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Abstract

In this paper, we examine a nonlinear hyperbolic equation with a nonlinear integral
condition, where we prove the existence and the uniqueness of the linear problem by
the Faedo-Galerkin method. By applying an iterative process to some significant results
obtained for the linear problem, the existence and the uniqueness of the weak solution for

the nonlinear problem are additionally examined.

1. Introduction and Position of the Problem

Nonlinear hyperbolic partial differential equations on a finite interval
rather than on the whole real line arise in many engineering and scien-
tific disciplines as the mathematical modeling of systems and processes in
the fields of physics, chemistry, aerodynamics, electrodynamics of complex
medium or polymer rheology. Most applications of partial differential equa-
tions involve domains with boundaries, and it is important to specify data
correctly at these locations. The conditions relating the solution to the
differential equation to data at boundary are called boundary conditions.
A more complete discussion of the theory of boundary conditions for time
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dependent partial differential equations. The problem of determining a solu-
tion to a differential equation when both initial data and boundary data are
presented is called an initial-boundary value problem. Boundary conditions
that determine a unique solution are said to be well-posed. Because of that,
we focus on the nonlinear integral conditions which is more complicated for
the integral condition E], M] and B], where it’s hard to directly measure the
minimum and maximum values on the border, however, the overall value or
average is known. This method might be utilized for modeling where we can
model more complicated domain with nonlinear integral condition.

Motivated by the above works, in this paper we investigate the existence
and the uniqueness of the weak solution of nonlinear hyperbolic equation
with nonlinear integral condition where we based our demonstration into
two parts. The first one we prove the existence and the uniqueness of the
linear problem. In the second section, by applying an iterative process to
the results obtained for the linear problem, the existence and the uniqueness
of the weak solution for the nonlinear problem are additionally examined.

2. Solvability of the Solution of Linear Hyperbolic Problem
with Integral Condition of
Second Type by the Method of Faedo-Galerkin

Let Q = {(z,t) e R?*, 2 € Q2 =]0,[ and 0 <¢ < T}. Consider the fol-

lowing nonlinear problem:

2 2
% —a% +bu = f(z,t,u)
u(z,0) = p(z)
u(z,0) = ¢(z) ’ (P)

W l
%(O,t):/o k(x,t)g(u)(z,t)dx

ou

l
{ %(l,t) 2/0 k(z,t)h(u)(z, t)dx

Assume that f,¢ € L?(Q).
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3. Position of the linear problem (P

In the rectangular area @ = Q x (0,7"), and T' < oco. Consider the
following linear problem (%))

( 9*u  %u
w—aw—l-bu:f(x,t) YV (z,t) € Q
u(2,0) = ¢ () v € (0,1)
ug (2,0) =9 (x) Vo € (0,1) ’ (Py)
ou !
—(0,t) = | k(z,t)g(u)(x,t)de Vte (0,T)
8.’13 0
ou !
(L) = | Kz, t)g(u)(z,t)de YVt e (0,T)
\ Ox 0
whose hyperbolic equation is given as follows
0u 0%u
with the initial conditions
u(z,0) = ¢ (x)
{u = 5 S O,Z ,
{ut@:,m:w(a:) 00
and the integral condition of the second type
ou I
3p 00 = Jok(z, t)g(u)(z, t)de,  t€(0,T)
ou I ’
—(,t) = [yk(z Oh(u)(z, t)de, te(0,T)
Ox
where
k(xz,t) >0, V (z,t) € Q, and g(u)(z,t) < h(u)(z,t) V (z,t) € Q.
We define a space V' by:
V={ueH (Q)}.
The space V' provided with the norm |v[ly = |[v||g1(q) is a Hilbert space.

We are now able to formulate the problem (P5), precisely to study it, we
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will need the following hypothesis :

feL?(0,T;L*(Q)) (H.1)
(H): )
e H' (Q) (H.2)

Definition 1. The weak solution to the problem (F%) is a function that
checks:

(i) we L2 (0,T; H' () N L>® (0,T; H* (Q)) .
(ii) w admits a strong derivative % € L*(0,T;L* ().

(iii) w (0) =, ur (0) = ¢
(iv) Identity

(ugr,v) + a (ug,vy) + b (u,v) = (f,v) + ug (I, t)v(l) — uz(0,¢)v(0)
YoeV, Vte|0,T].

3.1. Variational formulation

By multiplying the equation

d%u d%u

w—a@—l—bu:f(m,t). (2)

By an element v € V', and integrating it over {2, we obtain:

2 2
%'vda@—a/%~vd1‘+b/u~vd$:/f~vdw. (3)
Q Q Q

By using the boundary conditions and using Green’s formula, ([8)) becomes

Q

(ugt, v) +a (ug, vy) +b(u,v) = (f,v) +ug(l,t)v(l) —u, (0,t)v(0) Yo eV, (4)

where (-, -) denotes the scalar product on L? (£2).

3.2. Study of the existence of weak solution of the problem (P3)

The demonstration of the existence of the solution of the problem (P3)
is based on the Faedo-Galerkin method which consists of carrying out the
following three steps:
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3.2.1. Step 1: Construction of the approximate solutions

The space V is separable, then there exists a sequence wy, ws, ...

having the following properties:

w; €V, Ve,
Vm, wy, wa, .. ., Wy are linearly independent,
Vin = {wi,wa, ..., wn}) is dense in V.

In particular :

337

y W,

m
VeV = F(akm)m €IN™, pom :Z QmWy — @ when m — +00. (6)

k=1

VeV = I(Brm)m €INT, tm :Z Bemwy, — ¢ when m — +o00. (7)

k=1

Faedo-Galerkin’s approximation consists of searching for any integer

m > 1, a function
m
t U (2,1) =D gim (£) w; (2)
=1

verifies

{ U (t) € Vi, vt € (0,7
(um () » wr) + A (), wg) = (f(t),wy) Yk =T,m

We have

((um(t)) gy wr) =
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and

A (U (1), wy) =A (Z Gim () w;, wk>
=1

:az Gim (£) { Owi Qwg ) Jwi () wi(l) + %l;i (0) wy,(0)
=1 Q

ox Ox ox

—azgzm ) [ 2O 4y — 0 g (1) Gt )

Q =1
8wl
—i—aZgzm —— (0) wy(0)
= A(wi, wg) gim (t). (9)
i=1
Also, we have
wn(0) = 3 gin (0) w; ()
i=1
= Pm
= Zaimwz(x)
i=1
and .
U (0) = D G (0) w; ()
i=1
= ﬁm
i=1

m
3 (i) i (1) + 0 3 (52 98 ) g (1

= (f(1)swe) +a 32 gim (1) 852’; () w ()—azgzm( )
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We consider the vector

9m = (glm(t)v s 7gmm(t)) yJm = ((fawl)a' s (fvwm))

and the matrix

ow; Ow;
Bm - /2 i <m 7Am - Z7 —
(eizimoAn = (5250 ) ) e

1<j<m

and

Cyn = <% () - wj(l)> i Pm = @? (0) 'wj(0)> L<icm”

1<j<m 1<j<m
We write the problem (Py) in the matrix form, we obtain :

Im (0) = (aim)lgigm
g;n (0) = (5im)1§i§m

As the matrix entries B, are linearly independent (because it is a diagonal

matrix), det By, # 0, so it is invertible, then g,, is the solution to

O () + (aBy Ay + 0By, Dy, — aBy Cry) g = By fom
gm (0) = (qim)1<i<m - (P5)
g;n (0) = (ﬁim)lgigm :

It is easy that we can verify that this ordinary differential systems have
a solution, where the matrices (aB;,' Ay, + bB;,' Dy, — aB;,'Cy,) with con-
stant coefficients and the vector B,.!f,, with continuous function are ma-
jorized by integrable fuctions on (0,7'). Then we can conclude that there

exists a t,, depends only on |m|, |Bim|-

3.2.2. Step 2: A priori estimate

Lemma 1. For all m € N\{0} and if

1
— > k2
8a
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the solution w,, € L (0,T ;Vy,) to the problem (Ps) checks

where c1 co are two positive constants independent of m.

lumll 201 0)) < @
ou,

ot

IN

C2

L2(0,T; L?(Q))

Proof. Multiply the equation of (P3) by g, (t) and we sum over k, we find

82
Z Um tt s wk gk;m + a Z < k‘) : g;cm(t)

2 U, U,
(O m)) ~ o (G520, 5200
= 0 n)) + 03 0 () T (1) S By (1)
=1 k=
> 0 (1) P2 (0)S g (020
i=1 k=1
Thus, we get

a d || Ouy, 2

((um()) g > (um(t)),) + Sdt | o .

= (01 (0) + 03 (1) 1 0 ngm il
_azgim( 8101 ngm Jwi(0
1=1

Integrating over 0 to ¢, by using the Cauchy inequality with e, (Jab| < % +
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eb?

&), we get
1 || oup, 2 a 9
3 ‘ Bt ||y + 5 IVumlz2q)
1 9 e || Qupm, il 8wl
S%Hme(Q)*'g ot +aZgz‘m( ngm wi (1
“ 8wZ a 9
- azgim( ngm w (0 ||s0m\|L2 + 5 IVimllzz )
i=1
1 9 € 8um Ouy, Ouy, 8um ouy,
<— — || — It It t t
<ge Wl + 5| G2, F0 7 00 G (0 -a G2 005200
1 2 3um 2 1 2 a 2
<oz Mfllz20) + 5 (|5 P lemlz2@) + 5 IVmllz2)

2

1 2 €
1 € || Qum
<5 122 ) + 21| 9t |2

+a/0T K/Q k(z,t)g (tm) (x,t)da:) agm i,1)

([ ks ) () (1) ) 220, )
( >at |

1 2 € || Qum 2
1 e || 9um
<5 Ifllz20) + 5 | 5 £2(Q)

+a/OT K/ﬂ k(z,t)g (um) (x,t)dx) 8{% (1,1)

—( [ k@, t)g (um) (@, t)dz ) So(0,¢)
( ) %r0.0)

<L o+ E 2 /T O tim
725 LQ(Q) 2 LOO(O,T;LQ(Q)) 0JQ 8t8x

1 a
+3 leml 2y + 3 IV 220

a
+3 HSOmH%Q(Q) + 5 IVemllz2 (@)

Oy,

ot

L2(Q)

1 a
+3 lemll720) + B IV 220

2
O,

1 9 €
<5 Ifllz2 @) + 5 || 5

2

L2(Q)
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([ 2 [ mg,
Le(0.7522(Q)) LJo 0% o Oz

1 2 a 2
+5 lemlrz @) + 5 IV¥mlzae)

[September
Ouy,

ot

+ ak

8um 2 ) 1 )
”fHLQ(Q 21 ot (@) + 9 vamHLQ(Q) + ) HSDmHLz(Q)
(ak)? || Bum ||*
+[ 26 815 Loo(0,T5L2(02)) |:||vum||L°° (0,T5L2(2)) +||v90mHLoo(0TL2(Q))]
HfH Ou, ? n (ak)Z Oy, 2
= 2(Q) T m
=2 1/ l2@ 2 ot @) 20 || ot

Lo°(0,T;L2())
+ 8 | Veuml[7o0 (01,12 (02 8) lomllzr a »

2
Ouy,

ot

1
HVl/JmllL?(Q +max(g,
1 9 eCr  (ak)? 2
<_ oo .
<5z ||fHL2(Q)+< 5 T 25 e T'L2(Q))+5 [Vl 700 0,722 (02))

1
IIV%bmHL2 ) + max(5, akd) loml 7 o) (10)

where the constant K = max fQ k% (x,t) dxdt. Then, we obtain

1 || 0w ||? a 9
2 ‘ Bt ||y T2 1Vl
1 9 eCr  (ak)? ‘5um 2
< — + +
S5 ||f||L2(Q) ( 2 25 ot Lo (0.T5L2()
1
+6 |V 700 (0,7, 22(0) + ||V¢m\|L2 ) + max(z, O lemllFry, (1)

2
8um

ot

(=)

2 a 9 1

a
L>°(0,T5L2(52)) <2 ) Loo(0,T;L2())

,0) HSDmH%{l(Q)'
By putting ¢ = 2,5 =4 (ak)2

107 . So, we get
8U 2 2
‘ a—;ﬂ + IVuml 700 0.1;22(02))
L (0,T5L%(Q))

<C1 (112 + IV0ml32 ) + lomllin )| (12)
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or

max <QCT, ¢ max(3, (ak:)Q))

min {%, (g 4 (ak)Q))}

From (I2)) we also get this estimate

then we integrate ([[3)it over [0,7] , we find

/T8um </T Ouy,
o Ot |lp2@)Joll Ot

Jum— ez STV 11 gy HIV b eyt

C, =

(NI

Oy,

Sl VO I B + IVl + lemling] (13)

L2(Q)

[N

< T/Cr 11220y + IV 0l Hloml 3 o |
£2() -

[N

[N

[ltml 20y~ Iomll 20y | STV 11320 HIVemllF 2y HlomlFrs o |

(Il 20y~ Iomlzzey ) <TC [ gy 17 00m 220 +lom ey

et 220y + Iomll32(y <TCL 1122y + IV omla(y + Iom 3 |
+2 [l 2 [l 220

By applying the Cauchy inequality with v, (Jab| < % + g)

[uml|220) + lomll T2y < TC1|1£1Z2(0) + IVEmlI 22y + lomllEn o

1
3 lum 720y + 7 lemlli2(q) (14)

By putting v = 2, finally we get

I3y < 4TC1 [IF 1) + IV0mla) + lomln] - (15)

It follows from (I2) and (3] that the solution to the initial value problem

for the system of ODE (P4) can be extended to [0,7]. This confirms what
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we have demonstrated in the first step. We obtained

{ U, uniformly bounded in L2(0,7; H' (Q)) (16)
(

Un), uniformly bounded in L2 (0,T; L*(Q))

O
3.2.3. Step 3: Convergence and result of existence

Theorem 1. There is a function u € L*(0,T; H' (Q)) N L*>(0,T; L*(Q))
with % € L?(0,T; L*(2)) and a subsequence denoted by (tm,); C (tm),,
such that

Um, —u in L*(0,T; H' (Q))

Qimp  9u i [2(0,T; L2(Q))

when m — +00.

Proof. We deduce from Lemma (1.2) there are subsequences denoted by

(Um,,) (8%%) of (up,) and (u.,), respectively, such that

Uy, —u in L*(0,T; H(Q)). (17)
%Aw in L%(0,T; L*(9)). (18)

We know that according to Relikh-Kondrachoff’s theorem that the injection
of H'(Q) into L?(Q) is compact. And like the results of Rellich’s theo-

rem, any weakly convergent sequence in H'(Q) has a subsequence which
converges strongly in L? (Q). So

Uy, — U in L?(Q) . (19)

On the one hand, from Lemma (1.3) there is a subsequence of (uy,, ), is still
denoted by u,,, converges almost everywhere to u, such that

Uy, — U almost everywhere @ . (20)

It remains to demonstrate that w = %, for that it suffices to prove :

u(t) =+ /w(T)dT. (21)
0
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As
Uy, — U in L2(0,T ; L*(Q)) ,

then, the proof of (21]) is equivalent to demonstrate that
Um, — @+ X in L2(0,T ; L? (Q)) ,
which means
lm (wy,, — ¢ — X,U)LQ(QT 2 =0, Vv e L*0,T ; L? (Q)),

as

Using equality

t
0
Uy, — Py = / :;:”‘ dr, for all t € 0,77,
0

which results from wp, € L?(0,T; Vin,) and (um, ), € L? (0,T; Vyn, ) that

t
(umk —p— /w(T)dT, v>
0 L2(0,T ; L?())

=<um;c — Py, — /w(T)dﬂ U) + (Pmp =) 1207 ; 12(0)
) L2(0,T 5 L2(Q))

t

O,

= —= —w(7) )dr, v> + (Pm;, — p,v) . ,
for all t € [0,77,

by virtue of (ii) of Lemma (1.6), it comes

¢
<umk —p— /w(T)dT, v>
A L2(0,T ; L*(Q))
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t
ou
:/ ( amk _ ’U)(T)) U> dr + (Somk — ¥ U)LQ(OvT P L2(Q2)
/ T L2(0,T 5 L?())

for all t € [0,77.

On the other hand, we have

lim <8umk — w(7),v> dr =0, for t € [0,T]. (22)
k—>o00 ) 87’ LQ(O,T : LQ(Q))
Also, we have
kli%loo (om — ¢, ’U)L2(0,T s L2(Q) T 0. (23)

So we get

Im  (um, —¢ — X,v)LQ(O,T ) =0, Yoe L? (0, T L? Q). 0O

k—o0

Theorem 2. The function u of the theorem () is the weak solution to the
problem (Ps) in the sense of the definition ().

Proof. From the theorem (I), we have shown that the limit function u sat-
isfies the first two conditions of the definition (Il). Now we will demonstrate

(iii). According to the theorem (), we have
U, (0) = u(0) in L*(Q).
On the other hand, we have

U, (0) —> ¢ in L2(Q),
SO

U, (0) = in  L*9).
From the uniqueness of the limit, we get

u(0) = .

By using the same steps we demonstrate u; (0) = t. It remains to demon-
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strate (iv) :
(ug,v) +a(u,v) = (f,v) VYoeV, and Vt € [0,T].

Integrating (P3) over (0,7"), we find

t t t
/ U (1)) » W) dT—i—/a(um , W) /
0 0 0

Vk=1,m, and YVt € [0,T].  (24)

We know that V,,, dense in V' and passing to the limit in ([24]) , we find

T T T
/ Ugt, W dT—i—/a U, W) / fywg)dr, Yte|0,T],
0 0 0
so (iv) is verified. O

Corollary 1. The uniqueness of the solution of problem (Py) comes straight
through the estimate ([I2)) .

4. Weak Solution of the Nonlinear Problem

First, we propose the concept of the studied solution. Let v = v(z,t) be
any function of V| such that

V={ve CHQ), va(l,t) =v.(0,t) =0, t € (0,77} .

Multiplying
0%u 0%u
92 Yo T [zt u,uy)

by v and integrate it over Q,, we find

0%y ov

o2 (a: t) - Er (x,t)dxdt

— (z,t)dxdt — a / Ay(x,t) - %

= /G(x7t7y7yx) ' %(%t)dxdt,
Qr
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and using an integration by parts and the conditions on y,v we get
0%y v Ay 2
x,t)dxdt +a | —(x
) / 833( Y 8t(

0

Qr

/G z, by, Ys) - ?9 (z,t)dxdt, (25)
it then results from(25]) that
ov
/G z, Y, Yz) - T — (z, t)dzdt, (26)
or
2y
/8t2 x,t t(a: t)dmdt—i—a/ o ey —— (2, t)dzdt.
Qr

Building a recurrent sequence starting with (©) = 0. The sequence (y )n N

is defined as follows: given the element y(”_l), then for n = 1,2,3,... we

will solve the following problem

Pl _aly™ = a (fc,t,y("*“,yé” 1))
Y™ (2,0) =0
y™ (2,0) =0 (P1)
(0,1 =0
(1) =0

According to the study of the previous linear problem each time we fix the
n, the problem (P4) admits a unique solution 3™ (z,t) which is given by
the Faedo-Galerkin method. Now we suppose

2 (2,t) =y (2, t) — y ™ (2, 1),
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so we get a new problem :

(22— anz™ = pr=D(a,t)

or
p(n_l) (.’E, t) - G <$7 tu y(n)7 yén)) - G <$7 tu y(n_1)7 y;n_l)) .
Multiplying
2,(n)
aath —aAz™ = pn=D(x 1)

by 2", and integrating it on Q,, we obtain :

2 _(n) (n) (n)
% (z,t) - %(l‘,t)d%dt - a/AZ(") (x,t) - % (z,t) dzdt
Qr Qr
(n)
= /p("l)(az,t) . % (x,t) dzdt.
Qr

Let us use an integration by parts for each term by taking account of the

initial condition and the boundary conditions, we find :

2
1[92 9 a 92"

Q

Q
(n)
= /p(”_l)(:v,t) e (z,t) dxdt.
Qr

ot

We apply the Cauchy Schwarz inequality on the second part of the equation,

we obtain :
2
1 [ 0z 2 a 92"

Q Q
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2
1 € 92"
< (n—1) 2 _/
S 5% QT\p (z,1) | dazdt+2 Bera (z,t) | dzdt

2
1 az(n) 2 a az(n)
5 [ e+ g [ (W(x,t) da
Q Q
<

i/T | G (a:,t,y("),y;")> -G (a:,t,y("fl),yg(gnflo | daxdt

§2(n) 2
15 z
+§/T ( ot (x,t)) dxdt,

Like G is Lipschitz function, we find :

< ];—z ley(”’—y(”*“ || 9 =y | dodt+ < / T(%—:ﬂ (Lt))jixdt,
< l;_z QT(‘ 2D | | 2D )24t 4 % /T (8,:;_(:) (x,t))zdxdt,

< ’%2 . Al e ﬂdmdt—i—%/T (82—(:) (:c,t)>2dxdt,

< k;Hz(”l)‘ O] +§ / ) <8§:) (:L‘,t)>2d:vdt,

We multiply by 2 and apply Grenwell’s Lemma, we get

2
9z(n) ) 92"
( 5 (z,7)) dm—l-a/( 9 (x,t) | dx

J Q
2
2 9z
< = |0 ot
I HZ ‘LQ(O,T,Hl(OJ))—’_E/T( ot o)
k2
< = T) ||V
< - exp(eT) ||z ‘L2(0,T,H1(0J))

We integrate on ¢, we obtain :

2
9z ) 95
/( 5 (z,7)) da:dt—l—a/( o (x,t) | dxdt

Qr Qr




2022] SOLVABILITY OF NONLINEAR HYPERBOLIC EQUATION 351

Tk?
< (n—1)
<= Hz ‘LQ(O,T,Hl(O,l)) exp(eT)
2
9z ) 95
Qr Qr

Tk? exp(eT) H (n— 1‘

= emin(1,a) L2(0,T,H(0,1))

putting

oo Tk? exp(eT)
~ emin(1,a)

SO

H(n) ) H(n) 2

| ot HL2(0,T,H1(0,1)) + || e HL2(0,T,HI(Q))< CHZ(n_l)‘

L2(0,T,H'(Q)) ;

Then, we apply Poincaré inequality, we have

2
() |2 (=0
122 20,7, 11 0 < Te |2 ‘ L20TH Q)
n—1 ]
=1

[e.e]
According to the convergence criterion of the series ) 2" converges if
n=1

lc| < 1, which implies :

(Tk)* exp(eT)
emin(1,a)

exp(eT)

<l = Tk/———=—
emin(1, a)

<1,

So, we get

k< \/E min(1, a)Texp(—ET) .

Then (y™),, converges to an element of L>(0,T, H'(R2)), we call y. We will

show that

lim ™ (x,t) = y(z,1)

n—aoo
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is a solution to the problem (P5) by showing that y satisfies :

Al(y,v) = /G(x,t,y,yi) ~v(z, t)dzdt.
Qr

We therefore consider the weak formulation of the problem (P;) following :

ot2 t 2| ox ( ’t)'atax

T Q‘r

2,,(n) (n) 2
y'u) = zr,t)—(z,t)drdt+ = x x,t)dxdt.
neo 0%y Z’U dudt s’ oy 0°v ded

From the linearity of A, we have :
A (y(”)7 v) =4 (y(”) — Y, v) + A(y,v)

Py —y) v
Qr

a [ Ay™ —y) v
Qr

0%y v a [0y 0%v

Qr Qr
So

9%(y™ —y) ov

(n) _ = [ —J) Rt

A (y y,v) —/ BTe (x,t) T (x,t)dxdt
Qr

(n) _ 2
+g/8(y y) v x,t)dxdt,

5 LR ve
Qr

We apply the Cauchy Schwartz inequality, and we find :

‘(y(n) - y)tt‘

(n) _ <
A (y yﬂ/) < o llz2gn L2(0,T,L2(2))

‘(y(”) — Yo

a
+5 st llz2@n L2(0,1,02(Q))

Then, we find

A (y(") ~y, v) < C(H(y(”) - y)tt‘

L2(0,T,L2(2))
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(n) _
W =] gy 2 20y + o iz
or
C = max(1, g)
2
As
y™ —y i L2(0,T,H'(0,1)) = H' (Q),

we have

y™ — y  in L2(Q),
y sy i L2 (Q),
"y, in L2(Q),

Let’s go to the limit when n — 400, we find

lim A (y(”) — y,v) =0.

n—--+o0o
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