Bulletin of the Institute of Mathematics
Academia Sinica (New Series)

Vol. 16 (2021), No. 4, pp. 401-421
DOI: 10.21915/BIMAS.2021406

MULTIPLICITY OF SOLUTIONS FOR SOME
p(z)-BIHARMONIC PROBLEM

ABDELJABBAR GHANMI

Department of Mathematics, University of Jeddah, College of Sciences, Saudi Arabia.

E-mail: aaalghanmyl@uj.edu.sa

Abstract

This paper deals with the study of some class of non-homogeneous problems involving
the p(x)-biharmonic operator. Using direct variational methods, the existence of nontrivial
solution is obtained. The multiplicity of solutions is obtained by combining Ekeland’s
variational principle with the Mountain pass theorem. Finally, the Fountain theorem is

applied to prove the existence of infinetely many solutions for the given problem.

1. Introduction

In this article, we consider the following p(x)-biharmonic problem with
Styklov boundary conditions and variable exponents
A2 ut (@) [ulP® 2 = f(z,u) + Ab(@)[u] @2 in Q, o
1.1
|Au|p($)_2% = g(z,u) on 012,

where A > 0, Q € RY(N > 2) is a bounded domain with smooth boundary

08, a € L*™(Q) is such that ess iglllfa(w) > 0. The function b : @ — R is
re

continuous and satisfying

bo < b(x) < by,

for some positive constants by and b;.
% is the outer unit normal derivative on 9Q. p,y: Q — R, f: QxR = R
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and g : 02 x R — R are continuous functions. Here, Ai(x) is the p(x)-
biharmonic operator which is defined by
A2y = A(|AuP "2 Ay),
The interest of studying problems involving variable exponents is due to

their importance in several fields, also they can model various phenomena
such as the electrorheological fluids @, @, @], elastic mechanics B], image

processing ﬂﬁ] .

Before giving our main results let us recall literature concerning related
Styklov elliptic problems. In @], Kandilakis and Magiropoulos considered
the following problem

—Apu = AMulP~2u + a(z)|ul|2u in Q,
(1.2)

[VufP=22 1 b() [ulP~2u = prp()|ul ~2u  on L,

where A\, u > 0, a: Q — R and b, p : 9Q — R are essentially bounded func-
tions. Using variational method, the authors proved the existence of positive
solution provided that A is less than the first eigenvalue of the associated
eigenvalue problem.

Allaoui in B], considered the following problem

{ —Ap@yu=A (a($)|u|q(x)_2u + b($)|u|r(x)_2u) in Q, L3
1.3

(V@25 4 B()]ulr® 2w = 0 on 0.

Under appropriate conditions and using variational method combined with
the Mountain pass theorem, the author prove that if A is small enough, then,
problem (L3)) admits a nontrivial solution.

Fourth-order problems have various and important applications in dif-
ferent areas of applied mathematics and physics such as thin film theory,
micro-electro-mechanical systems, surface diffusion on solids, interface dy-
namics, flow in Hele-Shaw cells (see @, , @]) In addition, problems of
type (II)), can describe the static from change of beam or the sport of rigid
body. Due to their importance, many researchers focused on the study of
such problems see for example H, H, Iﬂ] and references therein. The inter-
play between the fourth-order equation and the variable exponent equation
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goes to the p(z)-biharmonic problems. Note that the p(z)-biharmonic oper-
ator possesses more complicated nonlinearities than the p-biharmonic one,

for example, it is inhomogeneous.

In recent years, many authors goes their attention to the p(x)-biharmonic

problems. This trend is quite fresh, starting probably in 2009, with the pa-

pers ﬂa, Iﬂ]

Problems of the form (LLI]) have been extensively studied. For example,
in the celebrate paper of Ambrosetti et al. E], the authors use dual varia-
tional methods to prove existence theorems for critical points of a continu-
ously differentiable functional. In the works of Bonder and D Rossi ﬂﬁh, the
authors use variational and topological arguments to prove some existence
results. Using variational methods and monotonicity arguments combined
with the theory of the generalized Lebesgue Sobolev spaces, Chammem et
al. ] proved existence of positive solutions. By using variational principle
and the mountain pass theorem Chen and Yao ], established the existence
of infinetely many solutions. Also, we refere the reader to ﬂ, |§, , , @]

and references therein.

In this paper, motivated by the above mentioned works, we will use in
Section 3, a direct variational method in order to prove the existence of a
nontrivial solution for problem (LLIJ). Also, in Section 4, we will combine
Ekeland’s variational principle with the Mountain pass theorem in order to
prove the multiplicity of solutions for such problem. Finally, In Section 5,
we will apply the Fountain theorem to prove that problem (1) admits in-
finetely many solutions. Note that the main results of this paper improve
and generalize the previous ones introduced in the literature. Now, we will
introduce in Section 2, some notations and important results on the gen-

eralized Lebegue and Sobolev spaces which will be used in the rest of this

paper.

2. Preliminaries and Basic Properties

In this section, we recal some definitions and basic propertiesof the vari-
able exponent Lebesgue space LP(*)(©2) and Sobolev spaces W1(#)(Q) and
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VVO1 P (x)(Q). We refer the interested readers to the references ﬂﬁ, IE, , Iﬁ]
Let © be a bounded domain in RY, N > 2. We consider the set

C,(Q)={pecCQ),px)>1,VrcQ}.

For all p € C(Q) , we define,

T =supp().

p~ =infp(z), p
Q Q

We can denote C(92) and p~—,p* for any p(z) € C(9N2). We define,

LP@)(Q) = {u : @ — R, measurable : / u(z)[P@) d < oo},
Q
and

LP®)(99) = {u : 00 — R, measurable : /

lu(z)[P@) do < oo},
o0

with norms on LP(®)(Q) and LP(*)(9€) defined respectively by

. u(z) (@)
g . -~ 7 <
|U|Lp(z)(Q) 1nf{,u>0./ﬂ| . [P d: 1},
and

. u(z) p(z)
|U|Lp(z)(aQ) inf {,u >0: /(’)Q | p [P do < 1},

where do is the surface measure on 0.

Proposition 2.1 (see @, Iﬁ])

(1) The space (LP@)(Q), || Lr@ () is @ separable, uniformly convex Banach
space, and its conjugate space s Lp,(”:)(Q), where ﬁ + zﬁ = 1. More-
over, the Hélder inequality holds, that is, for any u € LP®)(Q) and

v E Lp,(“/’)(Q), we have

1 1
wodr| < (— + —=)|ulp@) V], 1)
| [ wvda] < (= + ol ol

(2) If p1,p2 € C (), with py(x) < pa(x), for any x € 0, then, Lpz(”:)(ﬂ) —

LP®)(Q) and the embedding is continuous.
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Let us define the space
W@ (Q) = {u € LPP(Q) : [Vu| € LP@(Q)},

equipped with the norm

. u(T) e Vu(x)
lull e @) = inf{p >0 /Q \%‘p( ) 4 ‘%‘p( Vdz < 1}.

For u € WHP@)(Q), if we define
full =g > 0+ [ (a2 s o) LD pe ) o <1y, (2
Q

then, from the assumptions on the functions a and b, ||u|| is an equivalent
norm on W) ().

Denote by Wol’p(x)(Q) the closure of C§°(Q2) in WhP@)(().

Proposition 2.2 (see @])

(1) WhrE(Q) and Wol’p(x)(ﬂ) are separable and reflexive Banach spaces.
(2) If ¢ € CL(Q) with q(x) < p*(x), for any x € Q, then, the embedding

from WIP@)(Q) into LI@)(Q), is compact and continuous, where

Np(x) 7
o) p(z) <N,

0, if p(xz)> N.

(3) If g € C(0) with q(x) < p«(x) for any x € 0K, then, the trace embed-

ding from WHPE)(Q) into LI®) (0K, is compact and continuous, where

W-tple)
— oy p(x) < N,
palw) = NP )
00, if p(x) > N.

Now, if we put
plu) = [ Ju(e)dz,
Q

P(u) = /Q (AuP® + () ulP@)de,

and
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polu) = /8 Ju@)P .

Then, we have the following important results.

Proposition 2.3 (see B]) There exist positive constants &1,&2, such that

(i) i T(u) > 1, then, &|[ul[P” < T(u) < &llullP”,
(ii) if T(u) < 1, then, &ullP" < T(u) < &ullP”,
(iii) T(w) > 1(=1,< 1) & |jul| > 1(=1,< 1).

Proposition 2.4 (see @, @, Iﬁ]) For all u € L"®)(Q), we have
(1) ulpperq) <1 (resp=1,>1) & p(u) <1 (resp=1,>1),

- +
(2) ulpper ) > 1= |u|2?<x)(9) < p(u) < |uf?

Lr(@)(Q)’
+ -
(3) |U|Lp<x)(Q) <l= |u|§p(x)(ﬂ) < p(u) < |u|ip(x)(ﬂ)‘

Proposition 2.5 (see @, @, Iﬁ]) For all u € LP®)(98)), we have
(1) ’U‘pr)(ag) >1= ‘u’i;(x)(aﬂ) < 103( ) < ‘u’LP(ac) (09)°

+
(2) ’u‘LP(x)((?Q) <l= ‘u’ip(x)(aﬂ) < 103( ) < ‘u’LP(ac) (09)"

Proposition 2.6 (see ﬂﬁ, Iﬁ, Iﬁ]) If p and q are measurable functions,
such that p € L®(RN) and 1 < p(z)q(z) < oo, for all z € RN, then, for all

u € LI®(RN), with u # 0, we have
+
(2) |u|p(x)q(x) > 1= |u|;1,(7x < ||u|p( )|q(x) < |u|p(x)q(x)
Let
1
L(u —/ —[|AulP®) + o(z)|uP®)]dz.
(1) = [ S 1Aup®) + afa)up)

Then we have the following result.

Proposition 2.7 (see ﬂﬂ, H]) The following statements hold true.

1. Then the functional L : X — R is sequentially weakly lower semi con-
tinuous, L € C*(X,R).
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2. The mapping L' : X — X' is a strictly monotone, bounded homeomor-
phism and is of type Sy , namely, u, — u and limsup L' (u,,)(u, —u) <0

n—oo
implies that u, — u, where — and — denote the strong and weak con-

vergence respectively.

Throughout the rest of the paper, the letters ¢;,¢ = 1,2,..., denote
positive constants which may change from line to line.

3. First Existence Result

In this section, we will a direct variational method to prove the existence
of solutions for problem (I.T]). Precisely, we use the following theorem.

Theorem 3.1 (see ], Theorem 1.2). Assume that X is a reflexive Banach
space of norm ||.|| and the functional ¢ : X — R satisfying

® (» 1S coercive.

e ¢ is (sequentially) weakly lower semicontinuous on X.
Then ¢ is bounded from below on X and attains its infimum in X.

Throughout this paper, we shall work in the space X = VVO1 P (I)(Q) N
2000 (0).

Definition 3.1. We say that u is a weak solution of problem (I1l), if for
any v € X, we have

/]Au\p(r)zAuAvdw—F/a(x)\u]p(x)2uvdx
Q Q

—)\/ b(m)]uW(x)_qudx—k/ f(w,u)vdx—i—/ g(x,u)vdo,
Q Q 0

Q

where do denotes the measure on the boundary 02.

The Euler Lagrange functional associated to this problem is
p(x) p(z) v(z)
NG :/ [Auf™ T a@p™ ), A/ () T g
Q p(z) Q v(x)
- / F(z,u)dx — G(z,u)do,
Q o0
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where F(x,t) fo f(z,s)ds and G(z,t) fo (z, s)ds.

By a Standard computation we can see that the functional Jy is well defined
and belongs to C''(X,R). Moreover, for all v € X, its Gateaux derivative is
given by

(J3(w),v) —/ |AuPD 2 AulAv + a(z) |ulPD 2w dx

— )\/ ) [u| '@ 2 uvda —/ f(x,u)vdx —/ g(z,u)vdo.
o0

Hence u € X is a weak solution of the problem (LI) if and only if u is a
critical point of this problem.

In order to ensure the existence of solutions for problem (L1]), we assume
the following hypotheses:

(f1) f € C(Q2 x R,R) satysfiying
f(2,8)] < L1 V() € (R x Q), (3.1)

for some positive constant C, where ¢ € C () is such that ¢* < p~.

(f2) f satisfies the Ambrosetti-Rabinowitz type condition which means that
there exist M7 > 0, 61 > p* such that for all z € Q, we have

0<01F($,U) §f(x,u)u, ‘u’ 2M17

where F(x,t) fo f(x,s)ds.

(gl) There exists r € C(02), such that the function g € C(9Q x R, R)
satisfies

lg(x,t)] < Colt|"™@~1, ¥ (t,z) € (R x 8Q), (3.2)
where Cy is a positive parameter and r* < p~.

(g2) There exist My > 0, 2 > p* such that for all z € 99, we have
0 < 0:G(x,u) < g(z,u)u, |u|> My,
where G(x,t) fO

Our first existence result of this paper is the following.
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Theorem 3.2. If hypotheses (f1), (gl), (£2), (g2) hold. If max(q™,r", ") <
p~, then, problem (1)) admits a weak solution.

The proof of Theorem is a consequence of the following lemma due
to the theorem [B.11

Lemma 3.1. Under assumptions (f1), (g1), (£2), (g2). Ifmax(q*,rT,7T) <
p~, then Jy is coercive and sequentially weakly lower semicontinuous.

Proof. From (f1) and (gl), we obtain

|t]2(*)

|F(z,t)] < ¢ @ V (z,t) € (Q x R), (3.3)
and
G 1)] < el ’(;) ¥ (@,b) € (09 X R). (3.4)

Let u € X large enough, such that ||u| > max(M;, Ma), where M; and Mo
are given respectively by assumptions (f2) and (g2). From the embeddings
X < L9@)(Q) and X < L"®)(9Q), we get

B |Au|p(w) |u|p(x) B |u|v(x)
=S @ gyt o - [ P

G( T, u)do
>_ Abl/|u|v m——/ |u|q(x)dm——/ u["@) dor
ZCsHUHp — callull” — esllull 7" — collul"" (3.5)

Since max(qt,rT, ") < p~, then, we infer that J) is coercive and bounded
from bellow on X.

Now we aim to prove that J)y is sequentially weakly lower semicontinu-
ous. Let (u,) C X be such that u,, — u. Then, from the compact embedding
(see the Proposition [2.2]), we obtain

up —u in LPOQ) and w, »u in LY(Q) (3.6)
u, —u in L7OQ), (3.7)
and

Uy —u in LPOOQ) and w, —u in L'(59Q). (3.8)



410 ABDELJABBAR GHANMI [December

Put
Il—/F(w,u)dw and Ig—/G(x,u)da.
Q Q

Then by the mean value theorem, there exists v and v such that

[T (up)— 11 (u)] S/ ]F(w,un)—F(w,u)]de/]un—u\ sup | f(z,v)|dx,
Q Q z€eQ)
and

afun)~ 1) < [

G wn) ~Glrwldo < [ fun—ul sup lg(a )] do.
o0 o0

€082

Hence, from (f1) and (gl), we infer that I; and I are weakly continuous.
|u‘w(z)
¥(x)
from Proposition 2.7, we know that L is sequentially weakly lower semicon-

Similarly, the function u — [, b(x)

dx, is weakly continuous. Moreover,

tinuous. Finally, all the above informations imply that Jy is sequentially
weakly lower semicontinuous. O

Proof of theorem [3.2] From the classical theorem investigated by Tonelli-
Weierstrass based on Theorem B.Il we deduce that we can find @ in which
Jy attains its infimum. Moreover, we can easily seen that @ is a nontrivial
solution for problem (L.T]).

4. Second Existence Result

In this section, mountain pass theorem is combined with Ekland’s vari-
ational principle in order to prove the existence of at least two nontrivial
solutions. Precisely, our second main result of this paper is the following.

Theorem 4.1. Assume that the hypotheses (f1), (g1), (£2), (g2) hold. Then,
the problem ([LIl) admits at least two nontrivial solutions.
In order to prove Theorem 1] we give the following definition.

Definition 4.1. Let X be a Banach space and o € C1(X,R),c € R. We say
that ¢ satisfies the (PS) condition at level ¢ if any sequence u, C X, such
that

o(un) — ¢, and @' (uy,) — 0, in X*, asn — oo,

contains a convergent subsequence.
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Our main tool to prove Theorem [T], is the following result.

Theorem 4.2. (Mountain pass theorem). Let X be a Banach space, ¢ €
CYHX,R) and e € X with ||e|| > r for some r > 0. Assume that

inf p(u) > p(0) > p(e).

llull=r

If ¢ satisfies the (PS) condition at level c, then, c is a critical value of ¢,

where

c= iggtrg[g} e(y(t)), and T'={y € C([0,1],X) : 7(0) = 0,7(1) = e}.

The proof of Theorem [4.1] is divided into several lemmas.

Lemma 4.2. The functional Jy satisfies the Palais Smale condition, that
is, if a sequence {un} C X is such that Jx(uy) is bounded and J3(uy) tends

to zero as n tends to infinity, then, {u,} has a convergent subsequence.

Proof. Since J) is coercive then u, is bounded. So up to a subsequence,
there exists u € X such that u, — u weakly in X. On the other hand, from

the compact embeddings, we get
U, —> u strongly respectively in L@ (Q), LY@ (Q) and L"®(09).
Moreover, by the fact that J} (u,) tends to zero, we obtain

0 =(J)\(un), un — u)
—/ | At PO 72 A Ay, — ) + a(@) [un [P 20y, (uy, — u)da
Q

— x)|up, v(”)_Zun Uy — w)dx
A [ bl — )
— /Qf(x,un)(un —u)dx — /89 g(z,up)(u, — u)do.

From the Holder inequality, the compact embedding and the fact that b(z)

< b1, we have

/ b(a) [un | 20y (1, — u)dz — 0 as n — oo.
Q
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Now, according to the Krasnoselki’s theorem, the Nemytskii operators

Ny: L1@(Q) —
u  — f(hu)
and
N, o I@(Q) o Lioi(a0)
u  — g(hu)

(=)
are continuous. Hence, N¢(u,) — N¢(u) in LawT (2) and Ng(un) = Ng(u)
r(z)
in Lv@-1(99Q).

In addition, in view of the Holder’s inequality and the continuous em-
beddings of X into L1®)(Q) and L"®)(9Q), we get

| [0 = @) = )}
< 2| Ny (un) — Nf(u)Hq(q;% [[tn — ul|gz)
< 1[Ny (un) = Ny} s [~ u]
And
[ (0te0) — gl ) — 0) )
o0
< 2Ny utn) — No(u)sor 1t — o

Thus, the fact that L’ is of type S, (Proposition 2.7)) completes the proof. O

Lemma 4.3. Under the same hypothesis of Theorem 1], we have

(i) There exist two positive constants p and C, such that
If \lul| = p then Jx(u) > (.
(ii) There exists e € X with |le|| > p and Jy(e) < 0.
Proof. (i) Let u € X with ||u|| > 1. Then by using equation ([B3]), we have

- + + +
ciflull” = caflull” = esflull” — ealfull”

- +_p— +_p— +_p—
el (ex = callull™ =" = egljull? =" = eqljul” ")

Iy (u)

v

v
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Put

h(t) =c] — CQtPYJripi — Cgthripi — C4tT+7p7.

Since lim h(t) = ¢; > 0, then we can choose p > 1 large enough such that

t—o00

h(p) > 0. Let
C=p" <C1 —eap’ TP —egp? P C4PT+_p7> -
Then, it is easy to see that ¢ > 0. Moreover if ||u|| = p, then Jy > > 0.

(ii) Let eg € C°°(X) be such that eg > 0 and ey # 0. Then, using the
Ambrosetti Rabinowitz conditions (£2), (g2) and the compact embeddings,
we get

+

tP b
Ja(teg) < p—_HeoH]"+ - =2

2007 e 7" —cltgl/ \eoyeldx—czt%/ | dz.
v Q Q

Since v < p~ and min(6y,62) > pT, then, we have lim; ., Jy(teg) = —oo.
So, we can find ¢ large enough such that if e = tep, then |le|| > p and
Ja(e) < 0. O

Proof of theorem d.I] By combining Lemma and Lemma with
Theorem {2 we deduce that J) admits a critical point u; € X \ {0, e} which

can be characterized by

Ja(u1) = inf max Jy(y(¢)), and I'={y e C([0,1],X) : v(0) = 0,7(1) = e}.
~vel' te[0,1]

Moreover, we have

In(ug) > &> 0. (4.1)

On the other hand, from Lemma 3] we obtain

inf J > 0.
uealzgl(o,zz) A ()

Moreover, for v € B(0, R), we have

- + + +
In(w) Z erllull” —eollul ™ —esflull® — callu]l
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So, by Lemma 3] we get

—oo<c= inf (Jy(u)) <O.
u€B(0,R)

Let € > 0 be such that

0<e< inf (J — inf (J .
< wcablon P Tl gy )
Hence, Ekeland’s variational principle applied to the functional Jy : B(0, R)

— R, implies the existence of u. € B(0, R), such that

{QSJA(UE)SHG
In(ue) < Ia(u) + €l|lu — uel|, u # ue.

Furthermore, we have

J(u) < inf (J < inf (J inf (Jy(u)). (4.3
A(te) _uegzo,R)( Au)) +e< BI(BI,R)( A(u))+€<aB1{aR)( A(w)).  (4.3)

Then, we deduce that u. € B(0, R).

Now, we define Ay : B(0, R) — R by
Ax(u) = Jy(u) + €llu — ucl|.

It is clear that u, is a minimum of Ay. Therefore, for ¢ € (0, 1) small enough

and for any v € B(0,1), we have

A)\(’LLE + t?)) — A)\(’LLE) >0
t — )

which means that

Ix(ue + tv) — Jx(ue)
t

+ e|lv]| > 0.

By letting ¢ tends to zero, we obtain

Iy (ue)(v) + €[]l = 0.
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This implies that
!
[ T3 (ue)|| < e.

Combining the results mentioned above, we deduce the existence of a se-
quence {wy} C B(0, R), such that

Jn(wy) = ¢ <0, and Jy(w,) — 0.

Since {w, } C B(0, R), then, {w, }, is bounded in X. So, up to a subsequence,
there exists us € X, such that, {w,} converges weakly to us € X. Hence,
if we proceed as in the proof of the Proposition 4.2 then we can prove that
wy, — ug strongly in X.

Since Jy € C1(X,R), then

T3 (wy) — Jz(uz) as n — oo
Hence, we conclude that
Ji(ug) =0, |lw|| < R, and Jy(uz2) < 0. (4.4)

This implies that ug is a nontrivial solution for problem (LI).

Finally, from (1)), we have Jy(uz) < 0 < Jx(u1). So problem (L)) has
at least two nontrivial solutions.

5. Third Existence Result

In this section, we will state and prove the existence of infinetely many
solutions for problem (ILT]). So, we assume that all hypothesis of Theorem 3.2]

are satisfied. Moreover, we assume the following supplementary conditions:

(f3) f(z,—t) =—f(x,t), VteRze.
(g3) g(x,—t) = —g(z,t), VteRze .

Theorem 5.1. Assume that the hypotheses of Theorem B2 are satisfied. If

in addition (£3),(g3) hold and 0 < A < 1=, then problem (L) admits
infinitely weak solutions.
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The proof of Theorem 5], mainly rests on an application of the Fountain
theorem. It is well known that X is a reflexive and separable Banach space.
Therefore, there exist {e,} C X and {e}} C X* such that

X = span{en,n € N}, X* = span{et,n € N}, (en,e;f> = 0,

where ¢; ; denotes the Kronecker symbol.

For k € N, we put

k o0
Xk, = Rey, = span{er}, Yi= A@le, Z = ,@sz‘-
1= 1=
Theorem 5.2 (Fountain Theorem, see ]) Suppose that an even func-
tional J € C(X, R) satisfies the Palais smail condition, and that there is
ko > 0 such that for every k > ko there exist pp > rr > 0 so that the
following properties hold:

(i) ar= max J(u) <0.
u€ Y, l|ull=pr
(i) b= inf  J(u) = o0, as k — oo.

UEZy,|lul|=ry

Then, J has a sequence of critical points {uy} such that J(uy) — 0.
Put

M= sup |ulye) and prp = sup  |uly(g).
u€Zy,|lul|=1 UEZ, ||lul|=1

Then, we have the following important result.

Lemma 5.1. The following statements hold true:
1. If g € C1(Q) and q(x) < p*(z) for all x € Q, then klilf ne = 0.
—+00

2. If r € C(Q) and r(x) < p«(z) for all x € I, then khrf px = 0.
—+00
Proof. 1. Tt is clear that the sequence {7} is nonnegative and decreasing.

So, there exists n > 0 such that 7 converges to n . Let up € Zi be such that

1

lurl =1 and 0 <k = Juplo@) < - (5.1)
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Since 7 is bounded, we see that (uy) is also bounded. So up to a subse-
quence, there exists u € X, such that up — u weakly in X. Moreover, for

all 7 € N, we have

<ez‘ ) u> = kgr}rloo@i sug) = 0.

Thus, u = 0 and ux — 0 weakly in X. Since X is compactly embedded
in L1@)(Q), then u; — 0 strongly in L9*)(Q). Hence, from (5I), we get

li = 0.
kli% Mk

2. Since the embedding from X into L"®)(9€) is compact. Then, the result

follows similarly as in the first step. O

Proof of Theorem 5.1l From Section 3, we have .Jy € C''(X,R). Moreover,
from Lemmal4.2] J, satisfies the Palais-Smale condition. On the other hand,
from condition (f3),(g3) , we see that Jy is an even functional. Now, we

shall verify that .Jy satisfies the conditions of Theorem item by item.

(i) Let u € Y} such that ||ul| > 1. Then by using the conditions (£2), (g2),

we have

1 Ab
KW < =l =22 [ upde— [ Plede— [ Glaudo
p vy Q Q o0

1 Ab
< S’ =22 [ e [ fulfde e [ Jul®do.
p Y Q Q o0

Since the space Y has finite dimension, then all norms are equivalents.

Hence, we obtain

1 b
Ta(w) < Ll - —Af/ \undx—cl/ " dz —02/ ul® do
p Y Q Q o0

My

1 =+ +
e callull” — esflul|”.

From the fact that

min(01,02) > pT, it is easy to see that

Jr(u) = —oco  as [ju|| = oo, u € Y.
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Hence, it follows that for some py = ||u|| > 0 large enough we have

ar = max Jy(u) <O0.
u€Yy, [|ull=pr

That is condition (i) of Theorem [5.2] holds.
(i) Let u € Z, such that |lul > 1, it is easy to prove that

1 Ab
@ =l = 2l =1 [ = [ @ (52

p+

Without loss of generality, we can assume that
min(|ulq@), [tlr(z)) > 1. So we get

X + + T T‘+
[ e < i < ) and [ o < g < ol

(5.3)
Now, by combining (5.2)) with (5.3]), we obtain
1 )\bl +
Ia(u) = Fllullp - v—llull7 — el lull”” = cop"flul™

Let t > 1 and v € Z, be such that ||v]] = 1. Since max(y*,¢",r") < p~,
then we have

1 Ab
J)\(t’U) 2 _+tp — _1 _ Cl?’]g+tq _ C2Iur+t7"+
p v

> ¢max(yatrt) (i — (cmg+ + cw?) - &> .
P v
For k large enough, choosing cml‘i+ + c2 ,u? < 21)%, we can deduce

max 1 Ab
> (PY+ 7q+ 7T+) - _ _1 .
Ja(tv) >t 5 5

Put ¢t = r and u = tv, we see that u € Z, ||u| = rx. Moreover, from the

then, inf Jx(u) = 0o as k — oo.
UE Zp,|ul|=r

That is condition (ii) of Theorem holds. This completes the proof of
Theorem 5.1

above inequality, if 0 < A\ < 2177761’
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