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Abstract

Let m be a positive integer and let G be a graph. A set M of
mgchings of G, all of which of size m, is called an [m]-covering of G
if ou M = E(G). Gis called [m]-coverable if it has an [m]-covering.
An [m]-covering M such that jMj is minimum is called an excessive[m]-
factorization of G and the number of matchings it contains is a graph
parameter called exessive [m]-index and denoted by fm](G) (the value
of fm](G) is convertionally setto 1 if G is not [m]-coverable). It is
obvious that Fl] (G) = JE(G)j for every graph G, and it is not dicult to
seethat fz](G) = maxf YG);dJE (G)j=2eg for every [2]-coverable graph
G. However the task of determining ?m](G) for arbitrary m and G seems
to increasevery rapidly in dicult y asm increases,and a generalformula
for m 3 is unknown. In this paper we determine such a formula for
m = 3; thereby determining the excessi [3]-index for all graphs.

Keyw ords: excessive [m]-index, excessive [m]-factorization, matc hing,
edge coloring
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1 Intro duction

All graphs consideredin this paper will be implicitly assumedto be simple,
nite, undirected and to contain at least one edge and no isolated vertices.
The vertex set, edge set and maximum degreeof a graph G are denoted by
V(G);E(G) and ( G), respectively. If V1  V(G), we denote by < V; > the
subgraph of G induced by V;. If E;  E(G), we denote by < E; > the graph
induced by the endpoints of the edgesin E; (notice that this graph may contains
also edgeswhich are not in E;). If E; = fe;f g consistsof two edgesonly, we
usethe shorthand < e;f > instead of < fe;f g>. A matching of G is a set of
mutually non-adjacert edges. If k is a nonnegative integer, a k-edge colouring
ofagraphGisamap' :E(G)! C whereCis a setof cardinality k (called
the colour set), such that adjacert edgesof G are mapped into distinct colours.
The minimum k for which a k-edgecolouring of G existsis called the chromatic
index of G and denotedby 4G). A 9G)-edgecolouring (i.e. onewhich usesas
few colours as possible)is called an optimal edge colouring. For graph theoretic
terminology and notations, not explicitly de ned here, we follow Lovasz and
Plummer [6].

Let m be a positive integer and let G be a graph. An [m]-covering of G is
asetM = fl\él; Mo; i1 Mgg of distinct matchings of G, ead of size exactly
m, such that :‘zl M; = E(G). The graph G is said to be [m]-coverable if it
admits an [m]-covering. Clearly G is [m]-coverableif and only if every edgeof
G belongsto a matching of G of sizem. As a consequencecheding whether a
given graph is [m]-coverable reducesto chedking whether, for eac edgee = uv
of G, the graph G u v hasa matching of sizeat leastm 1, which can be
donein polynomial time [5].

We de ne a parameter ?m](G), called exassive[m]-index, as follows:

?m](G) = minfiMj : M is an [m]-covering of Gg;

with the provisothat min; = 1 . Thus, by the aboveremark, for every graph G
and positive integer m, we can determine in polynomial time whether Pm](G)
is nite. If M is an [m]-covering of minimum cardinality, we call M an ex-
cessive[m]-factorization of G. Excessiwe [m]-factorizations were intro duced by
the presert authors in [2], where (inter alia) the parameter ?m](G) was evalu-
ated, for arbitrary m, for cycles,paths, complete graphsand complete bipartite
graphs and for the Petersengraph. This concept lends itself to a number of
possibleapplications, e.g. in scheduling theory, where one could wishto nd a
schedule, say, for a particular process,wherethe fundamental constraint is that
all facilities must always run at full capacity (even if this could imply repeat-
ing certain jobs or operations already performed on someof the facilities) and,
subject to this condition, one wishesto complete the processin the minimum
possibletime.

The conceptof excessie [m]-factorization is a generalization of the concept
of exassivefactorization, intro ducedby Bonisoli and Cariolaro [1] (an exassive
factorization of a graph G is a minimum set of perfect matchings of G whose



union is E(G) and the corresponding parameter is called exessiveindex and
denoted by 9(G)). Not much is known in general about the parameter 9;
exceptthat 9(G) %G) and that the dierence between ¢(G) and YG)
can be arbitrarily large [1]. The presert authors recertly [4] determined 9(G)
for all complete multipartite graphs, which proved to be a challenging task.
They alsointroduced|3] the related notion of exassivenear 1-factorization for
graphsof odd order, wherethe sizeof the matchingsis assumedto be the sizeof
a near-perfect matching. The corresponding parameter (also denotedby 9(G)
and called exessiveindex) was computed, apart from someelemenary classes
of graphs, for all trees[3]. It was obsened by Bonisoli and Cariolaro [1] that,
determining the number of perfect matchings in an excessie factorization of
a graph is NP-complete, since this problem is equivalert to determining the
existence of a 1-factorization of G if a 1-factorization exists. However, the
complexity of the computation of ?m](G), for a xed value of m, seemsto be
much lessclear. Rizzi (personalcommunication) has asked what is the smallest
positive integer m sud that determining ?m](G) is NP-complete (assuming
that such an integer exists).

Trivially , ?1](6) = JE(G)j for every graph G. For m = 2 the presert authors
[2] establishedthe formula

,(G) = maxt G); = Neg ®

for all [2]-coverable graphs G (so that every graph G either satises (1) or

satis es PZ](G) = 1 ). In this paper we shall cortin ue the study of the excessie

[m]-index, by determining the excessie [3]-index for all graphs. Let S E(G).

We call S a splitting set if no two edgesin S belong to the same matching of

size3 of G. The maximum cardinality of a splitting setwill be denotedby s(G).
First notice the following.

Lemma 1 Let G beagraph. Then

IE(G)]
3

(G) maxt %G);d e s(G)g:

Proof. The inequality {,(G) maxf O(G);d@eg for arbitrary m is easy
to seeand was proved in [2, Theorem 3]. Hence,we only needto verify that
%](G) S(G). Let S be a maximum splitting set. Then, by de nition, no
pair of distinct edgesof S belongto the samematching of size3 of G. Since,in
order to cover G we needto cover the edgesof S; at least s(G) = |Sj matchings
of size 3 are neededto cover G. This completesthe proof of the lemma. 2

The objective of this paper is to provethat we have equality in the statemert
of Lemmal, i.e. the following theorem.

Theorem 1 Let G be a [3]-coverablegraph. Then
B5(G) = maxf YG); djE (G)j=3e; s(G)g:



Unfortunately, we could not prove directly Theorem 1 (and the seard for
a direct proof of Theorem 1 remains an open challenge!). We shall actually
prove a stronger result, namely Theorem 2 below, for the proof of which we
needa case-ly-caseanalysis. Before we state Theorem 2, we give somefurther
de nitions.

A bad quartet of GisasetQ V(G) suc that jQj = 4 and ead edgeof
G is incident with at least one vertex in Q. Let B denote the set of all bad
quartets of G. We de ne a graph parameter g(G) as follows:

_  Mmaxgzxe JE(< Q>)j ifB6;
aG = ifB=:

In other words, g(G) is the maximum number of edgesjoining the vertices of a
bad quartet, if a bad quartet exists, or 0 otherwise. Notice that q(G) s(G) for
all graphs, since any two edgesjoining the vertices of a bad quartet cannot be
extendedto a matching of size3. Hencewe have, from Lemmal, the inequality

IE(G)]

0 o) .
B(G) maxt %G)id—;

e q(G)g (2)
for all graphs G.

Theorem 2 Let G bea/[3]-coverablegraph. Let H denotethe family of graphs
illustrated * in Fig. 1. Then

8 ) .
< maxf 0(G);d’(T)Je; q(G)g+ 1 if G2 H;

2(G) =
[3] . ) )
- maxf 4G); d= e q(G)g otherwise.

We now show that Theorem 2 implies Theorem 1.

Prop osition 1 Theorem 2 implies Theorem 1.
Proof. Assumethe truth of Theorem 1. Then, for any [3]-coverable graph not

in H, we have
((G) = maxt 4G):dE(G)j=3e;q(G)g maxf G); djE(G)j=3e:s(G)g;

so the identity stated by Theorem 1 follows immediately from Lemmal. If
G 2 H, then asshown in Fig. 1, the identity %](G) = s(G) holds, which, by
Lemmal, implies the identity of Theorem 1. This completesthe proof. 2

1When it is necessaryto specify a particular excessive [3]-factorization of a graph, e.g.
in a pictorial represertation, we usually do so by indicating a corresponding edge colouring
satisfying the conditions of Lemma 2. In such case, we use the expression \colouring" or
\colourable" always referring to an edge colouring of this particular type. In Fig.1 and all the
subsequernt illustrations, we adopt the convention that vertices drawn as circles are meant to
be distinct from all other vertices, whereas vertices drawn as squares may coincide with other
vertices drawn as squares (as long as multiple edges are avoided). Edges represerted by a
broken line (and their degree 1 endvertices) may or may not be assumedto exist.



Figure 1: The family H referred to in the statemernt of Theorem 2. H consists
of three types of graphs, labelled A,B and C, respectively. An excessie [3]-
factorization of these graphsis indicated (seealso the footnote to Theorem 2).

The vertices of a bad quartet of G containing g(G) edgesare shaded. The
edgesforming a maximum splitting set S are depicted in bold. In eat case
we exhibit a [3]-covering of sizeequal to jSj, which provesthat the [3]-covering
is an excessie [3]-factorization and the splitting setis maximum by Lemmal.
The identit y stated by Theorem 2 may be veri ed directly for thesegraphs. (It

awaysholds 4G) = s(G) 1= [}(G) 1)

We shall make useof the following lemmas. Lemma 2 was obtained indepen-
dertly by McDiarmid [7] and de Werra [8]. Lemmas 3 and 4 were established
by the presert authors in [2].

Lemma 2 Let G be amultigraph. If k _ O(G), then G hasa k—edgecolouring
such that every colour classC satis es b={8ic jcj dlECle

Lemma 3 Let k be a positive integer. A graph G satis es ?m](G) k if
and only if G admits a k-edgecolouring ' sudc that every colour classof ' is
contained in a matching of sizem.

Lemma 4 If a graph G is [m]-coverable and satis es d"Er(n—G)je > 9G); then
n(G) = =P

2 Preliminary considerations

We start by giving someadditional de nitions. Let G be a graph. Two inde-
pendent (i.e. non-adjacen) edgese;f form a bad pair if they form a maximal
matching, i.e. if every other edgeof G is adjacert to one of them. Notice that,
if fe;fgis a bad pair, then the endpoints of e and f form a bad quartet, as
de ned in Section 1.

If ' is an edgecolouring of G, a bad colour classis a colour classconsisting
of two edgesof G which form a bad pair, and a gaod colour class is a colour
classwhich is not bad. An optimal edgecolouring of G is called a suitable



colouring if every colour classof has size at most 3 and the number of bad
colour classeds minimum.

For corvenience whenwe want to stressthe fact that a certain edgee belongs
to a matching of size 3, we say that e \extends".

In view of Lemmal, when proving Theorem 2 we can assumethat G is a
graph such that

maxf O(G);dj—E (?’G)j eg< y(G)<1; (3)

sothat our task is proving that %](G) = ¢(G) for any graph G satisfying (3),
unless G is one of the exceptional graphs of the family H (for which direct
veri cation conrms the truth of Theorem 2). We call a graph satisfying (3)
incompatible, and a graph satisfying %](G) = maxf O(G);d"E(TG)jeg compatible.
We notice the following.

Lemma 5 Every incompatible graph G has a suitable colouring . Further-
more, every suitable colouring of G hasat least one bad colour class.

Proof. Let G be an incompatible graph. By Lemma4, djE(TG)je %G); i.e.

B} 3. This implies, by Lemmaz2, the existenceof an optimal edgecolouring
all whosecolour classedhave sizeat most 3, and hencethe existenceof a suitable
colouring of G. Since is an optimal colouring, by (3) and Lemma3 there
exists a colour classof which is not cortained in a matching of size 3 of G.
Sudh colour classmay not consist of a single edge,sinceevery edgeis contained
in a matching of size 3 by the assumption that fgj(G) < 1. Therefore suc
colour classconsistsnecessarilyof two edgesand, sincethesetwo edgesform a
maximal matching, such colour classis a bad colour class This terminates the

proof. 2

Suitable colourings shall always be denoted by the symbol . Now, let G be
an incompatible graph and let S denote the set of all suitable colourings of G.
It is cornveniert to de ne an auxiliary parameter (G) asfollows:

(G) = minfijE(< e;f >)j : fe;f gis a bad colour classof , 2 Sg:

Thus (G) is just the minimum number of edgesin the graph induced by the
quadruplets of vertices of the bad colour classesof , where rangesover all
suitable colourings of G.

In view of Lemmab, the parameter (G) is well de ned for any incompatible
graph G and, by the de nition of (G) and the fact that the vertices of a bad
colour classform a bad quartet, we have

2 (6 G € (4)

We now prove somefurther results, which will be usedin the proof of The-
orem 2.



Lemma 6 There is no incompatible graph G with ( G) 2.

Proof. Supposethere was an incompatible graph G with ( G) 2. Then G

would be, in particular, [3]-coverable. If G was connected,then G would be a
path or a cycle, but such graphsare easily seento be compatible ([2, Proposition
8]). HenceG is disconnected.Let be a suitable colouring of G and let fe;f g
be a bad colour class. Since every edgeof G (other than e and f) is adjacert

to either e or f, and G is disconnectedand has no isolated vertices, e and f

belongto two distinct connectedcomponerts of G. Sincee extendsand fe;f g
is not contained in a matching of size 3, there must be two independert edges
f % f % which are independert from e, and henceadjacert to f . Similarly, since
f extends,there must be two independert edgese®. €% adjacert to e. There can
be no other edgesin G, sinceany additional edgewould have to be adjacert to

either e or f , thereby violating the condition ( G) 2. Thus G consistsof two
disjoint paths of length 3, and it is easilyseenthat  p;(G) = 2= YG), sothat

G is compatible, contradicting the assumption. 2

Lemma 7 Let e be an edgeof an incompatible graph G. There exist at most
two distinct edgesf ;f ° forming a bad pair with e, respectively. Furthermore,
if there exist two such edges,the subgraph of G consisting of the edgesnot
incident with e hasthe form illustrated by Fig. 2, wherek 1.

Proof. Supposef ;f°are two distinct edgesforming a bad pair with e, respec-
tively. Let H be the subgraph of G consisting of the edgesnot incident with e
and their endpoints. Both f and f °must be incident or coincidert to every edge
in H. In particular, f and f © are adjacert. Let x be their common endpoint
and let f = xy;f%= xy% SinceG is [3]-coverable, the edgee is contained in
a matching of size 3. Therefore, there exist two independert edgesg; g®in H.
Clearly g and g° are distinct from f and f °©. Sinceg and g° are adjacert to f,
we have, without loss of generality, g = xx; and g° = yz. Sinceg and ¢° are
adjacert to f 9 andy is not incident to f % z must be incident to f ©, and, since
z 6 x, it follows z = y% Any other edgeof H must be necessarilyincident to
both f and f ° and be distinct from g°= yy% sothat it must be incident with

X. HenceH hasthe form illustrated in Fig. 2, wherek 1. It is easily seen
that no edgeof H, other than f and f ©, is incident to every other edgeof H,
and hencethere can be no edgef % distinct from f and f % which forms a bad
pair with e. This concludesthe proof of the lemma. 2

Lemma 8 Let be a suitable colouring of an incompatible graph G, and let

fe;f gbeabad colour class. Let bea colour not appearing on any of the edges
of < e;f >. Then either there exists an edgef °6 f forming a bad pair with

e and coloured , or there exists an edgee® 6 e forming a bad pair with f and
coloured .

Proof. Let = (€)= (f). Obviously 6 . Considerthe subgraphG(; )
of G consisting of the edgescoloured either or and their endpoints. Let C,



Figure 2: Structure of the subgraph of an incompatible graph G containing the
edgesnot adjacert to a xed edgeof a bad pair.

(respectively, C;) denote the connectedcomponert of G(; ) cortaining the
edgee (respectively, f). Clearly Co 6 Cs, sincee and f are coloured and
there is no edgejoining e and f which is coloured . It is obvious that Ce is
a path of length at most 3. Exchanging the colours ; on C. we produce a
colouring ° which is still an edgecolouring of G and is such that the -colour
classis a bad colour classif and only if there exists an edgee’ 6 e such that
fe’fgisabadpair and %e) = (which is equivalent to say that (€% = ).
Similarly, the -colour classof ° will form a bad colour classif and only if
there exists an edgef® 6 f which forms a bad pair with e and is suc that
A9 = (or, equivalertly, (f% = ). If neither of the two conditions above is
satis ed, ?hasfewer colour classedorming bad pairs than , which cortradicts
the assumptionthat is a suitable colouring. Hence at least one of the two
conditions holds, and the lemma is proved. 2

Corollary 1 Let G be an incompatible graph. Then YG) (G) + 1.

Proof. Let be a suitable colouring and let fe;f g be a bad colour class, with
JE(< e;f >)j= (G). Since (e) = (f);at most (G) 1 distinct colours
areusedby onthe edgesof < e;f >. By Lemma7 and Lemmas, there can be
at most two other coloursin the colour setof . Since is an optimal colouring,
we concludethat YG) (G) + 1; aswe wanted. 2

3 Pro of of the main theorem

In this section we prove Theorem 2. The proof is split into seweral lemmas,
accordingto the possiblevaluesof (G).

Lemma 9 Let G be an incompatible graph and suppose (G) = 2. Then G
is isomorphic to a graph of type A in Fig. 1.



Proof. Let G beanincompatible graph satisfying (G) = 2. Let beasuitable
colouring of G and let fe;f g be a bad colour class,where JE(< e;f >)j = 2.
Let = (e)= (f). By Lemma6,wehave (G) ( G) 3. By Corollary1,
we have YG) (G)+ 1= 3;sothat YG) = 3. By Lemmas, there exist
two distinct colours and (distinct from ), an edgee®6 e, coloured and
forming a bad pair with f, and an edgef °6 f; coloured and forming a bad
pair with e. Let e = pge®= pr;f = xy;f%°= xz. Let He (H;, respectively)
denote the subgraphs of G consisting of the edgesnot incident with e (not
incident with f, respectively) together with their endpoints. Then H and Hs
have the form prescribed by Lemma7, where necessarilyk = 1 by the fact that

( G) AG) = 3. Let x°and p® denote the only vertices of degreeone in
He; H¢ ; respectively. Clearly He and Hs are edge-disjoirt and every edgeof G
is either in He or in Hy . It is easilyseenthat (xx% = and (pp% = . This

implies that the edgexx® may not be incident with the edgepr, which, together
with the fact that there may not be any edgejoining e and f, implies that x°
cannot belongto H;. Similarly p° may not belongto He. Clearly r and z are
distinct, sinceotherwisewe have a vertex of degree4 in G. ThusH. and H¢ are
vertex-disjoint, except possibly for the vertices x° and p% which may coincide.
It follows that G is isomorphic to one of the graphs of type A in Fig. 1, and
this completesthe proof. 2

Lemma 10 Let G be anincompatible graph and suppose (G) = 3. Then G
is isomorphic to a graph of type B of Fig. 1.

Proof. Let G be a graph satisfying the hypothesesof the lemma. Let bea
suitable colouring having a bad colour classf e;f g, wherejE(< e;f >)j = 3. Let
E(<ef >)=fef;gg let = (¢ = (f);andlet = (g). By Lemmas,
wehave YG) ( G) 3. By Lemmas,there existsacolour 6 ; andan
edgecoloured which forms a bad pair with either e or f. By symmetry, we
may assumethis edgeto be an edgef°6 f forming a bad pair with e. Thus
the subgraphH, of G, consisting of the edgesof G not incident with e, is of the
type prescribed by Lemma7. By Corollary 1, YG) (G) + 1 = 4. Hence
3 AG) 4.

Claim:  9G) = 4: To prove the claim, assume YG) = 3. Let f = xy;f%=

xz; and let x° be a neighbour of x of degreel in H.. Sincex has already the
three distinct neighboursy;z;x%and ( G) %G) = 3; the edgeg, which joins
e and f, cannot be incident with x. It follows that the edgeg is incident with

y. But, since (xy) = and (xz)= ;wenecessarilyhave (yz)= = (qg).

It follows that g cannot be incident to y either, which yields a contradiction,

proving the claim.

By the above claim and Lemmas, there exists an edgee® 6 e; forming a bad
pair with f and coloured ; where isacolourdierent from ; ; . The graph
H¢ hasthe form prescribed by Lemma7. Let f = xy;f%= xz;e= pqe®= pr.
Let p° be a vertex of degreeonein H; adjacert to p, and let x° be a vertex of
degreeonein H. adjacert to x. Notice that r 6 z, since otherwise the vertex
r = z hasdegree4, and henceit is incident to an edgecoloured ; corntradicting



the assumption that e;f are the only edgescoloured . We distinguish four

cases,according to the pairs of endpoints of the edgese;f which are matched
by the edgeg.

Case a: g = py. Necessarily (pp) = = (xz) and hencep®6 z. Now,

exdhanging the colours of the edgesf and f % we create a colouring © which

is still suitable, and suc that fe;f% is a bad colour class. Hence, by the

assumptionthat  (G) = 3; there must be at least one edgeh joining e and f °.

Such edgecannot be incident with p, since p has already the four neighbours
g; r;y; p° (neither of which is incident with f 9 and ( G)  YG) = 4. The edge
h cannot be incident with the vertex x, sincethe only edgejoining e and f is

the edgeg = py by assumption. Henceh must be the edgeqgz. But then h is

not incident with either f or €% contradicting the fact that ff ;€% is a bad pair.

Case b: g = gx. This caseis analogousto Casel, by symmetry.

Case c: g = gy. As in the proof of Casea, we can claim the existenceof an

edgeh joining eto f % Sud edgecannot be the edgegx or the edgepx because
only the edgeqy joins e and f in G, by assumption. Moreover h 6 gz since
fe%f gis a bad pair and is not incident with gz. Henceh = pz. Similarly there

is an edgeh®joining €°to f , which must necessarilybe the edgexr. Exchanging
the coloursof e;e’and (subsequetly) of f;f ©, we obtain a colouring °for which

the - and -colour classesare good, and the -colour classconsistsof the pair

fe%f %. Sud pair is not a bad pair, becauseof the existenceof the edgeg. Thus
the -colour classof ©is a good colour class,and © hasthen lessbad colour
classeghan , which cortradicts the assumptionthat is a suitable colouring.

Case d: g = px. The vertex p hasthe four neighbours pr; g; x; and the vertex
x hasthe four neighboursx%y; z; p. Since (pp) = (xz) = ; pYis distinct from

z. Similarly, x°is distinct from r. HenceH. and H; are vertex disjoint, except
for p® and x% which may coincide. In any caseG is isomorphic to one of the

graphs of type B of Fig. 1, concluding the proof of the lemma. 2

Lemma 11 Let G be an incompatible graph and suppose (G) = 4. Then
9,(G) = a(G).

Proof. Let G be a graph satisfying the hypothesesof the lemma. Let bea
suitable colouring and let f e;f g be a bad colour class,whereJE(< e;f >)j = 4.
Let E(< e;f >) = fe;f;g;hgandlet e= pgf = xy. Let = (e)= (f). We
split the proof in two cases,accordingto g; h being adjacert or non-adjacert.
Case 1: g; h are adjacent. Without lossof generality, assumeg = px;h = py.
Let (@)= ; (h)= . By Corollary 1,

4 (G 9o (G)+1=5:

Hence YG) = 4or 5. Assume rst YG) = 4. By Lemmas, there is a colour

2f; ; gandanedgecoloured which forms a bad pair with either e or f .
Assume rst that this edgeis an edgee’6 e forming a bad pair with f. By the
structure of H¢ prescribed by Lemma?7 and the fact that ( G) AG) = 4
e cannot be incident with p. But then €°is incident with g, i.e. €= gr for

10



somer, and there is, by Lemma?7, an edgerp. Sincethere are edgesadjacert to

e’ and coloured ; ; ; ; no sud colour can be used for €% which cortradicts

the assumptionthat YG) = 4. Hence€® doesnot exist, and there is an edge
f96 f, coloured and forming a bad pair with e. By symmetry we can assume
f°to be incident with x; say f°= xz. By Lemma?7, there is an edgezy and

an edgexx®% where x° 2 fx;y;p;q;zg. The vertex y is, by Lemma?7, adjacert

only to vertices p;x; z. Exchanging the colours of f and f ° we create a suitable

colouring °having fe;f % as a bad colour class. Hence, using the assumption
that (G) = 4; there must be two edgesjoining e and f %in G, one of which

is the edgeg. The other edgecannot be the edgepz; sinceit would have to be
coloured = (xz); which is impossible,and cannot be the edgegx becauseof
the assumptionthat E(< e;f >) = fe;f;g;hg. Hencesudt edgeis necessarily
the edgeqz. To extend g there must be at least one edgeof the form gq®% where
® 2 fp;q;x;y;zg. Sincef extends, there must be one edge of the form pp®

where p° 2 fp;q; x; yg. The only possible other edge must have the form qq®®

where g2 fp;q; X; y; zg. In any casethe graph can be colouredasin Fig. 3.

Figure 3

Hence,we can now assumethat YG) = 5. In this casethere are two colours

: ; which do not appear on E(< e;f >); and hencethere is an edgef°6 f,
forming a bad pair with e and coloured ; and an edgee® 6 e; forming a bad
pair with f and coloured . By symmetry, we can assumethat f © has the form
f 9= xz. We distinguish two cases(la and 1b), accordingto €° being incident
to porto g
Case la: €= qgr. Necessarilyr 6 z, since otherwise the edgerp would be
incident to someedgescoloured ; ; ; ;; and hencecould not be allocated
a colour. Exchanging the colours of e and €% we create a suitable colouring °
having f €% f g asa bad colour class. Hence,using the assumptionthat  (G) =
4; there must be two edgesjoining €” and f in G. Arguing as before, we see
that the these edgesmust necessarilybe the edgerx and the edgery, but this
contradicts the fact that, asprescribedby Lemma?,y is adjacert only to vertices
p;X; Z.
Case 1b: €%= pr. Assume rst r = z. Then the vertex q is adjacert only to
vertices p and r and the vertex y is adjacert only to verticesp;x; r. It follows
that the edgeg = px does not extend, cortradicting the assumption. Thus

11



r 6 z. Arguing as before, there are at least two edgesjoining the edgese and
f 9 oneof which is g. The other edgemust necessarilybe the edgepz. But pz is
adjacert to someedgescoloured ; ; ; ;; hencecannot have any suc colour,
contradicting the hypothesisthat 4G) = 5. This settles Case1 completely.
Case 2: g;h are non-adjacen t. Without loss of generality, assumeg =
px;h = qy, where (g) = . By Lemma6 and Corollary 1, we have 3

AG) 5. Assume rst YG) = 3. Then G consistsof the edgese;f;g; h and
the edgespp® gg® xx%yy% where fp%y%\ fp;q;x;y;%x% = ; and fg%x%\
fp;g;x;y;p%y% = ; sinceall the edgese;f;qg;h extend. This graph can be
easily coloured as shown in Fig. 4.

Figure 4

We now assume YG) = 4. In this casethere is a colour , which doesnot
appear on the edgesin < e;f >. By symmetry and by Lemma8, we can assume
the existenceof an edgef® 6 f; coloured , which forms a bad pair with e.
Without lossof generality, let f °= xz. Arguing asabove, there must be at least
two edgesjoining e and f °, one of which is g. The possible candidates are pz
and gz, sincegx cannot be an edgeof G. Notice that f (qy); (yz2)g=f ; g
as a consequenceof our current assumptions. If pz 2 E(G); pz is adjacert to
edgescoloured ; ; ; ; and hencecannot have any suc colour, cortradicting
the assumption that %G) = 4. It follows that gz 2 E(G). But now the
con guration of the edgesin < e;f > is exactly asin Case1l, which is a case
already settled. Thereforethe case YG) = 4 of Case2 canbe consideredsettled
too.

Finally, we assume YG) = 5. There are now exactly two colours ; ; which

do not appear on E(< e;f >), and an edgef °6 f coloured , which forms a
bad pair with e, and an edgee® 6 e, coloured ; which forms a bad pair with
f. Without loss of generality, assume () = (f) = ; (9 = ; (h) =
By symmetry, we can assumef = xz. There are now two casesto consider,
accordingto €° being incident to p or g, respectively.
Case 2a: €° = gr. Assume rst r = z. The graph G cortains the edges
e;f;g;h; pryar;xr;yr and the edgesxx® qo° (where fx% g%\ fp;gr;x;yg=;),
becausee;f ; extend. The only other possible edgesare of the form xx % gg®®
(where £x%°Y\ fp;qg;r;x;yg = ;). In any casethe graph is colourable as
shown in Fig. 5.

12



Figure 5

Hence,we may assumer 6 z. Arguing as above, we can claim the existence
of two edgesjoining e and f % oneof which is g. The other edgemust necessarily
bethe edgeqz. Similarly, there must be two edgesjoining e’and f , one of which
is h. This edgemust necessarilybethe edgerx. The only two possibleadditional
edgesare of the form xx°and qo®, where fx% g%\ fp;q;r;x;y;zg= ;. In any
casethe graph is colourable as shown in Fig. 6.

Figure 6

Case 2b: €®= pr. Assume rst z = r. Then the edgesqr;yr are adjacert
to someedgescoloured ; ; ;; hencecannot be given a colour, which yields
a contradiction. It follows that r 6 z. Now, arguing as above, there must be
two edgesjoining e and f %, one of which is g. The secondedgemust necessarily
be the edgepz and is unique. But now the con guration < e;f %> falls under
Casel, hencethis casecan be consideredsettled. This concludesthe proof of
the lemma. 2

Lemma 12 Let G be an incompatible graph and suppose (G) = 5. Then

%](G) = ((G), unlessG is isomorphic to one of the graphsof type C in Figure
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Proof. Let G be a graph satisfying the hypothesesof the lemma. Let bea
suitable colouring and let f e;f g be a bad colour class,wherejE(< e;f >)j = 5.
Let E(< e;f >) = fe;f;g;h;igandlet e= pgf = xy;g= px;h = py;i = ay.
Let = (e)= (f). By Corollary 1 and the obvious fact that ( G) 4, we
have

4 (G 9o (G)+1=6:

Hence YG) = 4;5; or 6. We split the proof into three cases,according to the
value of 4G).

Case 1: %G) = 4: In this casethe graph can be easily coloured with 5
coloursas shown in Fig. 7.

Figure 7

Case 2. 9%G) = 5: In this casethere exists a colour which is not usedon
< e;f >. By symmetry and Lemma8, we can assumethe existenceof an edgef °
coloured and forming a bad pair with e. We distinguish two cases,according
to f 9 being incident to x or to y.

Case 2a: f% = xz. By Lemma?7, the vertex y is adjacert only to vertices
p;X; z. Exchanging the colours of f and f ° we create a suitable colouring such
that fe;f % is a bad colour class. Hence, by the assumptionthat (G) = 5;
there must be at least three edgesjoining e and f % in G, one of which is the
edgeg. Sincegx 2 E(G); it follows that pz;qz 2 E(G). In addition, there must
be either one or two edgesof type xx° and either one or two edgesof type qad’,
wherefx% g%\ fp;q;x;y;zg=;, sinceboth e and g extend. There may or may
not be a single edgej of type pp® where p® 2 fp;q; x; y; zg. If there is such an
edgej, the graph is colourable with 5 colours as showvn in Fig. 8. If such an
edgedoesnot exist, the graph is isomorphic to a graph of type C in Fig. 1.
Case 2b: f% = yz. As before, we can claim the existenceof at least three
edgesjoining e and f % two of which are h;i. A third edge could be either
gz or pz. We rst assumeqz 2 E(G). The pair fpy;qzg is a bad pair. If
pz 2 E(G); we can colour with 5 colours asindicated in Fig. 9. If pz 2 E(G);
then q(G) JE(< py;gz >)j = 6; sothat q(G) = 6; and we can colour with
6 colours using the same colouring given in Fig. 9 and giving colour 6 to the
edgepz. We can then assumepz 2 E(G) and gz 2 E(G). The graph is now
colourable with 5 colours as showvn in Fig. 10.
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Figure 9

Case 3: 9%G) = 6: In this casewe can assumethe existence of an edge
f 9 coloured and forming a bad pair with e, and an edgee® coloured , and

forming a bad pair with f, where 6 and ; 2f; ; ; g. Wedistinguish 4
cases,according to e° being of the form pr or gr and f © being of the form xz or
yz.

Case 3a: e’ = pr;f%= xz. By Lemma?7, the vertex q is adjacert to p;r;y
only and the vertex y is adjacert to Xx; p;q; z only. By the sameargumert used
earlier, we can claim the existenceof 3 edgesjoining e and f °, one of which
is g. However, one of these edgesmust necessarilybe the edgeqz, and this is
impossibleunlessr = z. But, if r = z; the edgeg = px is not augmertable, and
hencewe have a contradiction.

Case 3b: €= qr;f %= yz. This caseis symmetric to Case3a.

Case 3c: e®= qr;f%= xz. Again, we can claim the existenceof 3 edges
joining e and f % which is impossibleunlessr = z. If r = z; then G is isomorphic
to a graph of type C in Fig. 1, and henceis of the desiredtype.

Case 3d: €% = pr;f%= yz. The assumptionr = z yields immediately a
cortradiction, sincethe edgepy doesnot extend in that case. Hencewe have
r 6 z. Arguing as above, there must be at least 3 edgesjoining e and f ®and at
least 3 edgesjoining e°and f . This implies the existenceof the edgespz and ry;
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Figure 10

respectively. The only other admissible edgesare one edgeof the form pp® and
one edgeof the form yy® wherefp®%y%\ fp;q;r;x;y;zg= ;. This graph canbe
easily coloured with 6 colours as shown in Fig. 11. This obsenation concludes
the proof of the lemma. 2

Figure 11

Lemma 13 Let G be an incompatible graph and suppose (G) = 6. Then
9,(G) = q(G).

Proof. Let G be a graph satisfying the hypothesesof the lemma. Let bea
suitable colouring and let f e;f g be a bad colour class,wherejE(< e;f >)j = 6.
Let E(< e;f >) = fe;f;g;hji;jgandlet e = pgf = xy;g= px;h = py;i =

ay;j = gx. Let = (e) = (f). By Corollary 1 and the fact that the edges
e;f extend, we have

4 (G 9o (G)+1=T7:

Hence 4G) = 4;5;6 or 7. We split the proof into three cases,accordingto the
value of 4G).

Case 1: 4 %G) 5: In this caseG is easily colourable as shown in Fig.
12.

Case 2: 9%G) = 6: In this casethere is an edge,which, by symmetry, can
be assumedto be the edgef ®= xz (for somez 2 fp;q; x; yg) such that f%is
coloured , where is not the colour of any edgein < e;f >, and f °forms a bad
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Figure 12

pair with e. Arguing as above, we can claim the existenceof 4 edgesjoining e
and f % Hencepz; gz 2 E(G). By Lemma7, the only neighboursofy are x; p;q; z
and there exists at least oneedgeof the form xx % wherex® 2 f p; q; x; y; zg. Since
j = gx and g = pg extend, there must be at least one edgeof the form pp® and
one edge of the form gg®% where fp®%q’g\ fp;q;x;y;zg = ;. Thus G is of the
type shown in Fig. 13, and can be coloured as shown.

Figure 13

Case 3: 9G) = 7: In this casethere are two edges,e’6 eandf°6 f, such
that eforms a bad pair with f and f °forms a bad pair with e. By symmetry, we
canassumef = xz and e°= pr, wherefr;zg\ fp;q;x; yg= ;. The assumption
Z = r yields a contradiction immediately, asthe edgeg = px doesnot extend.
Hencer 6 z. Arguing as above, we have 4 edgesjoining e and f ° and 4 edges
joining e and f . Now, exchanging rst the colours of e;e® and then the colours
of f;f% we generate a suitable colouring ° such that = 9&9) = 9fO.
Necessarilythe -colour classmust be a bad colour class,otherwise °hasfewer
bad colour classesthan , which is impossible. But this is not the case,since
fe%f % qyg is a matching of size 3. This cortradiction completesthe proof of
the lemma. 2

Pro of of Theorem 2. This follows immediately by Lemma9, Lemma 10,
Lemmall, Lemmal2, Lemmal3 and the chain of inequalities (4). 2
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