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1. Erratum

This is an erratum to the article “Level-rank duality for vertex operator

algebras of types B and D” [3].

In [3], we determined the commutant vertex subalgebra

CL
ŝom

(1,0)⊗n(Lŝom
(n, 0)) (cf. Theorems 4.13, 4.15 and 4.17). While the main

result holds form,n ≥ 4, it is not correct when n = 3. The correct statement

should be amended as follows:

(1) For m,n ≥ 4,

CL
ŝom

(1,0)⊗n(Lŝom
(n, 0)) = Lŝon

(m, 0)G

if m or n is odd and

CL
ŝom

(1,0)⊗n(Lŝom
(n, 0)) = (Lŝon

(m, 0) ⊕ Lŝon
(m,mΛ1))

G

if both m,n are even.

(2) For m ≥ 4 and n = 3,

CL
ŝom

(1,0)⊗3(Lŝom
(3, 0)) = (L

ŝl2
(2m, 0) + L

ŝl2
(2m, 2m))G
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if m is even and

CL
ŝom

(1,0)⊗3(Lŝom
(3, 0)) = L

ŝl2
(2m, 0)G

if m is odd.

HereG is an abelian subgroup of Aut (Lŝomn
(1, 0)) such that Lŝomn

(1, 0)G

is isomorphic to the tensor product VOA Lŝom(1, 0)
⊗n (see [3, p.44] for

detail).

1.1. Fermionic vertex superalgebras

As in [3], we consider the Clifford algebra Cl2m generated by ψ±
i (r), 1 ≤

i ≤ m, r ∈ Z+ 1
2 , satisfying the non-trivial relations

[ψ±
i (r), ψ

∓
j (s)]+ = ψ±

i (r)ψ
∓
j (s) + ψ∓

j (s)ψ
±
i (r) = δr+s,0δij ,

where m ∈ Z+, 1 ≤ i, j ≤ m, and r, s ∈ Z+ 1
2 .

We also use Cl2m+1 to denote the Clifford algebra generated by

ψ±
i (r), ψ2m+1(r), r ∈ Z+

1

2
, 1 ≤ i ≤ m

with the non-trivial relations

[

ψ±
i (r), ψ

∓
k (s)

]

+
= δikδr+s,0,

[ψ2m+1(r), ψ2m+1(s)]+ = δr+s,0,

where 1 ≤ i, k ≤ m, r, s ∈ Z+ 1
2 .

Let F2m be the irreducible Cl2m-module generated by the cyclic vector

1 such that

ψ±
i (r)1 = 0, for r > 0, 1 ≤ i ≤ m

and F2m+1 the irreducible Cl2m+1-module generated by the cyclic vector 1

such that

ψ±
i (r)1 = ψ2m+1(r)1 = 0, for r > 0, 1 ≤ i ≤ m.
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It is well-known [1, 2] that both F2m and F2m+1 are vertex operator super

algebras.

The main idea of [3] is to identify the even part (Fm)even with the affine

VOA Lŝom
(1, 0) (cf. [3, Theorems 3.1 and 3.2]); however, the identification

stated in [3] is not correct when m is small. The correct statement is as

follows.

Theorem 1.1. For m ∈ Z≥4, we have

(Fm)even ∼= Lŝom
(1, 0).

Moreover,

(F3)
even ∼= L

ŝl2
(2, 0) and (F2)

even ∼= V√2A1
.

Therefore, the analysis in [3] is still valid when m,n ≥ 4 but the cases

for n = 2 and n = 3 require special treatments. In [3], the case for n = 2

was also studied (see [3, Sections 4.1.1 and 4.2.1]. In the following, we will

provide the argument for the case n = 3.

1.2. The case n = 3 and m ∈ Z≥4

By using Table 3 of [4] and the fact that Feven
3 is isomorphic to L

ŝl2
(2, 0),

we have

Lŝo3m
(1, 0) ⊃ Lŝom

(3, 0) ⊗ L
ŝl2
(2m, 0)

as a full subVOA.

For the even cases, we relabel the generators of the Clifford algebra Cl6m
so that it is generated by ψ±

ij(r), 1 ≤ i ≤ m, 1 ≤ j ≤ 3, r ∈ Z + 1
2 , with the

non-trivial relations

[ψ±
ij(r), ψ

∓
kl(s)]+ = δikδjlδr+s,0, (1.1)

where 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ 3, r, s ∈ Z+ 1
2 . We also set

ψkj(−
1

2
)1 =

1√
2
(ψ+

kj(−
1

2
)1+ ψ−

kj(−
1

2
)1),

ψm+k,j(−
1

2
)1 =

−
√
−1√
2

(ψ+
kj(−

1

2
)1− ψ−

kj(−
1

2
)1),
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for 1 ≤ k ≤ m, 1 ≤ j ≤ 3. In this case, CL
ŝo6m

(1,0)(Lŝo2m
(3, 0)) contains a

highest weight vector

u(12) =

2m
∏

k=1

(ψk1(−
1

2
) +

√
−1ψk2(−

1

2
))1

and it generates the L
ŝl2
(4k, 0)-module L

ŝl2
(4k, 4k). Hence, we have the

following result.

Lemma 1.2. For m ∈ Z≥2, we have

CL
ŝo6m

(1,0)(Lŝo2m
(3, 0)) = L

ŝl2
(4m, 0) + L

ŝl2
(4m, 4m).

By the definition of G, we also have the following result.

Theorem 1.3. For m ∈ Z≥2,

CL
ŝo2m

(1,0)⊗3(Lŝo2m
(3, 0)) = (L

ŝl2
(4m, 0) + L

ŝl2
(4m, 4m))G.

Similarly, by using Table 3 of [4], we can deduce that for m ≥ 2,

CL
ŝo3(2m+1)

(1,0)(Lŝo2m+1
(3, 0)) = L

ŝl2
(4m+ 2, 0).

Thus, we have the following result.

Theorem 1.4. For m ≥ 2, we have

CL
ŝo2m+1

(1,0)⊗3(Lŝo2m+1
(3, 0)) = L

ŝl2
(4m+ 2, 0)G.
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