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Abstract

We continue the study of total positivity in reductive groups started in my 1994
paper.

0. Introduction

0.1. The theory of totally positive real matrices (see ﬂl_AI]) has been de-
veloped in the 1930’s by I[.Schoenberg and independently by F.Gantmacher
and M.Krein after earlier contributions by M.Fekete and G.Polya (1912) and
with later contributions by A.Whitney and C.Loewner (1950’s). In ﬂg] I ex-
tended a part of this theory by replacing the group SL,(R) by an arbitrary
split semisimple real Lie group G. This paper is a continuation of [g].

0.2. One of the main tools in ﬂ§] was the use of the canonical basis B of the
+ part U™ of a quantized enveloping algebra U (over Q(v)) of type A, D, E,
introduced in [3], and in particular the use of its positivity properties. Now
U™" admits a family of bases (the PBW-bases) indexed by the various re-
duced expressions for the longest element wr in the Weyl group. In ﬂﬂ] it
was shown that the specialization of any of these PBW-bases at v = oo is
independent of the PBW-basis and is in fact the same as the specialization
of B at v = oco. Since each PBW-basis is naturally parametrized by N”
(where v is the number of positive roots), it follows that B has a family of
parametrizations by N” indexed by the various reduced expressions for wy.
Moreover, in B] it is shown that any two of these parametrizations are related
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by a piecewise linear automorphism of N” built from adding or substract-
ing two integers or by taking the minimum of two integers. These piecewise
linear automorphisms extend in an obvious way to piecewise linear automor-
phisms of Z” which can be viewed as maps relating the parametrizations of
a new object B (containing B as a subset) by Z", these parametrizations
being again indexed by the various reduced expressions for w;. The set B
with this family of parametrizations by Z" is the first example of a positive
structure (see 1.3), which is one of the themes of this paper.

A second example of positive structure appeared in ﬂg] In ﬂ§] I define
the positive part U;FO and the non-negative part U;FO of the strictly upper
triangular part U™ of the real Lie group G (WhiCh_iD this introduction is
assumed for simplicity to be of the same type as U above). In ﬂ§] it is
shown that U;FO has several parametrizations by RY,; moreover any two
of these parametrizations are related by an automorphism of RY, which
is built from multiplying or dividing two numbers in R~q, or adding two
numbers in R~(. Moreover, in ﬂ§] it is shown that this last automorphism
is related to the analogous automorphism for B by a process (“passage to
zones” ) which connects geometrical objects over R(t) (¢ is an indeterminate)
with piecewise linear objects involving only integers. I believe that this was
the first time that such a connection was used in relation to Lie theory,
see also 1.4. In later works, this process, introduced in B], appears under
the name of “tropicalization” (see for example [3]) or under the name of
“ultra-discretization” (see for example [13]).

We now describe the contents of the various sections.

In §1 we give a definition of a positive K-structure and that of a non-
negative K-structure. Here K can be for example R~ or Z, see 1.1.

In §2 we recall following ﬂQ] the definition of the non-negative submonoid
of the real Lie groups G and of UT. A new result is that these non-negative
monoids can be defined by explicit generators and relations. In this definition
these monoids have non-negative K-structures where K can be more general
than R~ (for example it can be Z).

manifold B of G (defined in

In §3 we show following ﬂgé that the positive part B~ of the real flag
result of ﬂﬁ is one of the ingredients in the work of Fock and Goncharov [3]

has a natural positive structure. (This

on higher Teichmiiller theory.) By passage to zones we can replace R~ by Z
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and we obtain a set B(Z)~o with a positive structure (with parametrizations
by Z¥). This set can be identified with B and by 3.4(d) it admits a natural
action of the monoid attached to G and Z. This can be viewed as a new
symmetry property of the canonical basis B (which is visible only after B
is enlarged to ]:3») In §3 we show also that there is a version of the positive
structure on B~ where B is replaced by G/U~ (here U~ is the strictly lower
triangular part of G).

In §4 we study two involutions ®,®’ of B and their lifting over Rsg
which originate in the study ﬂﬁ] of the positive structure on B~.

In §5 we give another version of the positive structure on Bsg where B
is replaced by a partial flag manifold; this complements the results of ﬂﬁ]

As shown in ﬂﬂ], a Chevalley group over an algebraically closed field
of any characteristic can be reconstructed from the non-negative monoid
attached to G and R~(. But this did not include a description in the same
spirit of the coordinate ring of that group; this is done (conjecturally) in §6,
where we also describe in the same spirit the Weyl modules of that group.

In §7 we reformulate some results of Rietsch ] on the connected com-
ponents of the intersection of two opposed Bruhat cells in B in terms the
non-negative monoid attached to U" and K = Z. The result in §7 suggests
that at least in some cases, the set of connected components of a real al-
gebraic variety can be described in terms of a positive structure involving
R(t).

In §8 we are concerned with the subset By of B attached in B] to a
dominant weight \; this subset has the property that, when applied to a
lowest weight vector in the simple U-module V) indexed by A, it gives rise
to a basis of V). (The elements in B—B, applied to that lowest weight vector
give the zero vector.) In ﬁ], the subset B was given a purely combinatorial
description in terms of the piecewise linear structure of B. In §8 we give
another combinatorial description of B) (this time conjectural). One of new
ingredients in this description is the involution ® in §4.

In §9 we prove some (partly conjectural) properties of the semisimple
and unipotent part of an element in the non-negative monoid attached to G
and R~g.

In §10 we define a partition of B indexed by the Weyl group.
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0.3. In this paper we write

U+(K)7 U;)rj (K)7 Uﬁ(K) Uy (K)v G(K), GwI,—wI(K)vB(K)>O

s Yawg

with K = R~ for what in ﬂ§] was denoted by
U0 U, USg, Uy, G0, G0, Bso.

We use the adjective “positive” (resp. “non-negative”) for what in ] is
called “strictly totally positive” (resp. “totally positive”).

In this paper, a monoid is always understood to have 1.

0.4. Errata to E] In Theorem 2.10 delete the first sentence. In 2.10(a),
(b), 4.10, 4.11, replace f* by f.

0.5. I thank Xuhua He and Konstanze Rietsch for discussions.

1. Positive K-structures

1.1. The non-negative monoid in 0.2 can be defined not only over Rsq
but over a structure K in which addition, multiplication, division (but no
substraction) are defined. In ﬂ§] two types of such K were considered.

(i) There exists a field k (necessarily of characteristic zero) such that K C
k — {0} and the addition, multiplication, division on K are induced
from the analogous operations in k. (We can take, for example, k =
R, K = R.g or k = R(¢) with ¢ an indeterminate and K = R(t)>¢ to
be the set of f € k of form f = t°fy/f1 for some fy, f1 in R[] with
constant term in R-q,e € Z.)

(i) K = Z with a new sum (a,b) — min(a,b) and a new product (a,b)
a+b. (We write Z for Z with these new operations.)

A third type of K is:

(iii) K ={1} with141=1,1x1=1.

In each case K is a semifield (a terminology of Berenstein, Fomin, Zelevinsky
E]) a set with two operations, +, x, which is an abelian group with respect
to x, an abelian semigroup with respect to + and in which (a+b)c = ac+ bc
for all a,b,c. In this paper, K is as in (i)-(iii). (However, most definitions
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and results of this paper remain valid for any semifield.) There is an obvious
semifield homomorphism K — {1}. We denote by K, the smallest semifield
contained in K which contains the unit element (1) of K with respect to x.
If K is as in (i), we have Ko = Q>o. If K is as in (ii) we have Ky = {0}.

1.2. For any m € Z-q let B, be the set of rational functions ¢ = f/f" where
f, f' are nonzero polynomials in the indeterminates Xi, X»,...,X,, with
coefficients in N. A map K™ — K™ (with m € Zwg,m’ € Zsg) is said to
be admissible if it is of the form (a1, ag, ..., am) — ($1(a1, ..., an), ¢2(a1,. ..,
)y« ey G (A1, .., ap)) for some @1, da, ..., dpy € P (Note that ¢;(aq,
...yGp) is a well defined element of K if (a,...,a,;,) € K™.) In the case
where K = Z, such a map is piecewise-linear. We interpret K° to be a
point. If m € N, the unique map K™ — K is considered to be admissible.
If m/ € Zwg, amap K° — K™ is said to be admissible if its image is a point
in K. A bijection K™ K™ (with m € N) is said to be bi-admissible if
it is admissible and its inverse is admissible. From the definitions we have

the following result (with m,m’,m” in N).

(a) A composition of admissible maps K™ — K™ K™ — K™ s an
admissible map K™ — K™,

1.3. A positive K-structure on a set X consists of a family of bijections
fi + K™ 5 X (with m > 0 fixed) indexed by j in a finite nonempty set
J, such that fj?l fi + K™ — K™ is bi-admissible for any j,j’ in J; the
bijections f; are said to be the charts of the positive structure. A non-
negative K -structure on a set X is a partition X = Uyey X, (with H finite)
together with a positive K-structure on X, for every x € H; the subsets X,
are said to be the pieces of X.

IE{fj: K™ — X,j € J} (vesp. {f} K™ — X', j' € J'}) is a positive
K-structure on a set X (resp. X') then {f; x fr : K™™' — X x X', (j,5') €
J x J'} is a positive K-structure on X x X’; a map ¢ : X — X’ is said
to be admissible if for some (or equivalently any) (4,5") € J x J’, the map
fj71qbfj : K™ — K™ is admissible. If X (resp. X') is a set with non-negative
K-structure with pieces Xy, x € H (resp. X,, X" € H') then X x X’ has
a non-negative K-structure with pieces X, x X/, (x,x’) € H x H'; a map
¢: X — X' is said to be admissible if for any x € H, ¢(X,) is contained in
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X, for a (well defined) x" € H' and the restriction of ¢ from X, to X, is
admissible.

When K is as in 1.1(iii), a set with positive K-structure is just a point
with no structure; a set with non-negative K-structure is just a finite set

with no structure.

1.4. We now assume that K = R(t)s¢. In ﬂ§] we observed that there
is a semifield homomorphism « : K — Z given by tfy/f1 — e which
connects geometrical objects over K with piecewise linear objects involving

only integers.

Let {f; : K™= X, j € J} be a positive K-structure on a set X. Assume

first that m > 0. For any j € J we define an equivalence relation on

X in which z,2’ in X are equivalent if we have fj_l(x) = (a1,a2,...,anm),
fj_l(x’) = (a},ah,...,a},) where ay,a), in K satisfy a(ay) = o(a),) for k =

1,...,m. If this condition holds for some j € J then it holds for any j' € 7.
Indeed, setting f]71(x) = (by1,b2,...,bp), fj?l(x’) = (b}, b,...,b)) with
by, b), in K we have

(b17b27' .- 7bm) == ((bl(alv cee 7am)7¢2(a17- .- 7am)7- .- 7¢m(a17' .- 7am))7

(b, 0, ..., b)) = (¢1(dl,....al,), da(d, ... al,), ..., dm(d,. .. al,))

where ¢ € B,,,. Since « is a semifield homomorphism it follows that

ala(ar),...,alam)), ..., om(alar),. .., alam)))
a(a(a)), ... alay,)), - dm(ald)), . .., alay,)))

so that a(by) = a(b},) for k = 1,...,m. Thus, our equivalence relation does
not depend on the choice of j € 7. Following ﬂg, §9], the equivalence classes
are called the zones of X. When m = 0, X consists of one point and by
definition it is a single zone. Let X be the set of zones of X. If m > 0, for
any j € J, we deﬁneijzzmﬁiby

(c1,¢2,...,¢m) > zone of X containing fj(a1,as,...,an)
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where (a1, a2, ...,a,) € K™ is such that a(ay) = ¢, for k =1,...,m. This
map is well defined by the definition of zones and is a bijection. Moreover, for
7,7 in J, the bijection ij_/lij : Z™ — Z™ is bi-admissible; it is induced by
the bi-admissible bijection ;' f; : K™ — K™. Thus { [i2m = Xje T}
is a positive Z-structure on X. The same is true if m = 0 when ij are taken
as bijections from a point to a point.

If X, X’ are two sets with positive K-structure, then X x X' = X x X’
as sets with positive Z-structure; if in addition ¢ : X — X’ is an admissible
map, then ¢ maps any zone of X into a zone of X’ and the induced map
¢: X — X' is admissible.

1.5. In the setup of 1.4, let X be a set with a given non-negative K-structure
with pieces Xy, x € H. Let X = UyepX,. By 1.4, each X, has a positive
Z-structure. This defines a non-negative Z-structure on X with pieces X,
X € H.

If X, X' are two sets with non-negative K-structure with pieces X, x €
H and X7,,x" € H', then X x X' = X x X' as sets with non-negative Z-
structure; if in addition ¢ : X — X’ is an admissible map then there is a
well defined admissible map ¢ : X — X " such that the following holds: if
X € H and X’ € H' is such that ¢(X,) C X7, then ¢(X,) C X, and the
map ¢ : X, — X, is induced (as in 1.4) by ¢ : X, — X[,

2. The monoids U(K), &(K)

2.1. Let k be an infinite field. We will often identify an algebraic variety
over k with its set of k-points. We fix a split, connected, simply connected
algebraic group G over k with a given k-split maximal torus 7" and a pair
BT, B~ of Borel subgroups with B™ N B~ = T, with unipotent radicals
U*T,U~. Let NT be the normalizer of T'in G and let W = NT/T be the
Weyl group. Let ) (resp. X') be the abelian group of all homomorphisms of
algebraic groups k* — T' (resp. T' — k™) with operation written as +. We
define a pairing (,) : Y x X — Z by z(y(a)) = a®%* for all a € k*. The
set of simple coroots (resp. simple roots) determined by BT, T is a Z-basis
I of Y (resp. a subset {i*;i € I} of X). We set r = #(I). The matrix
((i,5*)) indexed by I x I is the Cartan matrix of G. For i € I, let U;" be
the simple root subgroup of U™ defined by ¢* and let U; (i € I) be the
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corresponding root subgroup of U~. We assume that for any ¢ € [ we are
given isomorphisms a — z;(a), k > U;" and a — y;(a), k > U, as algebraic

groups such that the assignment

(59 = aia), (§,%) =), (L)~ yila)

where a,c € k,b € k*, defines a homomorphism SLs(k) — G. Let $; be the
image of (91 (1]) under this homomorphism. We have §; € NT. For a,b in

k* we have
zi(@)i(b) = ya(a~)i(ab V)ssyi(a ). (a)

Let s; be the image of s; in W. Then W is a Coxeter group on the generators
{si;i € I'}. Let w +— |w|, W — N be the standard length function. For J C I
let W be the subgroup of W generated by {i;i € J}. Let w; be the element
of Wy such that |w;| is maximal. In particular, w; € W is defined. We set
v = |wy|. Let i — i' be the involution I — I such that wys;w; = s; for all
1 € I. There is a unique W-action on & such that for ¢ € I, A € X we have
si(A\) = A — (4, A)i* and a unique W-action on Y such that fori € I,{ € Y
we have s;(¢) = ¢ — (¢, i*)i.

We say that G is simply laced if for any i # j in I, s;s; has order < 3 in
w.

For w € W with m = |w| let O,, be the set of all sequences (i1, i2, ..., imn)
such that s;, s;, - -+ s, = w. Following Tits, for w € W with m = |w|, we set
. where i = (i1,12,...,19m) € Oy; this is independent of the
choice of i. Let G, = B-wB~ C G.

W = S§,Siy "S54

There is a well defined isomorphism ¥ : G — G°PP (the opposite group
structure) such that ¥(z;(a)) = y;(a), Y(yi(a)) = x;(a) for i € I,a € k. Let
w : G — G be the isomorphism such that w(z;(a)) = yi(a), w(yi(a)) = zi(a)

for all i € I,a € k. For i € I we have ¥(3;) = §; 1, w(s;) = §;

i

Let X* ={\ € X;(i,\) € N Vi € I}. Let C be the category whose
objects are finite dimensional k-vector spaces with a given rational G-module
structure. For any A € X we denote by Ay a simple object of C with a
nonzero vector 7, which is fixed by the U™'-action and satisfies tny = A(t)n,
forallt e T.
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2.2. We now assume that k, K are as in 1.1(i). The following identities
hold:

tzi(a) = z;(i*(t)a)t, tyi(a) = y;(i*(t) ta)t fori € [,t € T,a € K;
yi(a)x;(c) = zj(c)yi(a) for a,c € K and i # j in I;
l@)ifb)ai(e) = 2:()ilH)ya(a)
for i € I and a,b,c,a’,V,c in K such that
d = a/(ac+b*),b =b/(ac+b*),c = ¢/(ac + b*)
or equivalently a = a’/(a'd +b?),b=1V/(a'd +¥?),c = /(d'c + V'?).

2.3. Let w € W with m = |w|. The statements (a), (b) below are proved in
8, 27(a), (D).

a) Leti= (i1,i2,...,%m) € Op. The map KM Ut given by
1
(a1,a2,...,am) — zi (a1)ziy,(a2) -z, (am)
18 1njective.
b) Let i = (i1,42,...,im) € Ow,i = (#},i5,...,i" ) € On. There is a well
1) %2 m

defined bijection R%l : K™ — K™ such that for any (ai,as,...,ay) €

K™ we have

iy (a1)iy(az) - - iy, (am) = 0 (@) (ag) - - ir, (ay,)

where (ay,al, ... al) = R;l(al,ag,...,am) e K™ that is, Ti—,’—Rgl = Ti+ :
K™ — K™,
Now let i,i’ be as in (b) and let i = (¢7,4},...,i" ) €Oy. For (a1,as,...,a)

€ K™ we have

iy (a1)iy(az) - i, (am) = @q ()2 (a5) - 2y (a5,)
= xii’(a,f)l“ig(ag) B2 A (ap,)
where

(), db,....d. )=R (a1, as,... an), (d? dl,. .. ,a;'n):Rgi/(a'l,a'Q,...,a;n),
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(af,df,... ,a%l):Rzﬁ(al,ag, ceey ).

It follows that

o/ s/

R; (ay,a9,...,am,) = R;;l(a'l,aé, cean) = R;:/R; (a1,a2,...,am).
Hence
(c) RI" = R/RI'.
From the proof in ﬂg, 2.6, 2.7] one can also extract the following result.
(d) The bijection Rg/ K™ — K™ s bi-admaissible.

By a lemma of Iwahori M], i,i’ can be connected by a finite sequence of
braid moves. Using this, (c) and 1.2(a), we see that to prove (d) we can
assume that i,i’ are connected by a braid move that is, i’ is obtained from
i by replacing e consecutive entries i, j,1,... of i by the e entries j,1,7, ...
where ¢ # j in I are such that s;s; has order e in W. If e is 2 or 3, the
desired result follows from ﬂ§, 2.5(a), (b)]. (Hence (d) holds whenever G is
simply laced.) Assume now that e > 3, that is e = 2¢/ with ¢ € {2,3}.
We can assume G = G ;, the subgroup of GG generated by U;r, U]-Jr, U, Uj*,
so that that I = {i,j} and i = (4,4,4,...),i' = (4,4,7,...) (both sequences
consist of 2¢/ terms). We can find a group G like G in 2.1 but of type As (if
¢/ =2) or Dy (if ¢ = 3) and an automorphism of order ¢ of G whose fixed
point set is G. We have (i,j*) € {—1,—€/}. Let W be the Weyl group of
G. The simple reflections of W are denoted o1,09,...,0.,00 where oq,0}
commute for a,b € {1,2,...,¢'} and o,0( has order 3 for a € {1,2,...,¢'}.
(The indexing set for the simple reflections of W is I = {1,2,...,¢/,0}.) We
can identify W with a subgroup of W in such a way that either
(i) s; becomes o102 - - 0., s; becomes o (in this case (i,j*) = —¢’), or

(ii) s; becomes op, s; becomes o109 - -0 (in this case (i,j*) = —1).
We consider two reduced expressions for the longest element (of length
¢/(¢/+1)) of W namely (1,2,...,¢,0,1,2,...,€,0,...), where 1,2,...,¢,01is
repeated €’ times, and (0,1,2,...,¢,0,1,2,...,¢€,...), where 0,1,2,... ¢ is

repeated €’ times. In case (i), the first of these reduced expressions is denoted
by i and the second by i In case (ii), the first of these reduced expressions is
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denoted by i’ and the second by i. In case (i) we define A : K2¢' — K¢(¢'+1)
by

(a1)a2)° .. )QQG/)
— (a1,a1,---,a17a2,a37a37---7a3,a4,---7a2e/—17---a2e'—17a2e/)

(with agt; repeated € times) and g : K€€+ - K2¢" by

(ar,az,... 7ae/(e’+1)) > (1,02, Ger 42, Gery 3, A2er 43, A2¢ 145 - - -)-

.. , o
In case (i) we define X : K2¢ — K¢+ by
(0/170/27...70,25/) g (a17a2,-..,a2,a3,a4,...,a,4,...’0/26/7170,26/’_”’@26,)

(with ag; repeated ¢’ times) and g : K€€+ — K2 by

(a1,az,...,60(41)) = (A1, G/ 1, Qe 12, A2er 42, A2e/ 43, A3¢1 435 - - ).

We consider the composition

HA

Ri
KQe’ A Ke’(e’Jrl) i Ke’(e’Jrl) H K2e

/

where the middle map is defined in terms of G. By the earlier part of the
proof, the middle map is admissible (since G is simply laced); it follows that
the composition is admissible. By the argument in the proof of ﬂ§, 2.6, 2.7]
this composition is equal to Rf . K2¢ 5 K2¢'. Thus, R%l D K2 5 K2 g
admissible. The inverse of RY : K¢ — K%' is R, : K*¢ — K?¢ which is
admissible. Thus, Ri : K?¢ — K?¢ is bi-admissible and (d) holds.

Another proof of (d) was given later by Berenstein and Zelevinsky, see
Theorem 1.6 and 3.1 of ﬂ]

Using the automorphism w, from (a), (b) we deduce:

e) Leti= (i1,79,...,im) € On. The map 7. : K™ — U~ given by
1

(a1,a2,...,am) — Yi; (@1)Yi, (a2) - - - Yi,. (am)

18 injective.
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(f) Let i = (i1,i2,...,im) € Ou,i = (i},dy,...,1,) € Oy. Then the bi-

jection R%l : K™ — K™ in (b) has the following property: for any
(a1,a2,...,am,) € K™ we have

Yir (@1)yiy (a2) -+ Yy, (@m) = yir (a))yig (a5) - - iy (ar,)

/

. . — s/ —
where (ay,ay, ..., a,,) = R (a1,a2,...,am) € K™ that is, 7, Ry =7, :
K™ — K™,

2.4. Let i # j be two elemens of I and let e be the order of s;s; in W. Let
G j be as in 2.3. Then the bijection

(a) R(i,j) :== RIW . K¢ — K¢

Zvjviv"'
(where 4,j,4,... has e terms and j,i,7,... has e terms) is well defined in

terms of G; ;. It is bi-admissible by 2.3(d). If e = 2, then R(i, j) is given by

(b) (a,b) — (b,a).
If e = 3, then R(i,7) is given by

(¢) (a,b,¢) — (d/,V,) where a’ = be/(a+c¢),b =a+c¢,d =ab/(a+c) or
equivalently a = b'c/(d' + ), b=d +,c=d'¥'/(d + ).

A formula like (c¢) appeared in B] (for K = Z) in connection with the
problem of parametrizing canonical bases.

When e = 2¢’ is 4 or 6 then, with the notation of 2.3, R(i, j) is a product
over a set of braid moves connecting (1,2,...,¢,0,1,2,...,€,0,...) with
(0,1,2,...,€¢,0,1,2,...,¢€,...)in a Weyl group of type A3 or Dy of bijections
of type (b) and (c) involving two or three coordinates. For example, if e = 4
and (i,5*) = —2, then R(i, ) is given by

(d) (a,b,c,d) — (a',b',c,d") where a’ = bc?d/E, bV = E/A,d = A2/E,d =
abc/A, A= ab+ ad + cd, E = a’b + a®d + c2d + 2acd,

or equivalently

(e) d=d'b?d/E',c=FEJA',b=A?/E'  a=0bcd /A, A =dd +dd+adV,
E/ — d/2C/ +a’d’2 +a’b’2 +2a’b’d’.

Note that in (d), (e) we have
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(f) abc = b'dd' bc*d = a'V'?c,a+c=V +d,b+d=d +¢.

Conversely, if a,b,c,d,a’,b',,d" in K satisfy (f), then either the equalities
in (d) hold or we have (a’,V',¢,d") = (d, ¢, b, a).

A formula like (d) appeared (for K = Z) in ﬂa] in connection with the

problem of parametrizing canonical bases.

2.5. Let UT(K) be the submonoid of U generated by {z;(a);i € I,a € K}.
Let U~ (K) be the submonoid of U~ generated by {y;(a);i € I,a € K}. Let
T(K) be the submonoid of T' generated by {i(a);i € I,a € K}; it is a
subgroup of T since i(a)™! = i(a™!) for i € I,a € K. Let G(K) be the
submonoid of G generated by {z;(a),yi(a),i(a);i € I,a € K}. (These defi-
nitions appeared in |8, 2.2].) We have O(U*(K)) = U~ (K), ¥ (U~ (K)) =
UHE), WT(K)) = T(K), 9(G(K)) = G(K) and w(U*(K)) = U~(K),
wU(K)) =U"K), w(T(K)) =T(K), w(G(K)) = G(K). The following
is proved in [8, 2.3].
(a) If ut € UN(K),t € T(K),u~ € U (K) then uttu~ € G(K) and
uwtut € G(K). Any g € G(K) can be written uniquely in the form
g =uttu™ withut € UN(K),t € T(K),u” € U (K). Any g € G(K)
can be written uniquely in the form g = uy tiuf with uj € UT(K),t; €
T(K),u; € U (K).

Let w € W, m = |w|. Let U} (K) = ;" (K™) where i € O,; by 2.3(b), this
is independent of the choice of i and 7;" defines a bijection K™ 5 U, (K).
Let U, (K) = 7, (K™) where i € O,; by 2.3(f), this is independent of the
choice of i and 7;~ defines a bijection K™ = U, (K). Note that U, (K) =
(U (K)).

Following ﬂ§, 2.11], for w,w" in W we set
(b) Gu,w(K) = Uy (K)T(K)US (K) = U (KT (KU ().
(The last equality follows from repeated applications of the identities in 2.2.)

For future reference we state:

(¢) Ui (K) C B-uB".
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(See the proof of ﬂ§, 2.7]).

From ﬂg, 2.7(a), 2.8] we see that
(d) UM (K) = Uwew Uy (K).
Applying w to (d) we obtain

(e) UT(K) = UwewU,, (K).

2.6. From 2.5(a), (d), (e) we deduce
(a) G(K) = |—|w,w/ in WGw,fw’(K)-

2.7. Let w € W,m = |w|. From 2.3(d) we deduce:

(a) The bijections K™ — U} (K),
(a1, a2, ..., am) = zi, (a1)wi, (ag) - -~ @i, (am)

(for various i = (i1,12,...,im) € O) form a positive K -structure on
UF(K). The bijections K™ — U, (K),

(a1,a2, ... am) =i, (a1)yi, (a2) - - - Yi,, (am)

(for various i = (i1,12,...,im) € Oy) form a positive K -structure on
U, (K). When m = 0 these bijections are interpreted as the obvious

bijections from a point to a point.

These positive K-structures can be viewed as a non-negative K-structure
on UT(K) (with pieces U} (K),w € W) and a non-negative K-structure on
U~ (K) (with pieces U, (K),w € W).

In the remainder of this subsection we assume that k = R(t), K =
R(t)so. For w € W we set U} (Z2) = UJ(K), a set with a positive Z-
structure, see 1.4. We set UT(Z) = UT(K) = Upew U, (Z), a set with a

non-negative Z-structure, see 1.5. In 2.12 we will see that U™ (Z) is naturally
a monoid.

Let ~9 be the equivalence relation on U;UFI(Z) generated by the relation
for which x,2" in U, (Z) are related if for some i € Oy, x,2’ correspond
under the bijection 2 — U, (Z) indexed by i to sequences (ny,na,...,n,),
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(nf,nh,...,n,) in Z" such that ny = n,mod2 for s = 1,2,...,v. Let
Us.(Z)/2 be the set of equivalence classes.

2.8. We assume that K,k are as in 1.1(i). We now explain in more detail
the argument of ﬂ§, 2.11] (based on the identities in 2.2) which was used to
prove the last equality in 2.5(b).

In addition to the set I we consider the set —I = {—i;i € I} C Y
and another set I = {i;i € I} in obvious bijection with I. For w,w’ in
W with m = |w|,m’ = || let M = m + m' +r and let O, _, be the
set of sequences (hy,hg,...,hyr) in I U (—1I)U I such that the subsequence
consisting of symbols in [ is in O,,, the subsequence consisting of symbols
in —1 is of the form (—iy, —ig, ..., —iyy) wWith (i1,2,... i) € Oy in O_y
and the subsequence consisting of symbols in I contains each symbol i (with
i € I) exactly once.

Let Ty, . be the set of all pairs (h,a) € O, _u x KM. We regard
Iy, —w as the set of vertices of a graph in which

(h,a) = ((hl,hg,...,hM),(al,ag,...,aM)) S Fw,fw’v

(W, a') = (BB, ), (@ -y Ghp) € Ty
are joined if one of (i)-(iv) below holds:
(i) for some ¢ and some ¢ € {1,—1} we have (h¢, hep1,.. ., Ripm—1) =
(€i,€j,€i,...) (m terms),
(i hygqs e s Rypm—1) = (€], €d, €, . ..)

(m terms) where i # j, m is the order of s;s;,

(a’:‘,v a2+17 cee 7a2+m71) = R(i,j)(at, A1y 7at+m—1)

and hl, = hg,al, = ags for s ¢ {t,t+1,....,t + m—1}.

(ii) for some t we have (hy,hip1) = (i,7), (hi, hiy) = (4,1), (a},a}, ) =
(at41,a¢) and B, = hg,a, = as for s ¢ {t,t + 1};

(iii) for some ¢ and some € € {1, —1} we have (h¢, hi1) = (4, €i), (R, hy ) =

(i), (af,afyy) = (V")
for s ¢ {t,t+1};

aii1,at) where i,j € I and b, = hg,a, = aq
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(iv) for some t we have (hy, g1, hig2) = (4,4, —1), (hy, by, hi,) = (=i,4,1),
where i € I,

(a;, a£+1, a;+2)

= (atr2/(araryo + Q?Jrl)a (araii2 + at2+1)/at+1’ at/(arai2 + at2+1))
and hl, = hg,al, = ag for s ¢ {t,t + 1, + 2}.

We regard O, _, as the set of vertices of a graph in which h, h' are joined if
for some a,a’ in KM, (h,a), (h’,a’) are joined in Ty, . The map I'y, _,r —
Ow,—w', (h,a) — h, respects the graph structures.

This graph O, v is connected: if h € O, _,s we can join h (using
edges in the graph which are images of edges of type (ii), (iii), (iv)) with an
h’ in which the first m terms are in I and the last m’ terms are in —I and
then we note that, by Iwahori’s lemma, any two such h’ can be joined by a
sequence of edges which are images of edges of type (i), (ii).

We define a map yy, v : L'y~ — G(K) by
(a) (h,a) = ((hl, ho, ... ,hM), (al, as, ... ,aM)) — hclllhém s h?\%
where hes is x;(as) if hs = i, is y;(as) if hy = —1 and is i(as) if hs = 1.

For any h = (hy,ha,...,hyr) € Oy —yw we define iy, KM — G(K) by
Q;Z)h(a) = ’Yw,fw/(ha a)~

From the definitions and from 2.3(d) we see that if h,h’ are joined in
the graph O, _, then vy = ¥yo where o : K M _, KM is a bi-admissible
bijection and that the image of vy, is equal to the image of ¢/. (For the
last statement we use the formulas in 2.2 and 2.3(b),2.3(f),2.4(a).) Using
this and the connectedness of the graph O,, . we see that for any h, h’ in
Oy, —w We have 1y = 0 where ¢ : K M _ KM is a bi-admissible bijection
and that the image of vy, is independent of h. Now, if h € O,, _,s has the
first m terms in I and the last m/ terms in —I, then 1/}, defines a bijection
of KM onto U/ (K)T(K)U,,(K) (we use 2.5(a) and 2.7(a)). We see that for
any h, 1y, is a bijection of K™ onto U (K)T(K)U_,(K). If h € O, _, has
the first m’ terms in —I and the last m terms in I, then the image of vy, is
U, (K)T(K)UJ (K). We see that the last equality in 2.5(b) holds and the
definition of G, _,y in 2.5(b) is justified. From the arguments above,

(b) Forh € Oy _yr, ¥n: KM — Gy is a bijection;



“BN14N42” — 2019/12/21 — 16:13 — page 419 — #17

2019] TOTAL POSITIVITY IN REDUCTIVE GROUPS, II 419

(c) the bijections ¥y : KM 5 Gy (K) (for various h € Oy, _) define a
positive K -structure on Gy —y (K);

(d) these positive K-structures can be viewed as a non-negative K -structure
on G(K) (with pieces Gy _y (K), (w,w") € W x W ).

In the remainder of this subsection we assume that k = R(t), K = R(t)>0.
For w,w' in W we set Gy (Z) = Gy, (K), a set with a positive Z-
structure, see 1.4. We set G(Z) = G(K) = Uy w in wGw,—w (Z), a set
with a non-negative Z-structure, see 1.5. In 2.12 we will see that G(2) is

naturally a monoid.

2.9. Assume that K is as in 1.1(i)-(iii). Let U(K) be the monoid with

generators the symbols ¢* with ¢ € I, a € K and with relations

(i) 1%’ =i**t fori € I, a,b in K;

(ii) %1 j924% ... = j91§% 5% ... (both products have m factors) where i # j
in I, m is the order of s;s; and (a1, as,...,am) € K™, (a},d,, ..., a},) €
K™ are such that (af,d),...,al,) = R(i,5)(a1,az2,...,am).

In the case where K = Z and G is simply laced, the definition of (K)
appeared in ﬂ§, 9.11]. The definition of L{(K') is reminiscent of the definition
of the Coxeter group attached to the Cartan matrix ({7, j*)).

For any w € W with m = |w| and any i = (i1,%2,...,%m) € Oy let
i, (K) be image of the map e; : K™ — U(K) given by (ai,asz,...,an) —
i{1i9% - - - 1% this image is independent of the choice of i. Indeed if i,i" are in
O, then i,i’ are connected by a sequence of braid moves (Iwahori’s lemma)
so it is enough to show that e;(K™) = ey (K™) when i,i are connected by
a single braid move. But in this case the desired equality follows from (ii).

Let ' = Upew iy (K) C U(K). We show that

(a) iU c W

for any ¢ € I,a € K. It is enough to show that for w € W the following
holds:

(b) if |s;w| > |w]| then iU, (K) C Us,w(K);
(c) if [s;w| < |w| then i*4, (K) C LU, (K).
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Now (b) is clear from the definition. In the setup of (c) we have ,(K) =
Upe %8s, (K) hence %40, (K) C Upexi®bils,0(K) C Uy(K) and (c) is
proved. Thus, (a) holds. From (a) we deduce that &' = U(K) that is,
U(K) = Upewihy (K). (This proof is almost a copy of that in [8, 2.8].)

For each w € W we choose i, € O,. By the arguments above, the map
C, = Uwewei, : uwng‘M — L[(K)

is surjective.

Assume now that K is as in 1.1(i). There is a well defined homomor-
phism of monoids ¢ : 4(K) — Ut (K) such that i — x;(a) for any i € I,a €
K. (We use 2.3(b),2.4(a).) The composition (¢’ : Uyew K"l — UT(K) is a
bijection (we use 2.3(a) and 2.5(d)) hence ¢’ is injective. It follows that ¢’
is bijective hence ( is bijective. Thus the following holds.

(d) For K as in 1.1(i), the homomorphism of monoids ¢ : sW(K) — UT(K)

18 an isomorphism.

Similarly,

(e) For K as in 1.1(i), there is a unique isomorphism of monoids
U(K) S U (K) such that i v+ y;(a) for anyi € I,a € K.

Let K be as in 1.1(i)-(iii). We show:

(f) there is a unique isomorphism of monoids W : U(K) — U(K)PP (the
opposed monoid) such that i* — i for any i € I,a € K.

Assume first that K,k are as in 1.1(i). Then there is a unique isomorphism
of monoids ¥ : U(K) — LU(K)PP such that the following diagram is commu-
tative:

WE) —Ys Y(K)

| !

UH(K) —— U~ (K)

Here the vertical maps are as in (d), (e) and ¥ is as in 2.1. Then (f)
follows in our case. The case where K = Z is obtained from the case where
K = R(t)s0 by passage to zones. The case where K = {1} is immediate.
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2.10. Assume that K is as in 1.1(i)-(iii). Let &(K) be the monoid with

generators the symbols %, (—i)?,i* with i € I, a € K and with relations
(1)-(vii) below.

(i) (ei)(ei)® = (ei)** fori € I, e = +1, a,b in K;

(ii) (i) (e5) (€8)% - - - = (€§)® (€i) (€)% - - - (both products have m fac-

tors) where e==+1, i#j in I, m is the order of s;s; and (a1, a2, ..., an)
€ K™, (ay,d),...,al,) € K™ aresuch that (a},d),...,al,) = R(i,7)(a1,
ag,...,am);

i93b(—i) = (—i)¢/(actb?)j(actb®)/bja/(acth?) for i € T a.b,c in K;

(iv) %" = 79, iV =1foriel, abinK;

Let w,w’ in W be such that |w|+ |w'|+7 = M. Let vy, : Ty —r = G(K)
be as in 2.8. We define a map § : ',y = &(K) by

(a) (h,a) = ((hl,hg,. .. ,hM), (al,ag,. .. ,CLM)) g h(lllth s h?\}lw.
Note that 36 = vy, -

For any h = (hy,ha,...,hyr) € Oy we define O : KM — &(K)
by On(a) = d(h,a). As in the proof in 2.8 we see that the image of 6y, is
independent of the choice of h; we denote it by &, _,(K).

Let & = Uyewwew Buw,—w (K) C &(K). We show
(b) i“®’ Cc &'

for any ¢ € I,a € K. It is enough to show that for w € W the following
holds:

(c) if |sjw] > |w| then &y, _yw(K) C By (K); if |[sjw| < |w| then
ia®w7,w/(K) C @w7,w/(K).

The proof is entirely similar to that of 2.9(b), (c). Similarly we have
(d) (=) c &



“BN14N42” — 2019/12/21 — 16:13 — page 422 — #20

422 G. LUSZTIG [December

for any ¢ € I,a € K. From the definitions we have
(e) i"® C &

for any i € I,a € K. From (a), (d), (e) we see that &' = &(K).

For each w,w’ in W we choose hy, _,y € O, _,. By the arguments
above, /' := Uy ' in Wehw,—w/ : U’ in w KW+ _y &(K) is surjective.

Assume now that K is as in 1.1(i). There is a well defined homomor-
phism of monoids 8 : &(K) — G(K) such that i* — z;(a), (—i)* — y,(a),
1)* — i(a) for any i € I,a € K. (We use 2.2, 2.3(b), 2.3(f), 2.4(a).) The
composition B3 : Uy.w in w K1Y+ - G(K) is a bijection (we use 2.6(a)
and 2.8(b)) hence /' is injective. It follows that /' is bijective hence f is
bijective. Thus the following holds.

(f) If K is as in 1.1(i), the homomorphism of monoids  : &(K) — G(K)
s an isomorphism.

2.11. In this subsection K is as in 1.1(i)-(iii). Asin 2.9, 2.10 we have:
(a) L[(K) = UwGWuw(K)a 6(K) = Uw,w’ in W®w,—w’(K)-

Assume now that K = {1}. In this case ({1}) is the monoid with generators
the symbols i' = i with ¢ € I and with relations ii = i for i € I and
iji--- = jij--- (both products have m factors) where ¢ # j in I and m is
the order of s;s;. If w € W, |w| = m, then Y, ({1}) consists of a single
element given by iyig - - - i), where (i1,12,...,%,) is any element of O,,. We
have a bijection W = $(({1}) which takes w to the unique element of {,,({1}).

Now &({1}) is the monoid with generators the symbols i, —i with i € [
and with relations

(ei)(ei) = (ei) for i€, e= =1,

(e1)(ej)(ei) -+ = (ej)(ei)(€j) - - (both products have m factors) where i # j
in I, e = £1 and m is the order of s;s;;

i(—j) = (—j)i for i,jel.

It follows that we have an obvious isomorphism of monoids
U{1}) x U({1}) S B({1}). For w,w' in W, |w| =m,|w'| = m/, &, . ({1})
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consists of a single element given by i1ig - - iy, (—4})(—15) - - - (—i!,/) where
(1,92, ...,1m) is any element of O, and (i},i5,...,4 ,) is any element of
O.r. We have a bijection W x W = &({1}) which takes (w,w’) to the unique
element of &,, _,s({1}).

For any K as in 1.1(i)-(iii) we have a homomorphism of monoids h :
U(K) — U({1}) given by i* — i and a homomorphism of monoids A’ :
&(K) — &({1}) given by i* — i,(—i)* — —i, i* — 1. From the definitions
we have h(th, (K)) = th,({1}) for w € W and W' (& _y (K)) = Sy ({1})
for w,w" in W. Since U,,({1}) are disjoint for various w € W, it follows that
i, (K) are disjoint for various w € W. Since &,, _,s({1}) are disjoint for
various w,w’ in W, it follows that &, _,s(K) are disjoint for various w,w’
in W. Combining this with (a) we obtain:

(b) ﬂ(K) = quWuw(K)’ ®(K) = I—'w,w’ in Wﬁw,—w/(K)~

(This is already known for K as in 1.1(i).) Since h,h’ above are monoid
homomorphisms we see that:

(¢) for w,w" in W, the multiplication in U(K) maps thy,(K) x h, (K) into
Uy (K) where w” is the product of w,w'" in U({1}) = W;

d) for wy,we,wy,wh in W, the multiplication in &(K) maps
1, W
®w1,7w’1 X ®w2,7wé (1<)

into &, .y, (K) where (w3, ws) is the product of (w1, —w}), (wa, —ws)
in({1}) =W x W.

2.12. We now assume that K is as in 1.1(i). The map b, (K) x L, (K) —
Uy (K) in 2.11(c) can be viewed as a map Uf (K) x U/, (K) — U}, (K)
(multiplication in UT(K)); using the definitions we see that this map is ad-
missible. Hence the map p : UM (K) x UT(K) — U™ (K) (multiplication
in UT(K)) is admissible. The map &,y X Gy (K) = By, (K)
in 2.11(d) can be viewed as a map Gy, —w X Gup —wy(K) = Gy, (K)
(multiplication in U(K)); using the definitions we see that this map is admis-
sible. Hence the map 4/ : G(K) x G(K) — G(K) (multiplication in G(K))
is admissible. Applying these results with K replaced by K’ = R(t)s¢
we see that p and p/ induce admissible maps of non-negative Z-structures
p:UNK')x Ut (K') - U (K') and ¢/ : G(K') x G(K') = G(K'), that is,
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p:UT(Z)xUT(2) > U (2) and p: G(Z) x G(Z) — G(Z), which define
monoid structures on Ut (Z) and G(Z).

From the definition there is a unique homomorphism of monoids ¢ :
U(Z) — UT(Z) which takes i* to the zone of U (K’) containing x;(t*) (for
i € I,a € Z) and a unique homomorphism of monoids ¢ : &(2) — G(2)
which takes i to the zone of G, _1(K’) containing z;(t%), (—i)®* to the zone
of of G1 _s,(K') containing y;(¢t*) and i® to the zone of G _1(K') containing
i(t") (for i € I,a € Z).

2.13. Assume that K is as in 1.1(i)-(iii). Let w € W be such that |w| = m.
For any i € O, we define ¢; : K™ — $,,(K) by the same formula as in 2.9.
We state the following property.

(a) e : K™ — W, (K) is a bijection.

Let w,w’ in W be such that |w| + |w'| + 7 = M. For any h € O,, _,y we
define 6y, : KM — &y —u (K) by the same formula as in 2.10. We state the
following property.

() Op: KM — &, _(K) is a bijection.

Now (a), (b) are already known when K is as in 1.1(i) and are obvious whe
K = {1}. Moreover the maps in (a), (b) are surjective. It remains to show
that the mapsin (a), (b) are injective when K = Z. It is then enough to show
that the map in (a) (resp. (b)) for K = Z is injective after composition with
¢ (resp. ) in 2.12. But that composition is a bijection since it is obtained by
applying the functor of taking zones to the corresponding map for K = K’

which is already known to be a bijection. This proves (a), (b).

This argument shows also that ¢ defines for any w € W a bijection
Uy (Z) = Uf (Z) and that ¢ defines for any w,w’ in W a bijection &, _,/(Z)
— Goy,—y(Z). It follows that

(c) c: Z) — UT(2) is an isomorphism and ¢ : &(Z) — G(Z) is an

1somorphism.

Thus, for any K as in 1.1(i)-(iii) we have
(d) WK) =UT(K), 8(K) = G(K);
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for K as in 1.1(i) this is already known from 2.9(d) and 2.10(f).

For any K as in 1.1(i)-(iii) we have the following results.

(e) Let w € W. The bijections e; in (a) define a positive K -structure on
Wy (K). These positive K -structures can be viewed as a non-negative K -
structure on M(K) with pieces t,(K),w € W. The multiplication map
UK) x WEK) — U(K) is admissible.

(f) Letw,w’ in W. The bijections 0y in (b) define a positive K -structure
on &, . (K). These positive K-structures can be viewed as a non-
negative K -structure on &(K) with pieces &, _yy (K), (w,w') € W x
W. The multiplication map &(K) x &(K) — B(K) is admissible.

When K is as in 1.1(i) these statements are already known, see 2.7,
2.8 and 2.9(d), 2.10(f). When K = {1} these statements are trivial.
When K = Z these statements can be deduced from the corresponding

statements with K replaced by R(t)~¢ using (c).

2.14. Let N ={0,1,2,---} C Z. Let w € W with |w| = m. For i € O, let
1L, (N) be the image of the map e; : N™ — $U(Z) given by (a1,as,...,ay) —
11457 - - -4%m; this image is independent of the choice of i. To prove the last
statement it is enough to show that if i,i’ in O,, are connected by a single
braid move then e;(N™) = ey (N™). This is a property of R(i,7) in 2.9(ii).
(The computation of R(i, j) is reduced in 2.3 to the case where s;5; has order
2 or 3. When this order is 3 we use that a+b—min(a,c) € N if a,b,c € N.)
Let YU(N) = Uyewthy(N). This is the submonoid of $(Z) generated by *

withie I,a e N.

2.15. Let w,w’ in W be such that |w| + |w'| +7r = M. For h € Oy _y
let (VMY = (a1,a2, - am) € NM;a;, = 0 whenever hy, = i for some i}
and let &, _,s(N) be the image of the map (NM) — &(Z) given by
(a1,as,...,a,) — hi'hg*--- h3)"; this image is independent of the choice
of h. (We use the argument in 2.14 and the fact that, if a,b,c are in N
and b = 0 then ¢ — min(a + ¢,b) = ¢ € N, min(a + ¢,b) — b = 0.) Let
BN) = U in WOy —w (N). This is the submonoid of &(Z) generated
by i* and (—i)* with ¢ € I,a € N. We have an isomorphism of monoids
UN) x UN) = B(N) given by (i, 1) = %, (1,i%) — (—i)%.
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2.16. Let K be as in 1.1(i)-(ili). Let w € W,m = |w|. For i € I,a € K
such that |s;w| = m — 1 we define T;, : L, (K) — U, (K) as follows. Let
x € thy, (K). We choose i = (i2,...,im) € Ogw and we set T q4(z) =

iM% - - - 4% where @ = §*145? - - - % and (a1, az,...,ay) € K™ is uniquely

determined by x. We show that T; ,.i(x) is independent of the choice of i.
Using Iwahori’s lemma, we see that it is enough to show that T;,.i(x) =
T% a;i’

the desired result follows from 2.9(ii). We set Tj4(x) = Tj 4i(x) where i is
any sequence in Og,,,. This defines the map T; ,. We have T; ,T; v = T; g0/

(z) if i,i" in Oy, are connected by a single braid move. In this case

for any and a,ad’ in K.

2.17. Let K be as in 1.1(i)-(iii). Let A\ € X, w € W,m = |w|. We will define

a map
(a) 0y : 4y (K) — K.

For any i = (i1,42,...,%m) € Oy we define 0, ; : L,(K) — K by

a1 a2 - c1 C2 &
R R i 0 ¢ D
where (ai,as,...,a,) € K¥ and ¢ = (5, 8iy - Sip,_, (ik), ) € Z for k €

[1,m]. We show that 0 ; = 0, y for any i,i’ in O,,. It is enough to show this
assuming that i,i are related by a single braid move.

Assume first that for some [ we have i = i,4;,1 = j where (i,7*) = 0
and a; = a,a;41 = b. We set y = s;,8;,---5;,_, € W. It is enough to show
that

AW N plusi ()N — pwi)N) g s (0).A)

This follows from s;(j) = 7, s;(i) = 1.

Assume next that for some [ we have i = i,4;41 = j, 4142 = © where
(i,5%) = (j,i*) = —land a; = a,a;41 = b,a;42 = c. Weset y = s;,8i, -+ 8i,_,
€ W. It is enough to show that

al¥(@:2) plysi(3),A) (ysis;(i),:2)

= (be/(a+ ) YDV (g + )W (ab/(a + ) Wo351DN

This follows from s;s;(j) = i, s;5;(i) = j, si(j) =i+ j = s;(0).
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Assume next that for some | we have i = i,4;41 = j,i142 = 1,0143 = J
where (i,7*) = =2 and a; = a,a;41 = b,a;42 = ¢,a143 = d. We set y =
8i18iy -+ 85, € W. It is enough to show that

QX s ()N plysis; (0).0) glusisjsi(i).)

= (b2d/E) YN (E)A)Wsi DA (A2 ) B)Wsisi0)A) (ghe ) A)sisisi ()A)

where A, E are as in 2.4(d). This follows from s;(j) =i+ j, s;(i) =i + 27,
85i55(1) = i + 27, 558:(§) = i + J, si555:(j) = J, 855i5j(i) = 54

Finally we assume that for some [ we have i; = 7,411 = J, 4142 = @, %13 =
Jyii4q = 1,945 = j where (i,j*) = —3. In this case an argument similar to
the one above applies. We see that 0 ; is indeed independent of the choice of
i; we denote it by 0). Note that for A\, \ in X’ we have 0y, (u) = 05 (u)0\ (u)
for any u € th,(K).

In the case where K = Z,w = wy, a map like 0 (restricted to L, (N))
is defined in B, 2.9(a)].

In the case where A € X and K,k are as in 1.1, we define a map
0y : G — k, g — x where g € G and z € k is the coefficient of the highest
weight vector in the canonical basis of Ay in the vector obtained by applying
g to the lowest weight weight vector in the canonical basis of Ay. One can

show that in this case (with w = wy):

(b) Oy is the composition L, (K) = Uy (K) C G2k

3. The Positive Part of a Flag Manifold

3.1. We assume that K,k are as in 1.1(i). In this and next subsection we
define the positive part of G/U™.

Let M =v +r. Let
Ol = I—leWOw,—wva

a set of sequences of length M in IL(—I)U I, see 2.8. Let IV be the set of all
pairs (h,a) € O’ x KM, With notation of 2.8 we have I'" = UyewTw.—wjw-
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We define a map p : I' — G/U~ by the requirement that the restriction of
p to Ly —wpw 18

((h1,ho, ... har), (a1, a2, ... apr)) = PRS2 - R (w ™ty U~
where h? = x;(as) if hs = i, h% = y;(as) if hy = —i and h% = i(as) if
hs = i.

We view I as the set of vertices of a graph with two kind of edges:
internal edges and external edges. An internal edge is an edge joining two
elements in the same I', _,;4, for the graph structure of Iy, 4, described in
2.8. An external edge is one joining ((hq, ho, ..., hy), (a1,a2,...,ap)) € T,
(R, By, o By, (d,d, ..o aly,)) € TV where
(@) (har—1,har) = (4,4), (Rhy_q1,h)yy) = (—i,i) for some i € I,

(ahy_y: @hy) = (ap_ps an—1ay7),

hl, = hg,al, = as for s ¢ {M — 1, M };

this edge joins an element of Iy, —y,ys; With an element of I'y _,,,,, for some
y € W such that |ys;| > |y|.

We regard O’ as the set of vertices of a graph in which h, h’ are joined if
either h, h’ belong to the same Ow,—w;w and are joined in the graph Oy —yw
(see 2.8), or

(b) h,h’ are of the form h = (hy,..., har—2,4,i), h' = (hy,..., hpr—9, —i,1)
with 7 € I.

The map I" — @', (h,a) — h, respects the graph structures.

3.2. For any h € O’ we define py, : KM — G/U~ by pn(a) = p(h,a). We
show:

(a) The image of py is independent of the choice of h € O'; we denote this
image by (G/U™)(K)so. For any he ', py defines a bijection

oh - KM 55 (/U (K)o
The bijections py,(h € O') define a positive K -structure on (G/U™)(K)so.

Assume first that h,h’ in O’ are joined in the graph ©’. Then
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(b) pn, pyr are related by py = pyo where o : KM — KM s a bi-admissible
bijection. In particular, the image of py is equal to the image of py and
pn s injective if and only if py is injective.

If h,h’ are in the same Ow,—ww, this follows from results in 2.8. Assume
now that h, h' are as in 3.1(b) so that h € Oys, _y,ys;» h' € Oy 4,y for some
y € W such that |ys;| > |y|. Then (b) follows from the calculation

xi(a)i(b)(si_lyfle)'U* = yi(afl)i(abil)éiyi(ailbz)(si_ly*lw])'U*
= yi(a "i(ab")si(s;y T w)UT = yi(a™ )i(ab )y w U

for a,b in K. (We have used 2.1(a) and y;(c)w € wU~, $w = (s;w) for

Lwr.) In

¢ € k and w € W with [s;w| > |w]|, or more precisely, w = s; 'y~
this case o : KM — KM is (ay,...,an—2,a,b) = (ay,...,ap 2,0 ab™ ).

In particular, ¢ is a bi-admissible bijection.

Using (b), we see that to prove (a) it is enough to show (c), (d) below.

(c) For any h € Oy, —1, pn: KM — G/U™ is injective.
(d) the graph O is connected.

We prove (c). Let h in O, 1. Let a € KM a’ € KM be such that
pn(a) = pn(a’), that is

Yor,—1(@) U™ =y, —1(a) U~

(notation of 2.8). Since 7y, —1(a) € BT, vy, -1(a") € Bt and Bt NU~ =
{1}, it follows that

Ywr,—1 (a) = Ywr,—1 (a/)*

Using the injectivity of v, -1 : KM — G (see 2.8) we deduce that a = a'.
This proves (c).

We prove (d). As mentioned in 2.8, the graph Oy _y,q is connected for
any w € W. In particular O, _; is contained in a connected component O,
of @'. We show by descending induction on |w| that Oy _y,. is contained
in ). We can assume that |w| < v. We can find ¢ € I such that |ws;| > |w|.
Since the graph Oy, _y,4 is connected, we can find h’' € Oy, _y,4 such that
h/ = (hl, hg, e ,hM,Q, —’L',Z). Then h = (hl, h2, ey hM,Q,’L',Z) is joined
with h’' in @' and is in Ows;,wrws;- By the induction hypothesis we have
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h € Of hence h' € O so that Oy _y,w C Of. This completes the induction.
We see that O’ = O and (d) holds. This completes the proof of (a).

We show:

() If g1 € G(K) and gU~ € (G/U)(K)so then gi1gU™ € (G/U~)(K)so.
Hence there is a well defined action of the monoid G(K) on (G/U™)(K)so
given by g1 : gU™ — g1gU ™.

Assume first that g1 = x;(a) with i € I,a € K. We can find h € O,, 1
such that h starts with ¢ and a = (a1,aq9,...,ar) € KM such that gU~ =
pn(a). We have z;(a)gU~ = zi(a)pn(a) = pn(a1 + a,a2,as,...,an) €
(G/U7)(K)so, as required. Next we assume that ¢ = y;(a) with i €
I,a € K. We can find h € O; _, such that h starts with —i and a =
(a1,az,...,ap) € KM such that gU~ = pn(a). We have y;(a)gU~ =
yi(a)pn(a) = pn(ar + a,az,as,...,an) € (G/U)(K)so, as required. We
now assume that g1 = i(a) with i € I,a € K. We can find h € O, 1 such
that h starts with i and a = (ay,as,...,ar) € KM such that gU~ = py(a).
We have i(a)gU™ = i(a)pn(a) = pn(aai,ag,as,...,ap) € (G/U7) (K)o,
as required. It remains to use that the monoid G(K) is generated by

zi(a),y;(a),i(a) for various i € I,a € K.
From the definitions we see that for w,w’ in W, the map
G () 5 (GIU™)(K) 50— (GU7) ()0
(restriction of the G(K)-action in (e)) is admissible. Hence the map
(f) G(K) x (G/UT)(K)>0 = (G/U7)(K)>0

given by the G(K)-action is admissible.

Now let K/ = R(t)so. We set (G/U)(Z)s0 = (G/U)(K')s9. By
passage to zones in (f) we obtain an admissible map G(Z)x (G/U7)(2)so —
(G/U7)(Z)s0 which is an action of G(Z2).

3.3. Now T acts on G/U~ by t: gU™ — gtU~. We show:

(a) This restricts to an action of the group T(K) on (G/U™)(K)so.
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Let gU™ € (G/U_)(K)>0, t e T(K) Let (7:1,7:2’...’7:1/) S Owl and let
Jiy-.-,Jr be a list of the elements in I. We have ¢ = j1(b1) - - j-(b.) with
(b1,...,b,) € K". We can find (a1, as,...,a,4,) € KYT" such that

gU™ =z (a1) -~ @i, (aw)jr(avs1) - - Jr(aw ) U

We have

g0~ = g (an) 3, (@)1 (g 1b1) -+ (g ) U

Hence gtU~ € (G/U)(K)>o.
We show:

(b) The obvious map (G/U~)(K)so/T(K) — (G/U™)/T is injective.

Let gU~ € (G/U)(K)so, JU~ € (G/U)(K)so, t € T be such that
gtU~ = ¢'U~. We must show that ¢ € T'(K). With notation in the proof of

(a) we have

gU™ = zi(a1) - i, (@) jr(av41) - Jr (g ) U,
gU™ = iy (ah) @i, (@)1 (ayq1) - Gr(ay4,)U,

with (c1,...,¢) € (k)" (a1,a2,...,ap4r) €K"Y, (d),dh, ... a),, ) EKVTT.
Our assumption implies

iy (ah) i, (ay) 1 (ay40) - e (a1, )U

= Ty (a’l) Xy, (all)jl (aVJrlCl) e 'jr(au+rCT)U_~

It follows that B¥ji(ayq1c1) - -+ jr(avqrc, ) U~ = BT ji(al, ) - jr(al,, ) U .
By a property of Bruhat decomposition we deduce that

Jilavyier) -+ jr(avire:) = j1 (a/u—i—l) e 'jT'(a’/V-l—r)

hence a,q1¢1 = al, q,...,0p44C = a;,,,, so that (ci,...,¢) € K" and
t € T(K). This proves (b).
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3.4. We assume that K,k are as in 1.1(i). Let B the set of subgroups of G
of the form gB~¢~! for some g € G. Following ﬂ§] we set

B(K)so={B € B;B=uB"u""! for some u € Uy, (K)}
= {BeB;B=uB v for some u' € U} (K)}.

(The last equality is proved in ﬂg, 8.7].)

Consider the set of orbits for the free action of T' on G/U~ given by
t : gU~ + gtU~. This set can be identified with B by gU~ + gB g~ L.
Under this identification, B(K )~ becomes the set of orbits for the free action
of T(K) on (G/U7)(K)so (the restriction of T-action above); here we use
3.3(b).

For any h = (hy, ha, ..., hy) € O, there is a unique free action ¢ : & —
topa of T(K) on K™ such that the bijection K™ — (G/U~)(K)=q given by
(a1,a2,...,apr) — pn(ai,az,...,ap) is compatible with the T'(K)-actions
on the two sides. Let k1 < ko < --- < k,, be the subsequence of 1,2,..., M
such that hy,, hiy, . . ., by, arein IU(—TI). We define an imbedding €}, : K¥ —
KM by (a1,az,...,a,) — (a},d), ... a},) where azj =aqjforj=1,...,v
and a, = 1ife € {1,2,..., M} — {ki,ko,... ,k,}. To any T(K)-orbit in
KM for the op-action we associate the unique element a € K such that our
T(K)-orbit contains €} (a). This defines a map ¢;, : K™ /T(K) — K" which
is easily seen to be a bijection. Let d}, : KM — K" be the composition
of 0} with the obvious map K™ — KM /T(K). There is a unique map

7y, : KV — B(K)>q such that the following diagram is commutative:

KM T (GU) (K
o
K' — 5 B(K)sg

Here 74, is the bijection given by a + pn(a) and the right vertical map is the

obvious orbit map. Clearly, 74, is a bijection. We show:

(a) The bijections KVEB(K)N) for various h € O’ define a positive K -

structure on B(K)sq.
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Let h,h’ be elements of O'. Let
A= 7'1’1/717'1'1 KM s kM A= 7"1’1/7177'1’1 KV — K",

We have a commutative diagram

KM A gM

5;{ 5;4
A
KY —— KV
From 3.2(a) it follows that A is admissible. From the definitions we see that
the surjective maps dy, 9}, are admissible. Moreover dj ¢y, = 1. Thus we have
A =6, A€}, 1t follows that A is admissible. Interchanging the roles of h, h’
we see that A~! is admissible. This proves (a).
From 3.2(a) and the definitions we deduce:
(b) There is a well defined action of the monoid G(K) on B(K)so given by
g1:9B g ' — glgB*gflgl_1 where gB~ g~ € B(K)so.
From the definitions we see that for w,w’ in W, the map

Gw7,w/(K) X B(K)>0 — B(K)>0

(restriction of the G(K)-action in (b)) is admissible. Hence the map
(¢) G(K) x B(K)>0 = B(K)>0

given by the G(K)-action is admissible.
Now let K" = R(t)>9. We set B(Z)~o = B(K')>o. By passage to zones

in (c) we obtain

(d) an admissible map G(Z) x B(Z)>o — B(Z)-o which is an action of
G(2).
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4. The involutions ®,®’ of i, (K)

4.1. We assume that K,k are as in 1.1(i). Let i = (i1,42,...,7,) € Oy,. We
define & : KV = B(K)so by (a1,as,...,a,) — gB~g~! where

g = i, (a1)wiy(az) -+ x4, (a) € G.

We define & : K” = B(K)~o by (a1,a2,...,a,) — ¢’ BT¢'~! where

g =y (a1)yiy(a2) - -y, (ar) € G.

Clearly,
(a) the bijections &, &l are parts of the positive K-structure of B(K)sq de-
scribed in 3.4.
For u € U} (K) we have by 2.5(d) v = ¢'(u)wrb where b € B~ and ¢’
is a well defined map U} (K) — U~. We show:
(b) u— ¢'(u) is a bijection U (K) — U, (K).
The map U} (K) = B(K)so, u — uB~u"', is a bijection; the map Uy (K)

— B(K)>o u — uBTu™!, is a bijection. Hence if u € U} (K), there is a
unique v’ € U, (K) such that uB~u~! = «/BTu/~! so that

uB u! = ¢ (Wi B iy ¢ (u) "t = ¢/ (u)BT ¢ (u) T =/ BT

and v’ = ¢'(u). Moreover u — ' is a bijection U (K) — Uy, (K) so that
u — ¢(u) is a bijection ¢ : U (K) — Uy, (K). This proves (b).

For u € U} (K) we have by 2.5(c) u € U~ w;B~ hence u™! € B i U™,
Thus we have v~ = ¢(u) " 11iyb where b € B~ and ¢ is a well defined map
Ut (K)— U~. We show:

(¢) u p(u) is a bijection U (K) = U, (K).
From the definition of ¢/, for u € U} (K) we have ¢/ =1 (¥(u)) = W(u)irb

for some b € B~ (with ¥ as in 2.1.) Hence ¥(u) = ¢'~1(¥(u))w;b; for some
b1 € BT and u = byt ¥ (¢' 1 (¥ (u))) for some by € B~

From the definition we have ¢(u)~! = u~irbz, for some b3 € BT hence
u = wrbzp(u) = bywre(u) for some by € B~. Thus
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byrd(u) = bor¥(¢'~1(¥(u))). From properties of Bruhat decomposition
we deduce ¢(u) = (¢’ ~1(¥(u))). Thus (c) follows from (b).

From the definition, for u € U} (K) we have ¢(u) = bwu for a uniquely
defined b € BT. Let i = (i1,42,...,i,) € O,. There is a unique bijection
z: K — K", (a1,...,a,) — (da},...,a),) such that

¢(iy (a1) -+~ @i, (av)) = yir (a1) -+~ yi, (a))
where

Yir(ah) - yi, (ay,) = by, (a1) -+ @i, (av)
for some b € B™; moreover, by (a), z is bi-admissible.

Applying the involution w (see 2.1) we deduce

zi (ay) - w, (a),) = iy, (a1) - i, (a)

for some ' € B~ hence

Yi (a1) - yi, (ay) = V", (a)) - - x4, (ay,)

for some b’ € Bt. Tt follows that 22 = 1.

Let

(d) € 8y, (K) = Uy (K), € : thy, (K) = Uy, (K)

~

be the bijections induced by 2.9(d), (e). We define a bijection ® : L, (K) —
Uy, (K) by ® = €/ "1ge. We have &% = 1 (we use the equality 2% = 1).

We define a bijection @ : U, (K) = i, (K) by ® = ¢'"1¢'e. Recall
that the bijection W : i, (K) 5 i, (K) (see 2.9(f)) satisfies ® = ¢/ ~1We
and U2 = 1. We have ® = ¥®'~'¥ hence 1 = 2 = ¥’ 20 and ¥'? = 1.
It follows that

(e) & = TP,

Now let K’ = R(t)=o. The bijection ® : 8l (K') 5, (K') is bi-
admissible since z is so. Hence @' is also bi-admissible. Thus ® induces by
passage to zones a bi-admissible bijection l,,(Z) = l,,(Z) denoted again
by ® (with ®* = 1), see also ﬂﬁ, 2.9]. Similarly, ® induces by passage to
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zones a bi-admissible bijection L, (Z) = iL,,(Z) denoted again by ®' (with
@2 =1). Then (e) continues to hold.

In type As with I = {1,2}, ® is given by
9a21a19a5 |\ 9az/((az+ay)ay)q(az+ay)/(araz)9l/(az+as)

In type As with I = {1,2,3} and s1s3 = s3s1, ® is given by

L, ajal ag ag (a1+a})(ag+a}) 1 1
20,2 1a1 30,3 2a2 1a1 3a3 — Yajagaz | a/1 (a1+a/1) 3a’3(a3+aé) 2 a.lagal2 1 a1+a/1 3a3+a’3 .

4.2. Let K be as in 1.1(i)-(iii). Fori € I,a € K we have
(8) DToa = T g @ : Ly () — Ly (K)

where & : 4, (K) — Uy, (K) is as in 4.1 (for K = {1}, ® is the identity
map) and T; 4 is as in 2.16. For K as in 1.1(i) this follows from ﬂg, 3.6]; for
K = Z this follows from the case K = R(t)-( by passage to zones. For
K = {1}, (a) is trivial.

For K as in 1.1(i)-(iii) we state:
(b) Conjecture. We have x® = 6_y: : th,,(K) — K for any A € X (notation
of 2.17(a)); here \' € X is defined by (i, \') = (i*, \) for alli € I.
When K = Z, (b) can be deduced from ﬂa, 4.9]. For general K but for type
A with I = {i,7}, (b) follows from the identity:

QN BENHGN) Gi8) — (L)X (A -Gx

_<]=>\>
(a+c)c ab a—i—c)

where a, b, c are in K.

When K = Z we define hg € $4,,(K) by hg = %% where i =

14

(1,42, ...,1,) is any element of O,,,. The following result appears in E, 2.9].

(c) Assume that K = Z. Then ® : Y, (K) — Uy, (K) is the unique bijection
satisfying (a) for any i € I,a € K and such that ®(hg) = hg.

4.3. Let A: I — K be a map. We have the following results.
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(a) There is a unique monoid automorphism Sy : U(K) — U(K) such that
for any i € I,a € K we have S\(i%) = i) . This maps the subset
Wy, (K) onto itself for any w in W.

(b) There is a unique monoid automorphism Sy : &(K) — &(K) such that
for any i € I,a € K we have S\(i%) = i@ §y((=i)?) = (—i)= O~
S¢(i%) = i*. This maps the subset &, _,(K) onto itself for any w,w’
m W.

Indeed, one can check that the relations defining L(K'), &(K) are respected
by S). Alternatively, assuming that K,k are as in 1.1(i), let Sy : G — G be
given by conjugation by an element t) € T'(K) such that i*(¢\) = A(¢) for
any i € I. It is enough to note that Sy maps z;(a) to z;(aX(i)) and y;(a) to
yi(a\(i)~1) for any i € I, a € k. The case where K = Z can be deduced from
the case where K = R(t)~( by passage to zones. The case where K = {1}

is trivial.

For u € U (K) with K,k as in 1.1(i), we show:

We have ¢(u) € BTiu, ¢(tyuty') € Brityuty ', hence
tro(u)ty! € BTutyuty .
It follows that
Sx(é(u)) € BT irSx(u), p(Sx(u)) € BHirSy(u)
so that Sy(é(u))o(Sy(u))~' € B*. Since
Sa(¢(w))p(Sx(u) ™ € U™

and Bt N U~ = {1}, we deduce that S)(¢(u))p(Sx(u))~! = 1 so that (c)
holds.

For u € i, (K) we show:

(d) Sa(®(u)) = ®(S\-1(u)) where \71 : I — K is given by A~1(i) = \(i)~L.
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An equivalent statement is that S)\( Lole(u))) = ¢ Ho(e((Sy-1(w))))
where e, ¢’ are as in 4.1(d). Let u' = ¢(e(u)) € Uy, (K). From the definitions

we have

S\ (W) = €7 (Sx1 (1), e((Sy-1(w))) = Sy-1(e(w).

Hence it is enough to show that

¢ (Sh-1(u)) = & (B(Sx-1(e(w)))
or that Sy—1(p(e(u)) = ¢(Sy-1(e(u))). This follows from (c).

For u € 4, (K) we show:
(€) Sx(®'(u)) = &'(Sy-1(u)).

This follows from (d), 4.1(e) and the identity S\ = WS, (which follows
from definitions).

4.4. For A\: I — K,X : I — K we have S,Sy = S\y. Using this, together
with 4.3(d), (e) and the equalities ®2 = 1, &2 = 1, we see that

(a) (Sx®)? =1, (S\@')* =

as maps Uy, (K) — ,, (K).

5. The Positive Part of a Partial Flag Manifold

5.1. We assume that K,k are as in 1.1(i). Let J C I. Let Pj be the
subgroup of G generated by x;(a) withi € I,a € k, by y;(a) withi € J,a € k
and by T'. Let P; be the subgroup of G generated by y;(a) withi € I,a € k,
by z;(a) with i € J,a € k and by T. Let P; be the set of subgroups of G
of the form gP} g~ ! for some g € G or equivalently of the form ngﬁg_l for
some g € G. Here J' C I is the image of J under the involution i — ' of I
(see 2.1). Note that P@+ = B*Y, Py = B~, Py =B. Let m; : B— P; be the
map which to any B € B associates the unique subgroup P € P; such that
B C P. We have n;(B™) = P;, m;(BY) = P},. Following ﬂﬁ}
P(K)j>0=m7(B(K)s0), a subset of P;.

we define

Let w = wywy, m = |w| = |wr| — |wy|. Let i = (i1,i2,...,%m) € Oy.
Define f; : K™ — Py by (a1,a2,...,an) — uPJ_uf1 where

u =z (a1)wi,(az) - x5, (am) € UT.
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Define f{ : K™ — Py by (a1,a2,...,ay) — u’Pjﬁu’_l where

u' = Yi,, (@m)Yipy 1 (@m-1) - Yi, (a1) € U™,
We show:

(a) fi, f{ are injective.

Assume that (a1,as9,...,a,,) € K™, (a},dh,...,a),) € K™ are such that,

setting
u = i, (a1)iy(az) - iy, (am) € UT 0" = @y (a)wi, () - - 24, (ar,) € U,

we have uP;u™! = «/P;u/~! that is, u = /g for some g € P;. We have
u € Gy, t' € Gy, g € Gy (see 2.1) for some y € W. Since |wy| = |w| + |y,
we have u'g € Gyy. Since u = g, it follows that w = wy hence y = 1.
Thus, g € B~. Wehaveu € U, v’ € UT hence g = v/~ 'u € UtNB~ = {1}.

Thus, v’ = u. From z;,(a1)xy,(a2) -z, (am) = x4y (a))xiy(ah) - - 24, (al,)

m
we deduce that (a1,as,...,an) = (a},d, ... al,) (see 2.3(a)). This proves
(a) for f;.

Next we assume that (a1,aq,...,a,) € K™, (da},d),...,a,,) € K™ are

such that, setting

U = Yi, (am) - Yir(a2)yi (a1) € U™,
u' =y, (an,) Y (ah)yi (ah) e U,

we have tu,ufl = u’P;Tu’*l. Applying the involution w : G — G (see 2.1),

we deduce w(u)P}w(u‘l) = w(u’)Pﬁw(u’_l) where

It follows that us Py uj ' = u} Py u}~! where

up = z; (am)- "xi!Q(GQ).%'ill(al) eUT,
W = @y (ay) -y (ab)ay (ah) € U
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Applying the first part of the argument to (i}, 1,...,i;) instead of i we
deduce that u; =« and (a1, aq9,...,an) = (a},d,, ..., al,). This proves (a)
for f.

We show:

(b) The image of f; is equal to P(K)j>o; in particular it is independent of
i. The image of f! is equal to P(K)j>o; in particular it is independent

of i.

Letj = (il,’ig,...,’L'm,jl,jg,...,js) where (jl,jg,...,js) € OwJ. We have
Jj € Oy, hence P(K) ;-0 is the set of all gP; g~! where

g = ziy(a1)wiy(az) - - i, (am)xj, (b1) 4, (b2) - - 25, (bs)

with ai,as,...,am,b1,b2,...,bs in K. Since xj (b1),xj,(b2),...,z;,(bs) are
in Pj, it follows that P(K) o is the set of all gP; g~ ' where

g = ziy(ar)wi,(az) - -~ i, (am)

with a1, as,...,an in K. Thus P(K) >0 is the image of f; (see 4.1(a)). This
proves the first sentence in (b).

Let § =(im, im—1,- - - 01,4} 55, - - - j5). We have j € O, hence P(K) o
is the set of all ngﬁ g~ where

9 = Yim (am) - - yir (a2)yi, (a1)y; (br)yz (b2) - - -y (bs)

with ai,as2,...,am,b1,b2,...,bs in K. Since yjll(bl),yjé(bg),...,yjls(bs) are

in Pj,, it follows that P (K)o is the set of all ngr, g~ where

g = yim(am) Yo (a2)yi1 (al)

with ai,as,...,a, in K. Thus, P(K);>o is the image of f! (see 4.1(a)).

This proves the second sentence in (b).

5.2. Let i,j,i’,71,72,---, s be as in 5.1(b) and its proof. Define fJ KV —
B(K)>o by

fj(alva’Zv ce 7am7b17627- .. 7bS) = gB*gil



“BN14N42” — 2019/12/21 — 16:13 — page 441 — #39

2019] TOTAL POSITIVITY IN REDUCTIVE GROUPS, II 441

where g = x;, (a1)xi,(a2) - - @i, (am)xj, (b1)2jy(b2) - - - 2, (bs). Define fj’, :
K" — B(K)s¢ by

fj/’(al)aa)' .. )amabl)b2)° .. )bs) — g/B+g/71

where g = yi,, (am) -+ Yi, (a2) i, (a1)y; (b1)y;1 (b2) - - 51 (bs). Let Az K” —
K" be the bijection given by fj’/A = f'J Let A: K™ — K™ be the bijection
given by f{A = f;. We show:

(a) there is a commutative diagram

Kv A, Kv

Km A gm

where the vertical maps are given by
(a1,a2,...,am,b1,ba, ... bs) — (a1,a2,...,an).
Let (a1,a9,...,am,b1,ba,...,bs) € K¥ and let
(a),ab, ... al, by, b, ... b)) € K

be its image under A. We must show that (a},a),...,al,) € K™ is the

image of (ay,as,...,a,) € K™ under A. Let
g = miy(a1)iy (a2) - - @i, (am) 5y (1), (b2) - - - 5, (bs),

9= Vi () Ui (a2)ya, (@1)y;1 (1) (B5) -+~ 51 (VL)

We have gB~g~! = ¢/Btg¢~! that is g1Bg; ' = ¢/B'g,™", B = 2B g5 ",
B' = g4Btg,~", where

g1 = iy (a1)wiy(a2) - 4, (am), ) = Yir (@) - Yin (a3) i, (a7),

92 = 2, (b1)zg (b2) -~ . (bs), 9 = w1 (b1)y1 (B3) - 51 (B).
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Since x;, (b1), xj,(b2), ..., x;,(bs) are contained in P; and

Y (00), 5 (05), -y (B)
are contained in Pjﬁ we see that B C Py and B’ C Pjﬁ. Hence

a1 Bgr' Cg1Pygrt and i B'gi ! C i Plgi !

Since a subgroup in B is contained in a unique subgroup in P, we deduce
that g1 P; g, - gin,gﬁ_l. This proves (a).

Using (a) and the fact that A : K — K" is admissible (see 4.1(a)),
we see that A : K™ — K™ is admissible. Now (a) remains a commutative
diagram if A is replaced by A~! and A is replaced by A~!. Using this
and the fact that A=! : K¥ — KV is admissible (see 4.1(a)), we see that
A7l K™ — K™ is admissible.

5.3. Let i, f; : K™ — P(K) 0 be as in 5.1 and let j, fj : KV — B(K) be
as in 5.2. Let i' be another sequence in O,,; let fin .3t f'j1 be defined in terms
of i in the same way as f;, j, fJ were defined in terms of i. Let A’ : KV — K"
be the bijection given by j}A’ = fJ Let A’ : K™ — K™ be the bijection

given by f; A" = f;. From the definitions we have a commutative diagram

Ky A g

! !

Km A, gm

where the vertical maps are as in 5.2(a). Since A’ and A’~! are admissible
it follows that A’ and A’~! are admissible. This, together with the results
in 5.2 implies that

(a) the bijections fi : K™ — P(K)j>o0, fi : K™ — P(K)j>0 (with i € Oy)
define a positive K-structure on P(K) 0.
From 3.4(b) and the definitions we deduce:

(b) There is a well defined action of the monoid G(K) on P(K)j>o given
by g1 : gPJ_g*1 — glgPJ_gflgl_1 where gPJ_gf1 € P(K)j>o-
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From the definitions we see that for w,w’ in W, the map
Gu,—w (K) X P(K)j>0 = P(K)j>0

(restriction of the G(K)-action in (b)) is admissible. Hence the map
(c) G(K) x P(K)>0 — P(K)s>0

given by the G(K)-action is admissible.

Now let K = R(t)s9. We set P(Z)s>0 = P(K')j>0. By passage to
zones in (c) we obtain an admissible map G(Z) x P(2) ;50 — P(Z)s>0
which is an action of G(Z).

6. Coordinate Rings

6.1. In this section we assume that we are in the setup of 2.1 with k an
algebraically closed field of any characteristic. For any irreducible algebraic
variety V over k be denote by O(V') the algebra of regular functions V' — k
and by [O(V)] the quotient field of O(V).

For any i = (i, 12,...,i,) € Oy,, the map f; : k¥ — U™ given by
(a1,a2,...,a,) — ;i (a1)ziy(a2) -+ x4, (ay)

defines a field isomorphism f;* : [O(UT)] — [O(k”)]. We fix a numbering

I ={1,2,...,k,k+1,...,7} where s;,s; commute if i < k > j or if i >

k<j. Letj = (L,2....k),§" = (k+1,k+2....r). Let j € Oy, be the
elsll 2]l

concatenation j'j”j'j" - -+ (of length v) and let j’ € O,,, be the concatenation
§"i'i"j - -+ (of length v). We state:

(a) Conjecture. Let F € [O(U1)]. We have F € O(U™) if and only if
f{(F) € O(K") and f;(F) € O(K").

A consequence of (a) is that the algebra O(U™) can be identified with the
algebra consisting of all (h, k') € O(k"”) x O(k”) such that under the field iso-
morphism [O(k”)] = [O(k")] induced by the birational isomorphism f; fJ.Tl,
h,h correspond to each other. Thus the algebra O(U™) is described com-
pletely in terms of the transition function between two charts in the positive

R g-structure attached to U™.
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We will verify (a) in two examples.

Assume first that G is of type As. We can assume that I = {1,2},
j=(1,2,1),§ = (2,1,2). Weidentify k® with U* as varieties by (A, B, C)
z1(A)x12(B)z2(C) where z15 : k — U™ is a root subgroup corresponding to
the nonsimple positive root. In these coordinates the map fj (resp. fy) is
given by (a,b,c¢) — (A, B,C) where A = a+ ¢,B = be,C = b (resp. A =
b, B = ab,C = a+c). The inverse (rational) map to fjis (4, B,C) — ((AC—
B)/C,C,A/C); it is regular on the complement of the hypersurface C' = 0.
The inverse (rational) map to fy is (A, B,C) = (B/A, A, (AC — B)/A); it
is regular on the complement of the hypersurface A = 0. If F € [O(U")] is
regular after taking inverse image under fj and under fy then it is regular
outside the set {(A, B,C); A = C = 0}. Since this set has codimension 2 in
U™, F must be regular. Thus (a) holds in this case.

Next we assume that G is of type A3. We can assume that I = {1, 3,2},
il =(1,3,2,1,3,2), i = (2,1,3,2,1,3). We identify k® with U™ as varieties
by

(X, Y, Z, UV, W) — 1‘1(X).%'3(Y).%’213(Z)1‘21(U).%'Qg(V)xg(W)

where 91, 293, £123 are root subgroups k — U™ corresponding to the non-
simple positive roots. In these coordinates the map fj (resp. fy) is given
by

(a,b,c,d,e, f)— (X,Y,Z,U,V,W)
where
X=a+dY=b+c¢,Z =cde,U =cd,V =ce,W=c+ f
(resp.

X =c+eY=b+f,Z=def +alb+ f)(c+e€),U =alc+e)+de,
V =ab+af+df,W =a+d).

The inverse (rational) map to fj is

(X,Y,Z,U,V,W)
= (XV=2))V,(UX-2)/U,VU/Z ZV, Z/U,(WZ-VU)/Z);
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it is regular on the complement of the hypersurface XUV = 0. The inverse
(rational) map to fy is (X,Y, Z,U,V,W) = (a,b,c,d,e, f) where

a = (ZW —UV)/(XYW — XV - UY + Z),
(XYW = XV —UY + 2)/(XW - U),

¢ = (XYW =XV -UY +2)/(WY - V),
(XW —U)WY = V)/(XYW — XV —UY + 2),
(

UY - 2)/(WY = V), f=(XV-2)/(XW-U);

thisis regular on the complement of the hypersurface (WY — V)(XYW —
XV -UY + Z)(XW —U) = 0. To prove (a) in this case it is then enough
to observe that the last two hypersurfaces have interesection of codimension

> 2 (they don’t have an irreducible component in common).

6.2. We writed',i?,...,4" fortheorder 1,2,...,7on . Leti = (2‘1,2'2, ceyiy)
€ Ou,, i = (i1, 1h,...,1),) € Oy,. We consider the map f;y : k” x (k*)"
k¥ — @ given by

(alaa’2a"'aa’l/ablabQ)"')bTacl)C2)"'acll)

= wy (a1)mi, (ag) - - i, (ay)it (01)i% (b2) -+ 3" (br)yyr (c1)yig (c2) - - yir (c1)
and the map J?i,i/ : k¥ x (k*)" x k¥ — G given by

(a17a27"'7al/7b17b27"'7b7‘7€17027"'7cu)

= i (a1)yis (ag) - - yi, (a)i' (01)i% (ba) - - " (br) s (1) (c2) - - - iy ()

These defines field isomorphisms f/",/, fi*i, from [O(G)] to [O(k” x (kK*)" xk")].
We state:

(a) Conjecture. Let j,j' be as in 6.1. Let F € [O(G)]. We have F € O(Q) if
and only if f;,(F) € O(k"x (k*)" xk") and f; ((F) € O(k"x (k*)" xk").

More precisely, the inverse of the rational map f;; is regular on the com-
plement of a hypersurface in G and the inverse of the rational map fy ; is
regular on the complement of another hypersurface in G and it should be
true that these two hypersurfaces have intersection of codimension > 2 (they

don’t have a common irreducible component).
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A consequence of (a) is that the algebra O(G) can be identified with
the algebra consisting of all (h,h') € O(k” x (k*)" x k") x O(k” x (k*)" x
k") such that under the field isomorphism [O(k” x (k*)" x k”)] = [O(k” x
(k*)" x k”)] induced by the birational isomorphism f; y f’J,_Jl, h,h' correspond
to each other. Thus the algebra O(G) is described completely in terms of
the transition function between two charts in the positive R~q-structure

attached to G.

We verify the conjecture when G is of type A;. Let V' be the variety of
all (é g) in k* such that AD—BC = 1. Consider the map s : kxk*xk — V
given by (a,x,b) — (é g) where A =z +abz™ ', B=axz"',C =bz"!,D =
2~ and the map s’ : k x k* x k — V given by (a,x,b) (ég) where
A =2 B =ax,C = bx,D = abx + z~'. The inverse of s as a rational
map is (A 5) — (B/D,1/D,C/D). The inverse of s’ as a rational map is
(A5) — (B/A,A,C/A). It remains to note that a rational map V — k
which is regular on the subset D # 0 and is regular on the subset A # 0 is

regular everywhere.

We verify the conjecture when G is of type As. Let V' be the variety of all

A
(g Ijli_g)[ %) in kY with determinant 1. Consider the map s : k?x (k*)2xk3 — V

given by
e+(atc)e 160 +abd~La'b (a+tc)e 1o+abd— 1 (a'+c') abd!
(a,b,c,e,6,a' b, ) — e 16b +b6~La/l/ e 15+b5—(a/+¢/) b5t
5~ la'y 5~ 1(a'+c") 51

Consider the map ' : k3 x (k*)? x k3 — V given by

€ e(a’+c’) ea't!
(a, b,c, e, 0, CL,, b,, C/) — < be be(a'+c')+e 15 bea’b/ +e~ 15 )
abe abe(a’+c')+(a+c)e 15 abea’t' +(atc)e Lo +51

The inverse of s as a rational map is
ABC
(E D F) > (a,b,c,e,6,a’ b, )
GHJ

where

_C,_E _BF-CBJ 11
TP T T T EI-FHF T EI-FH""T T
, (EJ-FH)G , DJ-FG , DH-GE

T~ (DJ-FG)J T EJ-FH® T DJ-FG

S
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The inverse of s’ as a rational map is

(égg>H(a,b,c,e,é,a/,b’,c’)
GHJ
where
G D (HD-EG)A
=—b=—c=———"""—€=A,0=AF — BD
DT AT AE—BD)D ’

, (AE-BD)C ,, AF-CD , BF-CE
T (AF-CD)A" T AE-BD'* ~ AF-CD’

It remains to note that a rational map V' — k which is regular on the subset
defined by FJ(EJ—FH)(DJ—FG) # 0 and is regular on the subset defined
by AD(AE — BD)(AF — CD) # 0 is regular everywhere.

6.3. Let il,4%,...,i" be as 6.2. Let i = (i1,i2,...,%,) € O,. We consider
the map f; : k¥ x (k*)" — G/U~ given by

(alaa’2a"'aa’l/)blabQ)"')bT)
= @iy (a1)@iy (a2) - - i, (ay )it (b1)i% (bg) -7 (b)) U~

and the map f; : k¥ x (k*)" — G/U~ given by

(a17a27"'7a’V7b17627"'7b7’)
= iy (a1)Yis (a2) -+ yi, ()it (b1)8% (bg) -+ 8" (by )b U™

These define field isomorphisms f;*, fl* from [O(G/U7)] to [O(k” x (k*)"].
Let j be as in 6.1. We state:

(a) Conjecture. Let F' € [O(G/UN_)] We have F € O(G/U™) if and only if
fi(F) € O(k” x (k*)") and fi(F) € O(k” x (k*)").

More precisely, the inverse of the rational map fj is regular on the comple-
ment of a hypersurface in G/U~ and the inverse of the rational map fJ is
regular on the complement of another hypersurface in G/U~ and it should
be true that these two hypersurfaces have intersection of codimension > 2
(they don’t have a common irreducible component).

A consequence of (a) is that the algebra O(G/U~) can be identified
with the algebra consisting of all (h,h') € O(k” x (k*)") x O(k” x (k*)")
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such that h,h’ correspond to each other under the field isomorphism x* :

~

[Ok” x (k*)")] = [O(k” x (k*)")] induced by the birational isomorphism
k= fj fj_l. Thus the algebra O(G/U™) is described completely in terms
of the transition function between two charts in the positive R~-structure
attached to G/U™.

We verify the conjecture when G is of type Ay. Let V be the variety of all
(45 &) ink°such that (4, B,C) #0,(A',B',C") # 0, AA+ BB'+CC’ =
0. (We can identify V = G/U™.)

Consider the map s : k® x (k*)? — V given by

57 lbe 6 Hate) 671
(a’7 b7 &) 675) = ( e 1 —e(flb) 671(1[))

and the map s’ : k3 x (k*)2 — V given by

(a,b,¢,6,8) = (she —atire) 5°)

The inverse of s as a rational map is

(2‘, g,g,) — (a,b,c,€,0)

where a = —C"/A',b = —B'/A',c = —AA/(CB'),e = 1/A",§ = 1/C. The

inverse of s’ as a rational map is

(21, g,g,) — (a,b, ¢, €,0)

where a = C/B, b = BJA, ¢ = A/A/(C'B), e = A, § = C’. It remains to
note that a rational map V' — k which is regular on the subset defined by
A'B'C # 0 and is regular on the subset defined by ABC’ # 0 is regular

everywhere.

6.4. We preserve the setup of 6.3. Now T" actson G/U~ by t : gU™ + gtU™.
For any A € X we set

OG/U I={f€O(G/U ) flgt ' U™ ) = ANt)f(gU™) VgeG,teT}.

It is known that O(G/U™), is a finite dimensional k-vector space and it

is # 0 if and only if A € XT. Moreover as a k-vector space we have
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O(G/UT) = @) cx+O(G/U7)x. The left translation by G induces a G-
action on O(G/U~) and this keeps stable each of the subspaces O(G/U™),
with A € X" which (in the case where the characteristic of k is zero) becomes

an irreducible representation of G (Borel-Weil).

Consider the T-action on k” x (k*)" given by
t: (al, az,...,qy, bl, bg, A ,br) — (al, az,...,Qy, bltl, bgtz, A ,brtr)

where t = il(t;)---i"(t.), (t1,...,t,) € K". This induces a T-action on
O(k” x (k*)"); for A € X we denote by O(k” x (k*)"), the subspace of

O(k” x (k*)") on which T" acts according to \. We have an isomorphism
ex: O(kK” x (k")) = O(kY) given by f — f’ where

f'(a1,az,...,a,) = f(a1,as,...,a,,1,1,...,1).

Now fj : k” x (k")" — G/U™ is T-equivariant hence f;* defines an (injective)
linear map [\ : O(G/U)x = O(k” x (k")"),. Similarly, fj: k" x (k)")\ —
G/U~ is T-equivariant for the T-action on k” x (k*)" described above and
the T-action on G/U~ given by gU™ gwﬁW[lU— hence fJ* defines an
(injective) linear map fJ*/\ tO(G/U)y — O(K”x (K*)")_y with \' as in 4.2(b).
For A € X7, the following statement is a consequence of the conjecture
6.3(a):

(a) Let ' € [O(G/U7)]. We have F € O(G/U™)x if and only if f{(F) €
O(K” x (k*)")x and f;(F) € O(k” x (K*)")_y.

As in 6.3, this implies:

(b) O(G/U™)x can be identified with the vector space consisting of all
(h,h') € O(K” x (K*)")x x O(K” x (k*)")_yt such that h,h’ correspond to

each other under the field isomorphism k* in 6.3.

Equivalently,

(c) O(G/U™)x can be identified with the vector space consisting of all (ho, hy))
€ O(k) x O(K") such that e '(h), e:}\!(h’) correspond to each other

under the field isomorphism k* in 6.3.
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Thus, the vector space O(G/U™), is described completely in terms of the
transition function between two charts in the positive R~g-structure at-
tached to G/U.

We consider for example the case where G is of type Ay and I = {il,i?}.
Let

(a,b,c,€,0), (a0, €,d)

in k? x (k*)? be such that s(a, b, c,€,8) = s'(a’, b, ¢, €, 8'), (notation of 6.3),
that is

(6’1bc s~ (atc) 671 ) _ ( e b'e a’b’e’)
el —e b elap)  \ OV =d'(d'+c) & :
We have
d =1/(a+¢c),b = (a+c)/(be),d =c/(a(a+c)), e =5 be,d = e tab.

Assuming that (i',\) =z € N, (i2,\) = y € N, we see that O(G/U™), is
identified with the vector space V of polynomials Z” k in Nni,jykaibj & in
a,b, c (with n; ;1 € k) such that

(a) Z n; jx(a+c) (a+ )b eI (a+ ¢) FaF (be)* (ab)?
ijk in N

is a polynomial in a, b, c. If for example x = 1,y = 0, then by direct com-
putation we see that ) has a basis consisting of the polynomials 1,b, ab. (In
this case O(G/U™), is known to have dimension 3, which agrees with our
computation.) If x = 1,y = 1, then by direct computation we see that V
has a basis consisting of the polynomials 1,b,a+ ¢, ab, be, b%c, ab(a + ¢), ab’c.
(In this case O(G/U ™), is known to have dimension 8 which agrees with our
computation.)

7. Arnold’s Problem

7.1. We assume that K,k are as in 1.1(i) with k = R, K = R~¢. Let K' =
R(t)>o. Let B* be the set of all B € B such that (B*, B), (B,B~), (B~,B™")
are in the same G-orbit under simultaneous conjugation. Now B* is naturally
a real algebraic manifold. Let [B*] be the set of connected components of
B*. Arnold’s problem asks to compute the number of elements of [B*]. For
G = SL,, this was solved in ﬂﬁ] the number is 2,6,20,52 if n = 2,3,4,5
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and is 2 x 3" 1 if n > 6. (For n = 2, B* is a circle minus two points;
thus it has two connected components.) For a general GG, Arnold’s problem
was solved by Rietsch ﬂﬁ], who found a combinatorial parametrization of
the set [B*]. We reformulate her parametrization by defining a map o :
Us (2)/2 — [B*] (see 2.7) which is a bijection. To define o it is enough to
define a map & : U} (£) — [B*] which is constant on the equivalence classes
for ~y (see 2.7). Since Uy (Z) is the set of set of zones in U} (K'), it is
enough to associate to each zone an element of [B*]. Let x € U} (K'). Let
i=(i1,92,...,1,) € Oy,. We have

(a) =z (a1)ziy(az) - 24, (ay)

where ag : t — 1% f5(t)/fL(t) and fs € R]t], f, € R[t] have constant term in
R-¢. We can find § € R~ such that f4(6") > 0, f1(§’) > 0 for any s and any
§" € (=6,0). Hence for ¢’ € (=9,0), as(0") is well defined, is in (—1)**Rg
and

2(8") = i, (a1(8"))ai, (a2(0")) -+~ @i, (0, () € U

is well defined. For ¢’ € (—4,0) we have z(8')B~x(d')~! € B*; this is con-
tained in a connected component €(x) of B* which is independent of the
choice of i, 4, .

7.2. Now let Z € U, (K’) be in the same zone as x (as in 7.1(a)). We show
that €(z) = €(z). We have T = z;,(a1)z;,(az2) - x;,(a,) with i as above
where @s : R — R are rational functions of the form t — ¢ f,(t)/f(t) and
fs € R[t], f € R[t] have constant term in R~q. We can find §; € Rsg such
that (cfs+(1—¢)f)(0") > 0, (cfi+(1—¢)f)(8") > 0 for any s, any ¢ € [0, 1]
and any & € (—61,0). For ¢ € [0,1] we set acs =t (cfs + (1 — ¢) fs)/(cf! +
(1—-¢)f!) € K" and

Le = T4y (at:,l)zciz (%72) T Ty, (GC,V) € Uy, (K/)
Then for ¢ € [0,1], &' € (—d1,0),
2e(0") = @iy (ac,1(8"))wiy (ac2(0)) - - @4, (e, (6) € UT

is well defined. For & € (—d1,0) we have z.(0')B~z.(0')~! € B* and the
connected component of B* containig it is independent of ¢, d1,d’. In par-
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ticular for &' € (—61,0), x(0')B~x)d)~! and #(8')B~)8')~! belong to the
same connected component of B*, so that €(z) = €(Z).

Next let o' = w;, (a})zq,(ay) - - - x;,(al,) where a,, : R — R are rational
functions of the form ¢ ~ t®27s f(t)/ f%(t) where fs, f., es are as above and
ns € N. We show that €(2’) = €(z). We can find d; € Rs( such that
(c+ (1 — ¢)§?™) f(8") > 0, f1(6') > 0 for any s, any c¢ € [0,1] and any
&' € (—=02,0). For ¢ € [0,1] we set al, , = t*((c+ (1 —¢)t*™) f,)/ f, € K" and

x = @iy (ag1)Tiy (ago) - i, (ag,) € Uy, (K').
Then for ¢ € [0,1],¢" € (—d2,0),
2 (6") = wiy (ag 1 (8") iy (ag o (8)) - - w4, (ar., (8') € UT

is well defined. For & € (—d2,0) we have z.(§')B~2.(0')"! € B* and the
connected component of B* containig it is independent of ¢, d,d’. In par-
ticular for & € (—61,0), 2/(6")B~2'(6)~* and z(8')B~z(8')~! belong to the

same connected component of B*, so that €(z) = €(2’.

We see that © — €(x) is a well defined map from the set of zones of
Uw, (K') to the set of connected components of B* and this map is constant
on the equivalence classes on the set of zones for the equivalence relation
~g in 2.7. The resulting map U} (Z)/2 — [B*] can be identified with a
bijection defined in |15] hence is itself a bijection.

8. The Sets £, (N), £, (V)

8.1. Let K be as in 1.1(i)-(iii). For any ¢ € I we define z; : i, (K) - K
as follows. Let x € i, (K). We choose i = (i1,12,...,0,-1) € Oy,s, and
we set 2;;(z) = a, where z = i{'i5?---i.* 1'% and (a1, a2,...,a,) € K" is
uniquely determined by x (note that (i1,42,...,7,-1,7) € O,). We show
that z;;(x) is independent of the choice of i. Using Iwahori’s lemma, we see
that it is enough to show that z;;(x) = z; y () if i,i’ in Oy,s, are connected
by a single braid move. In this case the desired result follows from 2.9(ii).
We set zj(x) = 2 i(z) where i is any sequence in Oy, .

8.2. In the remainder of this section we assume that K = Z. Let A € X'T.
The function I — N, i+ (i, \) is denoted again by A. Define \' : I — N by
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N(i) = A(@") (@' as in 2.1). Let
Uﬁjl(./\/) = {z € thy,(N); zi(z) < A(3) for any i € I}.

It is known that 43, (N) is naturally an indexing set for the canonical basis
of the simple G-module A) (see 2.1) with G over k = R. (This is proved
in B] assuming that G is simply laced; see ﬂa], ﬂﬂ] for the reduction of the
general case to the simply laced case.) According to ﬂﬁ, 4.9], the bijection
SA® : 8y, (2) — $hy, (Z) (see 4.1, 4.3) restricts to a bijection 3 (N) —
ilfu‘!l (N). In particular we have

(a) 4y, (V) C 46, (V)
where

o, (V) = {z € L, (N); S3®(x) € Sy, (N)}.
The following is suggested by the results in 6.4:

(b) Congecture. The inclusion (a) is an equality.

We will verify this conjecture in the case where G is of type A1 or Ay. Assume
first that G is of type Ay and I = {1}. We have 43, (N) = {1%a € N,a <
A(1)}. In our case ® is given by 1% = 1% for a € Z and Sy(1%) = 19T D)
for ' € Z. Hence Sy®(1%) = 1791 and

8, 0) = {170 € N0 < A1)} = 88, ().

Thus (b) holds.

Next we assume that G is of type Ag and I = {1,2}. We have

S (N) = {271%2¢ (a,b,¢) € N3, ¢ < \(2),a 4+ b — min(a, ) < A(1
wy
= {2%1°2% (a,b,¢) € N3,a < ¢,c < A(2),b < A(1)}
L{271°2%; (a,b,¢) € N3 a > ¢,c < A\(2),a+b—c < A1)}

In our case ® is given by 221°2¢ — 1¢7¢7027¢170 for (a,b,c) € Z* and

S/\(la, 21), 16,) — 1a’+)\(1) 2b/+)\(2) 1C/+/\(1)
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for (a', 0/, ') € Z3. Hence

S)\(I)(2a1b20) — 1c—a—b+)\(1)2—c+>\(2) 1—b+)\(1)

and
(A aqboc.
6 (N) = {2°1°2% (a,b,¢) e N®,a+b—c < A(1),c < A(2),b < A1)}

If a > ¢ we have b < a + b — ¢ hence the condition b < A\(1) is a consequence
of the condition a + b — ¢ < A(1); if a < ¢ we have a + b — ¢ < b hence the
condition a + b — ¢ < A(1) is a consequence of the condition b < A(1). We
see that in our case we have £} (A) =4 (N) and (b) holds.

9. On G(K) and Conjugacy Classes

9.1. We assume that K,k are as in 1.1(i) with k = R, K = R~o. We denote
by G(C) the group of points of G over C.

Let g € G(K). We show:

(a) If V € C (see 2.1), then all eigenvalues of g : V — V are in K.

By ﬂg, 4.4], there exists a sequence g(k) € Gy, —w, (K), k = 1,2, ... such that
g = limg 00 g(k) (limit in G). If (a) holds when g is replaced by any g(k) with
k > 1 then it would follow that the eigenvalues of g : V' — V are in K U{0}.
Since these eigenvalues are # 0 (g is invertible in G) they must then be in K.
Thus it is enough to prove (a) assuming that g € Gy, —y, (K). In this case,
by the Gantmacher-Krein theorem in type A and by ﬂg, 5.6] in the general
case, g is regular and semisimple and by ﬂg, 8.10], we have g = uu'tu~! where
uwe Uy, (K),ueUf (K),t € T(K). Thus we can assume that in (a), g is
regular, semisimple and g = v/t with «/ € U', ¢t € T(K). In this case g is
conjugate to ¢ by an element of U'. Hence we can assume that in (a) we
have ¢ = t € T(K). In this case the eigenvalues of g : V. — V are of the
form p(t) where p € X. It remains to observe that p: T — R* carries T'(K)
into K. (We use that for i € I,a € K we have u(i(a)) = af* € K.)

Let g € G(K). By ﬂ§, 8.11], there exists B € B such that g € B. Let
B(C) be the Borel subgroup of G(C) for which B is the group of real points.
It follows that the semisimple part gs of g is contained in 7"(R) where T" is
a maximal torus of B(C), defined and split over R. We show:
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(b) gs is contained in the identity component of T'(R).

Let X’ be the group of homomorphisms of algebraic groups 17" — C*. For
any u € X', u(t) is an eigenvalue of gs : Ay — A, for some A € X hence it
is in K (by (a)). An element of T7'(R) such that u(t) € K for any p € X’ is
necessarily in the identity component of 7"(R). This proves (b).

‘We show:

(c) In the setup of (b), the centralizer Z(gs) of gs in G(C) is the Levi sub-
group of some parabolic subgroup of G(C) defined over R.

Let R be the set of all u € X’ which are roots of G(C) with respect to T”.
Let Ry be the set of all 4 € R such that u(gs) = 1. It is enough to show
that Ry is the intersection of R with a Q-subspace of Q ® X’ or equivalently
that:

(d) if @ € Rand o =[] ,cp, p" for some integers ny, and some ¢ € Zo,
then a € Ry.

In the setup of (d) we have a(gs)¢ = 1. From (b) we see that a(gs) € R-o
so that from «a(gs)® = 1 we can deduce that «(gs) = 1. This proves (d) and
hence (c).

9.2. Let g € G(K). Let Z(gs) be as in 9.1(c). Let g, be the unipotent part
of g, so that g, € Z(gs). We state:

(a) Congecture. There exists a subgroup H of Z(gs) which is a Levi sub-
group of a parabolic subgroup of Z(gs) such that g, is a reqular unipotent
element of H; in particular, any unipotent element in G(K) is a regu-

lar unipotent element in a Levi subgroup of some parabolic subgroup of
G(C).

(This last statement is obvious if G is of type A and can be shown to be
true if G is of type D, using the description of unipotent elements in G(K)
given in ﬂ§, 6.6].)

10. A Partition of B

10.1. Let w € W, m = |w|. For any i = (i1,42,...,%n) € O, and any

a = (a,a2,...,an,) € N we set [i,a] = 1]111]122jlk (product in $({1}))
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where j; < jo < --- < ji is the sequence consisting of all j € [1,m] such that
aj = 0. We show:

(a) Assume that i,i’ in O, a,a’ in Z™ are such that i,i’ are equal except at
the indices I,1 + 1,1 + 2 where they are respectively i, j,i and j,1,7 with
i:j = —1 and that a,a’ are equal except at the indices 1,1+ 1,1+ 2 where
they are respectively a,b,c and a',b', ¢ with a’ = b+ ¢ — min(a,c),b =
min(a, c),d = a+b—min(a,c). Assume also thata € N™. Thena' € N™

and [i,a] = [i',a’] (equality in U({1})).

The fact that a’ € N™ is immediate. Let j; < jo < --- < j; be the sequence
consisting of all j € [1,l — 1] such that a; = 0 or equivalently ag» = 0;
let jy < jyy1 < -+ < jr be the sequence consisting of all j € [l + 3,m]
such that a; = 0 or equivalently a} = 0. Let y = ijl-li}Q . zjlt e UT({1}),
y = i}t/i}tlﬂ --ij € UT({1}). We have [i,a] = y[(4,7,7), (a,b,0)ly/, [i",a] =
yl(4,1,7), (a’,b',c)]y’. Thus, to prove (a) we can assume that i = (4, j,1),

i’ = (j,4,7), a= (a,b,c),a’ = (d/,b, ). We consider a number of cases.

(I) a=b=c=0s0that a’ =V = ¢ =0. Then [i,a] = iljlit = jlilj! =

[i',a’].
(I1) a=b=0,c > 0 so that @’ > 0,b' = ¢ = 0. Then [i,a] = i'j! = [i/,a'].
(IT) a > 0,b=c = 0so that a’ =b =0,¢ > 0. Then [i,a] = jli' = [i’,a’].

(IV) a = 0,b > 0,¢ = 0 so that a’ > 0,b' = 0, > 0. Then [i,a] = %! =

it = [, a].

(V) a=0,b>0,¢c>0sothat a’ > 0,0/ =0,¢ > 0. Then [i,a] = i! =

[i',a’].

(VI) @ > 0,b > 0,c = 0 so that @’ > 0,0’ = 0,¢ > 0. Then [i,a] = i’ =

[i,a'].

c>a>0,b=0sothat a >0,0° > 0,c =0. en |[l,a| =7 = 1,a|.
VII 0,b =0 so that a’ > 0,b' > 0, = 0. Then [i it =i, a
(VIII) @ > ¢ > 0,b =0 so that ' = 0,6’ > 0, > 0. Then [i,a] = j! = [{’,a/].

(IX) a=c¢ > 0,b=0so that ' = 0,b' > 0, = 0. Then [i,a] = j! = jlj! =

[i',a'].

(X) a>0,b>0,¢c>0sothata’ >0,/ >0, > 0. Then [i,a] =1=[{,a].
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In each case, (a) is proved.

‘We show:

(b) Assume that i,i in Oy, a,a’ in Z"™ are such that i,i are equal except at
the indices I, l+1 where they are respectively v, j and j,© with i : j = 0 and
that a,a’ are equal except at the indices 1,1+ 1 where they are respectively
a,b and o', b with ' = b,V = a. Assume also that a € N™. Then
a’ € N and [i,a] = [{',a’] (equality in ${({1})).

As in the proof of (a) we can assume that i = (i,7), i’ = (j,4), a = (a,b),a’ =

(a/,b'). We consider a number of cases.

(I) a=b=0so that ' =8 = 0. Then [i,a] =ilj! = jlil =[i',a].
(IT) a =0,b > 0 so that a’ > 0,6’ = 0. Then [i,a] = i' = [i',a’].
(III) @ > 0,b = 0 so that @’ = 0, > 0. Then [i,a] = j! = [i’,a'].
)

(IV) @ > 0,b> 0 so that @’ > 0,0’ > 0. Then [i,a] =1=[i,a’].

In each case, (b) is proved.

‘We show:

(c) Assume that i,i’ in Oy, a,a’ in N satisfy ei(a) = ey (a’) (equality in
U(Z), e, ey as in 2.9). Then [i,a] = [i',a’] (equality in U({1})).

Assume first that G is simply laced. By the Iwahori-Matsumoto lemma

we can find a sequence i = i%,i',...,i* = i in O, such that for any u €
{0,1,...,s — 1}, i%,i%™! are like i,i’ in (a) or (b). We define a sequence
a=a'al,...,a® =a’ in Z" such that for any u € {0,1,...,s — 1}, i*, a¥

and i“" a"*! are like i,a and i,a’ in (a) or (b). Note that each a’ with
0 <t < s is automatically in N (this follows by induction on ¢ from (a),
(b)). From the definition we have eju(a%) = egut1(a¥"!). From (a), (b), we
see that [i*,a%] = [i“™, a%*!] for any u € {0,1,...,s — 1}. Tt follows that
ei(a) = ey(a®) and [i,a] = [i’,a®]. Hence we have ey(a®) = ey(a’). Since
ey 1 2" — 4, (Z2) is a bijection it follows that a® = a’, so that [i,a] = [, a]
and (c) is proved. If G is not simply laced the proof is similar or it can be

reduced to the simply laced by descent as in []].

We show:
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(d) Leti= (i1,%2,...,im) € Oy and let j1 < jo < -+ < ji be a subsequence
_ a1 1 ; .

of 1,2,...,m. Let z = ij 1 i (product in U({1})); let z be the

corresponding element of W. We have z < w for the standard partial

order on W.

We argue by induction on k. If & = 0 the result is obvious. We now
assume that & > 0. We can assume that j; = 1. We set ¢ = ;. Let
w' = 8,8, Let 2/ = ijl.g . z}k (product in $4({1})) and let 2z’ be the
corresponding element of . By the induction hypothesis we have 2’ < w'.
Hence 2/ < w. If s;2/ < 2/ then z = 2/ and 2z = 2/; the inequality z < w
follows. If s;2’ > 2’ then z = s;2' and 2z = s;2/. Note that s;w < w. By
a standard property of < we have s;w < w,2’ < w = s;2/ < w. Thus
2z < w. This proves (d).

Let {({1})=% be the set of elements z of {({1}) such that the corre-
sponding element z of W satisfies z < w. From (c), (d), we see that there is
a well defined map

Xu Uy (V) = L({1})="

such that for any i = (i1,42,...,4,) € Oy and any a = (aj,as,...,ay) €
N™ we have x,,(i{"iy? - --ig) = ij 45, ---ij  (product in UT({1})) where

J1 < ja < -+ < ji is the sequence consisting of all j € [1,m] such that
aj; = 0.

10.2. The fibres of x,, form a partition of £, (N') indexed by U({1})=v.
Taking w = wy we obtain a partition of L, (N') indexed by W. This can be
viewed as a partition of B (see 0.2) indexed by W.
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