space of the leaf at each point x € X is contained in the
kernel of £. Let L be a rigid Hermitian CR line bundle over X. Then
can we get a better estimate of the dimension of the Fourier components
Hg’k(X , L) of the Kohn-Rossi cohomology (as in Theorem [[I)) compared
with Hsiao-Li’s Morse type inequalities for rigid Hermitian CR line bundles,

where k, l,% — 4007
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