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Abstract

We introduce a unifying framework for studying edge-colouringprob-
lems on multigraphs. This is de ned in terms of a rooted directed multi-
graph F which is naturally assaiated to the set of fans basedat a given
vertex u in a multigraph G. We call F the \F an Digraph". We show that
fansin G basedat u are in one-to-onecorrespondencewith directed trails
in F starting at the root of F. We state and prove a certral theorem
about the fan digraph, which embodies many edge-colouringresults and
expresseshem at a higher level of abstraction. Using this result, we derive
short proofs of classicaltheorems. We conclude with a new, generalized
version of Vizing's Adjacency Lemma for multigraphs, which is stronger
than all those known to the author.

If S is a set, we let S? and S@ denote, respectively, the set of ordered and
unordered pairs of elemernts of S. An ordered pair will be enclosedby round
bradckets, e.g. (x;y) is an ordered pair, and an unordered pair will be enclosed
by curly bradkets, e.g. fx; yg is an unorderedpair. If s2 S?, ands = (x;y), the
symbol s ! will be usedto denotethe ordered pair (y;x). The cardinality of S
will be denotedby |Sj. If is afunction de ned onadomainS, andT S, the
notation jr will be usedto denotethe restriction of to T, i.e. the function ;
dened by (t) = (t) forallt2 T: Similarly, if hasdomain S; codomain W
andrangeR W, andif R  W; W; it will be corveniert to denoteby jW:
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the function obtained from by restricting the codomainto Wy, i.e. the function
1:S! Wydenedby (t)= (t)forallt2 S.

A multigraph G is an orderedtriple (V(G);E(G); ¢); whereV(G) is a set
(the vertex set), E(G) is another set, disjoint from V(G) (the edge set), and
c : E(G) ! V(G)@ is a function (the incidence function). If e 2 E(G);
and g(e) = fu;vg, we say that e joins u and v, or that e is incident with
u and v. Notice that in our de nition we explicitly exclude the existenceof
\lo ops", i.e. edgesincidert with a single vertex, but we allow \m ultiple edges",
i.e. pairs of edgesincident with the samepair of vertices. We shall only consider
nite multigraphs, i.e. V(G) and E(G) will be assumedto be nite, and this
assumptionwill be implicit in the sequel.For generalgraph-theoreticde nitions

and concepts,not explicitly introducedhere, we refer the readerto [5].

If u2 V(G), by dg(u) we denote the degree of u in G, i.e. the number of
edgesincidert with u in G. The maximum degree of G will be denotedby ( G).
If fu;vg 2 V(G)@, we let uv denotethe set ;'(fu;vg), i.e. the set of edges
joining uandvin G. Welet g(uv) = juvj; and call this number the multiplicity
of uv. uv is a multiple edgeif g(uv) > 1. If g(uv) > 0; we say that u and v
are neighlmurs. We denotethe set of neighboursof u in G by Ng(u): The integer

(G) = max g(uv); where the maximum runs over all pairs of vertices of G,
is called the maximum multiplicity of G. G is a simplegraph if (G) 1, i.e.
if G cortains no multiple edges. If G is a simple graph, with a slight abuseof
notation, the symbol uv will be usedto denotethe edgejoining u and v, rather
than the set containing this edge.

Someof the multigraphs that we shall considerwill be directed, i.e. their
edges(which are called arcs) will correspnd to ordered rather than unordered
pairs of vertices. More formally, a directed multigraph or digraph is an ordered
triple (V(D);A(D); p); whereV (D) and A(D) are two disjoint sets(the vertex
set and the arc set, respectively), and p : A(D) ! V(D)? is a function (the
incidence function). If a2 A(D); and p(a) = (u;Vv); we call u the tail andv the
head of a. The outdegree (respectively, indegree) of a vertex u in D is the number
of arcs having their tails (respectively, heads)on u. We denote the outdegree
(indegree)of u by dj (u) (dy(u)). For more information about directed graphs
the interestedreaderis referredto [3].

An edge-olouring of a multigraph Gisamap' : E(G) ! C sud that
' (&) 6 ' (&) for any pair fe;;e,g 2 E(G)® of edgesincidert with the same
vertex of G. The set Cis called the colour set of ' . The chromatic index of G,
denotedby YG), is the minimum cardinality of a colour setin an edge-colouring
of G. If jCj = qG); we say that ' is an optimal colouring of G. It is easily seen
that G) ( G) for any multigraph G. If {G) = ( G); we sa that G is
Class1 and, otherwise,we say that G is Class2. We sa that an edgee 2 E(G)
iscritical if YG €) < YG). Gisacritical multigraphif it is Class2, connected
and all its edgesare critical. An essetial referencefor edge-colourings [11].



1 Fans in multigraphs

In edge-colouringt is interesting to considerpartial colouringswhich are\nearly
complete”, in the sensethat all the edgesare properly colouredwith the least
possiblenumber of colours, exceptone, which is left uncoloured. This motivates
the following de nition.

De nition 1 A tensecolouring of a multigraph G with respect to the edge
e2E(G)isamap :E(G)! C[ f,g sud that

1. Xfg)=feg;
2.themap 1= Jeo)nfeg IS an edge-colouringof G €

3. the map ,jCis an optimal colouringof G e.

The colour set of the tensecolouring is de ned to be C. A tensecolouring
with respect to the edgee will be called, for brevity, e-tense.

The following de nitions and notations will also prove to be usefulin the
sequel. A vertex w 2 V(G) is said to be missing colour (with respectto ) if
no edgeincident with w is coloured . For w2 V(G); we let

G =f 2Cj ismissingat wg:

The cardinality of the set of coloursmissingat any vertex w of G plays a fun-
damenal role in our subsequen considerations.We call it the colour-de ciency
of w and denoteit by cdef(w); i.e. we let

cdef(w) = jCyj:
The following is easily proved.

Prop osition 1 Forany w2 V(G), cdef(w) = jC] dg e(W):
Proof. Any vertex w in G is incidernt with exactly dg ¢(w) colourededges,and
theseedgesare all coloureddi erently by the de nition of edge-colouring. 2

The conceptof fan wasintroducedby Vizing [17, 18,19]in aremarkable series
of papersthat hasleft a permanen mark in the history of mathematics. Since
this paper is basedon the conceptof fan, in this sectionwe shall give a formal
de nition and review the main properties of fans.

De nition 2 Let beanetensecolouringof G and let u be a vertex incidert
with the edgee. A fanat u (with respectto ) isasequencé = [ep;e1;e;:::; &]
of edgesof G satisfying the following properties,for 0 i k.

1. the g's are distinct;



2. ead edgeeg is incident with u;

3.=-¢

4. the endpoint x;, dierent from u, of g, is missingcolour (e.1); for 0
i k1

ThefanF = [ey; er; &;:::€e] is saidto terminate at the vertex x: The vertex
u is called the pivot of the fan.

Fig. 1 represets a fan pivoted at u. The uncolourededgeis depicted as a
broken line, and missingcoloursare synbolically represeted in bradkets next to
the correspnding vertex.

The following de nition will be usedfrequertly in the sequel.

De nition 3
A fan edgeat u is an edgeappearingin at leastonefan at u.
A fan vertexat u is the endpoint, di erent from u; of a fan edgeat u.

A fan colour at u is the colour of a fan edgedi erent from e.

We shall denotethe set of fan coloursby G- .

Figure 1: An exampleof fan.

The essetial property of fansis the so-calledrecolouring property. We shall
briey recall what this is. Assumethat is atensecolouringwith respect to the
edgee 2 uxg: Let F = [e= ey, e;6;:::6] beafan at u. By recolouring F we
meanthe sequencef the following operations:

1. uncolour edgesgy;



2. uncolour edgee and colourit with colour (e.1), fori=1;2;:::k 1;

3. colour edgeey with colour (ey):

Figure 2: A fan beforeand after recolouring.

Notice that the colouring obtained after recolouringthe fan F uses 4G &)
coloursand leavesthe edgee, uncoloured(seeFig. 2). This allows usto extend
the original colouring every time that, asa result of the recolouring processthe
edge e can be recolouredwith a colour which was not among the colours of
the edgesof the fan. This situation occurs, for example, if the only vertices of
maximum degreeare the endpoints of the edgeey; and if the number of colours
usedaltogether is equalto the maximum degreeof the graph (indeed this argu-
mert provides a proof of the fact that every graph with at most two vertices of
maximum degreeis Class1).

On the other hand, if we assumethat the edgee = g is critical in G, then
there is obviously no way to extend to an edge-colouringof G without using a
new colour. This obsenation is the key to the proof of the following lemma.

Lemma 1 Let e2 uv beacritical edgein a multigraph G. Let be an e-tense
colouring of G and let w be a fan vertex at u. Let be a colour missingat w.
Then there is a fan edgef at u coloured :

Proof. Let F = [e= ey;€ey;:::¢] beafanterminating at w. If there wasno edge
incidert with u and coloured , then would be missingat u. Recolouringthe
fan F we obtain an g.-tensecolouring ° under which both the endpoints of g
(namely u and w) are missing colour : But then e, can be coloured , which
cortradicts the assumptionon the criticality of e. Thus there must be an edgef

at u coloured . The fan F can be augmered to a fan F°by simply adding the



edgef at the end of F. This proves,in particular, that f is a fan edge,which
completesthe proof. 2

The next lemma(provedin Andersen[2], Goldberg[12,13], and implicit in the
work of Vizing [17, 18, 19)) embodiesa fundamenal property of tensecolourings,
which will be the starting point of our investigation.

Lemma 2 Let G be a Class2 multigraph with a critical edgee 2 uv. Let
be an e-tense colouring of G. Then G,\ G, = ; for any fan vertex w at u.
Furthermore, for any pair of distinct fan vertices(w;z) atu, G,\ G = ;:

Proof. First notice that, by Lemmal, G,\ G, = ; for any fan vertex w: Suppose
now that G,\ C, 6 ; for two distinct fan verticesw; z: Let 2 G,\ GC: Without
loss of generality, assumethat there is a fan F terminating at w and sud that
no other vertex on F misses (this is easilyadiieved if we considerthe smallest
fan cortaining a vertex missing ). Let be any colour missedby u (notice
that G, 6 ; by the assumptionthat G is Class2,and 6 by the initial part
of the proof). Considerthe subgraphG( ; ) of G induced by the edgesof G
coloured or . Obviously ( G( ; )) 2; sothat the connectedcomponerts
of G( ; ) are paths and cycles. Notice that u hasdegreelessthan 2in G( ; )
sinceit is missing , and the sameholdsfor w and z (sincethey are missing ).
In particular, not all u; w; z arein the samecomponert of G( ; ): Without loss
of generality, assumethat u and w are on two di erent connectedcomponerts
of G( ; ): Denoteby G( ; ;w) the connectedcomponert of G( ; ) cortaining
vertex w. Then, exdianging the coloursin G( ; ;w); we obtain a new tense
colouring °with respect to g, under which u and w are both missingcolour
which cortradicts the fact, proved above, that G, \ G, = ;. This provesthat
G\ G = ; for ea pair fw;zg of distinct fan verticesat u. 2



2 The Fan Digraph

Throughout this section,G will denotea xed Class2 multigraph with a critical
edgee 2 uv: The symbol will denotea xed e-tensecolouring of G with colour
set C. We shall considerthe structure of the set of fans pivoted at the vertex u,
and to this structure we shall assaiate a directed multigraph F. The starting
point of our construction is the following.

By Lemmaz2, for any fan colour 2 G:; there existsa unique fan vertex w
at u missingcolour . By Lemmal, there existsa fan edgef coloured , which
is necessarilyunique by the de nition of edge-colouring. Notice also that the
endpoint z of f , dierent from u, is necessarilydistinct from w ; becausew
missescolour and z doesnot. This opensthe possibility to de ne our new
object.

De nition 4 The fan digraph of at u is the directed multigraph F sud that
1. V(F) = fw 2 Ng(u) j wis afan vertex at ug;
2. A(F) = G;

3. F:AF)! V(F) V(F)
7! (w;z) ,

wherew is the uniquefan vertex at u missingcolour andz isthe unique
fan vertex at u incident with the fan edgecoloured .

We shall say that F is an e-fan digraph at u whenwe want to emphasizethe
fact that F isthe fan digraph of an e-tensecolouring of G. Notice that this object
is well-de ned under our current assumptions. An exampleof a tensecolouring
and assaiated fan digraph is givenin Fig. 3.

The fan digraph provides a very compactway of simultaneously represeting
the structure of all fans at u, which is an important part of the processof un-
derstanding edge-colouringproblems (see Goldberg [13]). Indeed, if F = [e =
€€ :.:e]isafan at u; with ¢ 2 uw; for0 1k (wherewy = v and the
w;'s are not necessarilydistinct), then F correspnds, in the fan digraph, to the
directed walk W (F) de ned by

W(F) = [v=wp (e);wy; (&);:::; (&);Wl: (1)

trail in F starting at v; then, by De nition 4, ; is the colour of a fan edgeeg 2
uw;; and hence,usingnotation (1), W = W(F); whereF = [e= eg;€e;6;:: ;&
Hence(1) de nes a one-to-onecorrespndencebetweenfansat u (with respect to
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Figure 3: (a) A tensecolouring of a multigraph (only the fan edgesare shawn).
(b) The correspnding fan digraph. Notice that the arcs of the fan digraph are
colouredand labelled with the correspnding fan colours.

) and directedtrails in F starting at v. It is easyto seethat this correspndence
mapsmaximal fansinto maximal directedtrails. Thereforewe have the following.

Theorem 1 There is a natural one-to-onecorrespndencebetween fans at u
in G and directed trails in F starting at v. Under this corresppndencemaximal
fansat u correspnd to maximal trails in F starting at v.

A vertexw in adigraph G is saidto bereachablefrom v if thereis a directed v-
w path in G. The following is a direct consequencef Theorem1 and De nition 3.

Corollary 1 Every vertex in F is reahable from v.

Theorem 1 givesmore than a genericone-to-onecorrespndencebetweentwo
apparertly di erent mathematical objects. It is indeedan \isomorphism", in the
sensethat ewvery \op eration” that can be performedon one setting has a corre-
sponding\op eration" on the other setting. The following examplewill clarify and
put in the correct perspective the precedingsomewhatvagueassertion. Consider,
for instance, the recolouring operation. Let F be the fan digraph at u of an e-
tensecolouring . Let F beafanat u andlet W(F) be the correspndingtrail in
F . In the next theoremwe prove that recolouringthe fan F is equivalert to the
operation of inverting the orientation of the arcsof W(F) in the correspnding
fan digraph. Here we denoteby A(W (F)) the set of arcsin the trail W(F).



Theorem 2 Let F beanefandigraphatu. Let F = [e= ey;€e;:::&] bea
fan at u and let W (F) be the correspndingtrail in F. Let F °be the fan digraph
at u of the g-tensecolouring obtained by recolouringF. Then we have

V(F9 = V(F)
A(F9 = A(F)

o(a):( (@ ifa2 A(F)nA(W(F))
F (@) ! ifa2 A(W(F)):

Proof. After recolouring F, the fan vertices, fan edges,fan colours remain the
same,so that V(F% = V(F) and A(F9 = A(F): Let w, be the endpoint,
di erent from u, of the edgeec, and let wy be the endpoint, di erent from u;
of the edgee = e, The fan digraph F is rooted at wy and the fan digraph F°
is rooted at wx. The only alteration in the colouring of G a ects the edgesin

modi cation that the fan digraph undergaesis in the direction of the arcs of
W (F), which are reversed. 2

The advantage provided by the introduction of the fan digraph in edge-
colouring lies in the fact that the somewhatelusive properties of fans are much
more visible and comprehensiblen an entirely graph-theoreticframework. More-
over, having a familiar object sud asa digraph under consideration,immediately
suggestghe idea of nding a suitable interpretation to all its basic parameters.
One of the most natural parametersto look at is, to start with, the degreese-
guenceof the fan digraph. The following lemma gives a useful edge-colouring
interpretation of the outdegreesand indegreesof the fan verticesin the fan di-
graph. It will be convenien to denotethe number of fan edgegoining two vertices
x andy by s(xy): We call this number the fan multiplicity of the edgexy:

Lemma 3 Letw 2 V(F): Then

df (w) = cdef(w)

(
_ c(uw) if wé v
dr (W) = suw) 1 ifw=wv:

Proof. Let w beafanvertex at u. It is easyto seethat the outdegreeof w in F is
exactly equalto the number of coloursmissingat w in G, which is, by de nition,
cdef(w) . Similarly, the indegreeof w in F is preciselythe number of coloured

9



fan edgedncident with w, and this number equalsthe fan multiplicit y of the edge
uw for all verticesw 6 v. The indegreeof v in F is easilyseento be g(uv) 1,
becauseof the existenceof the uncolourededgee. This terminates the proof. 2

The following lemmais a consequencef the fact that G is, by assumption,
Class2 and the edgee is critical in G.

Lemma 4 For any fan digraph F; we have jV(F)] 2

Proof. Let v be the root of F. It will suce to prove that di(v) > O: By
Lemmas3, this is equivalert to prove that cdef(v) > 0. By Proposition 1, we have
that cdef(v) = ( YG) 1) (ds(v) 1)= qG) ds(v) and, by the assumption
that G is Class2, we then have cdef(v) ( G)+ 1 dg(v) > 0; aswe wanted.
2

By De nition 4, the number of arcsin F is equalto the number of fan colours.
Lemma3 allowsusto court the number of arcsin the fan digraph in two additional
ways, namely by summingthe outdegreesf the fan verticesand by summingtheir
indegrees.This simple ideayields the following very powerful idertit y.

Theorem 3 (The fan theorem) We have, for any fan digraph F at u,
X
cdef(w) = sluw) 1= jCj:

w2V (F) w2V (F)

Proof. The result follows by courting the arcsof F asa sum of the outdegrees
of the fan verticesand as a sum of their indegrees,and applying Lemma3 and
De nition 4. 2

Theorem3is a very generalresult which encompassea vaste number of edge-
colouring results, and expresseshem at a higher level of abstraction. In the next
section we shall deducesomeclassicaledge-colouringtheoremsas corollaries of
Theorem 3.

An immediate obsenation is that, if G is simple, then the \fan theorem"
above reducesto the following.

Corollary 2 If G is a simple graph, then, for any fan digraph F at u,
cdef(w) = jV(F)j 1= jCj:
w2V (F)
Proof. Indeed,if G is simple,then (uw) = 1 for eacr w 2 V(F): 2

Corollary2 impliesin particular the fact that the fan digraph of a simplegraph
is a tree. More precisely we call out-tree a directed tree in which all vertices,
exceptone (called the root), have positive indegree(seeFig. 4).

Corollary 2 implies the following.

10



®( 1 15 1)

A\ V3
u
1 2 3
Vi e ® ®
Va V5 5
1
[ ]

Figure 4: The fan tree of a tensecolouringin a simple graph.

Corollary 3 If GisasimplegraphandF is ane-fan digraph at u; wheree = uv;
then F is an out-tree rooted at v.

Proof. Indeed, by Corollary 2, there are exactly jV(F)j 1 edgesin F and, by
Corollary 1, F is connected,sothat F is a tree. The fact that F is an out-tree
follows from Corollary 1. 2

We shall call fan tree the out-tree assaiated to the tensecolouring of a simple
graph. An exampleof a fan tree is given in Fig. 4. The tree-structure is very
interesting becauseof the existenceof terminal vertices (i.e. vertices with zero
outdegree). By Lemma3 and Proposition 1, any terminal vertex in a fan tree
of G is a vertex of maximum degreein G. We remark that, in edge-colouring,
knowing how many neighbours of maximum degreea given vertex has(or at least
establishinga lower bound on sud quartit y), is of the greatestimportance. The
introduction of the fan tree greatly simpli es this estimate, since the question
\A t leasthow many neighbours of maximum degreedoesu have in G?" is turned
in the much simpler (on the basisof the information that we possesspuestion
\How many terminal verticesdoesF have?". To be more speci ¢, it is obvious
that F, beingan out-tree, hasat leastasmarny terminal verticesasthe outdegree
of its root. Using this idea, we can produce, e.g.,an ertirely graph-theoreticand
self-cornained proof of Vizing's Adjacency Lemma as follows.

Theorem 4 (Vizing's Adjacency Lemma) Let G bea Class2 simplegraph
with a critical edgee = uv. There are at least {G) dg(v) verticesin G of
maximum degreeadjacert to u and di erent from v.

Proof. Let F beane-fantree at u: As obsened above, any terminal vertex of F is
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avertex of maximum degreein G. Since,in an out-tree, there areat leastasmany
terminal verticesasthe outdegreeof the root, there are at leastdz (v) verticesof
G of maximum degreeadjacen to u; and di erent from v: By Lemmag3, df (v) =
cdef(v). By Proposition 1, cdef(v) = ( 4G) 1) (dg(v) 1)= 9G) dg(v);
and the result follows. 2

3 Some applications of the fan theorem

We shall now shav to the reader how the fan theorem can be usedto prove
edge-colouringresults. A natural starting point is, as can be expected, Vizing's
Theorem[17].

Theorem 5 (Vizing's Theorem) Let G be a multigraph. Then ( G)
@ (6+ (G)

Proof. The lower bound in the statemert of the theorem is trivial, so that we
only needto prove the upper bound. Without lossof generality, we can assume
that G is Class2 and has a critical edgee 2 uv: Let be an e-tensecolouring
with colour set C and let F be the correspnding fan digraph at u: Notice that
iC = YG) 1. We needto prove that jCj < ( G) + (G): Suppose,on the
cortrary, that

iG (6)+ (G): (2)

By Proposition 1 and inequality (2) we have, for any fan vertex w,
cdef(w) = jCj ds «(w) G (G) (G): (3)
Summing both sidesof (3) over V(F) and applying the fan theorem, we have

X
c(uw) 1 (G);
w2V (F) w2V (F)

which is impossiblebecause (uw) (G) for any vertex w. 2

We now prove, in arather similar way, the following generalizationof Vizing's
Theorem, due to Ore [15].

Theorem 6 (Ore's Theorem) Let G be a multigraph and let

= max (dg(X) + max Xy)):
x2V(G)( c(X) JounaX c(Xy))

Then qG)

12



Proof. Again, asin the proof of Theorem5, we canassumethat G is Class2 and
that G hasa critical edgee 2 uv: Let be an e-tensecolouring of G with colour

setC. We prove that jCj < : Supposethat jCj . It then follows that, for
any vertex w, we have
cdef(w) = jG dg (W) de(w): 4)

Summing both sidesof (4) over V(F) and applying the fan theorem, we have
X X X
V(F)j ds(w) cuw) 1 s(uw) 1;

w2V (F) w2V (F) w2V (F)
sothat X
JV(F)] (de(w) + c(uw)) 1,
w2V (F)
which cortradicts the de nition of . 2

We concludethis sectionwith a proof of Shannon'sTheorem[16].

Theorem 7 (Shannon's Theorem) Let G be a multigraph. Then 4G)
b3 ( G)c.

Proof. As before,we canassumethat G is Class2 and that G hasa critical edge
e2 uv: Let be an etensecolouring of G with colour set C. We needto prove
that jCj < b3 ( G)c: Supposethat jCj b ( G)c: Considerthe fan digraph at u
with respectto : By Proposition 1, for ead fan vertex w 6 v; we have

cdef(w) bg( G)c (G)= b%( G)c (5)

and, for the vertex v (which is incidert with the edgee), we have

cdef(v) b%( G)c+ L (6)
By (5) and (6), we have
cdef(w) jV(F)jb}( G)c+ 1 (7)
w2V (F) 2
By the fan theoremand (7), we have
X X
jV(F)jb}( G)c+1 suw) 1 suw) 1 (G 1,
2 w2V (F) w2V (F)

wherewe have usedthe fact that the number of edgesincident with u is at most
( G): Hence

jV(F)jb%( Gc (G) 2

It is easyto seethat this canhold only if jV(F)j = 1. Howeer this cortradicts
Lemma4, and this cortradiction provesthe theorem. 2
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4 On Vizing's Adjacency Lemma

Vizing's AdjacencyLemmay(i.e. Theorem4) wasprovedin 1965by Vizing [18]for
simple graphs, but has sincethen beengeneralizedto multigraphs by Andersen
[2], Chetwynd and Hilton [7], Chew [8], Choudum and Kayathri [9], Ehrenfeudt
et al. [10], Goldberg [12, 13|, and Hilton and Jadkson [14]. In this section, we
state and prove a new generalizationof Vizing's Adjacency Lemma. The proof of
our result (which also appearsin [6]) makesno useof any recolouring or colour
exdangeargumert, and is basedonly on elemenary graph-theoretic properties
of the fan digraph. This supports the claim madeearlier, that the fan digraphis a
valuabletool in the study of edge-colouringproblems. After stating and proving
our result, we deduceas corollariesall the generalizationsof Vizing's Adjacency
Lemmawhich are known to the author, i.e. those mertioned above.
Our theoremis as follows.

Theorem 8 Let G bea Class2 multigraph with a critical edgee 2 uv, and let
de(v) + c(uv)  YG): Let

X =fx2Ng(u) j x6 v;ds(X)+ g(ux) YG)g:
Then X 6 ; and

X
(de(x) + c(ux) 1G) + 1) 1G) ds(v) c(uv) + L

x2X

Proof. Let F be an e-fan digraph at u. By Lemma3, Proposition 1 and the
assumptionon v, we have

de(v) de(v) = AG) ds(v) ( g(uv) 1)

AG) ds(v) o(uv)+ 1> 0:

(8)

LetY = fy 2 V(F)jde(y) > df (y)g. Notice that, by (8), v2Y . From the fact
that the sum of the outdegreesequalsthe sum of the indegreesof the vertices of
F, it followsthat Y 6 ; and that

) ) AV dew): ©)

y2Y

From Proposition 1, Lemmag3 and the fact that 5 (uy) c(uy) for all vertices
y 2 Y; we have, foreathh y 2 Y;

de(y) dE() = o(uy) (( 4G) 1) ds(y)  oluy) YG)+1+ds(y): (10)

Summing both sidesof (10) over Y, we have
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X X
(de(y)  de(Y) (ds()+ oluy) 4G)+ 1) (11)

y2yY y2Y
Applying (9), we have

GV de) )+ o) YG)+ 1) (12)

y2Y
and, applying (8), we have
X
1G) ds(v) c(uv) +1 (da(y) + c(uy) 1G) + 1): (13)

y2yY

Let X be the set de ned in the statemen of the theorem. By (10), and the
de nition of Y; it followsthat Y  X: By (13), and the fact that the terms in
the summation over X in the statemen of the theorem are positive, inequality
(13) is also satis ed when'Y is substituted by X . This terminates the proof. 2

A rst corollary of Theorem 8 is the following theorem of Choudum and
Kayathri [9].

Corollary 4 (Choudum and Kayathri, 1999) Let G bea Class2 multigraph
with a critical edgee 2 uv; and let dg(v) + g(uv) 9G). Let

= max (de(X) + max  g(xy)):

x2V (G) y2V (G);y86 x
Let qG) = r; wherer 0. Let X bede ned asin Theorem8. Then
k
iXj d :
12 r+ 1e

wherek = 9G) dg(v) c(uv)+ 1.

Proof. By Theorem 8, we have

X
(de()+ o(ux) 4G)+1) k: (14)
x2X
Sincedg(x) + g(ux) ; we have
ds(X) + s(ux) 9qG)+1 WG)+1=r+1 (15)
Hence,by (14) and (15),
(r+ 1iXj k;
and, sincejXj is an integer, we have
oy k
iX] dr " 1e.

2

A secondcorollary of Theorem8 is the following theorem of Hilton and Jack-
son[14].
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Corollary 5 (Hilton and Jackson, 1987) Let G be a Class2 mtlgtigraph with
acritical edgee2 uv: Let {G) dg(v) + c(uv): Letd (u) = ,,x o(ux);
where

X = fx2 Ng(u)jx6 vids(x) + s(ux) 4G)g:

Then
d (uy 2906) (u) ds(v)  c(uv);

where (u) = maxfdg(x)jx 2 Xg:

Proof. Applying Theorem 8, we have

X
d (u) (16) 1 de(x)+(4G) da(v) s(u)+1):  (16)
X

X2

By de nition, (u) dg(x) for all x 2 X: Hence,by (16), we have

X
d (u) (16 1 W+ (Y6 de(v) e(u)+1): (17

x2X

Notice that, by Theorem 8, X 6 ; and, by the assumptionthat G is Class 2,
G) 1 (u) 0. Hence(17) implies that

d (u (Y6 1 W)+ ( 4G da(v)  o(uv)+1)
=2 qG) (u) ds(v)  s(uv);

which is as wanted. 2

A third corollary of Theorem8 is the following result of Chetwynd and Hilton
[7].

Corollary 6 (Chet wynd and Hilton, 1986) Let G be a Class2 multigraph
with a critical edgee 2 uv. Let d (u) denotesthe number of edgesof G joining
u to thoseverticesx which satisfy dg(x) + g(ux) YG): Then

Doy max o(uv)i2g fds(V)+ o)  YG)
(W 1G) do(v) o)+ 1 if de()+ o(uv)< %G):

Proof. Let

X =fx2Ng(ujx6 v;ds(x) + s(ux) qG)g:
ds(V) + c(uv)  9G); (18)
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then all the edgegoining u and v court towards d (u); sothat trivially
d (u) c(uv):

If, furthermore, g(uv) = 1; then, since G is Class 2, by (18) we must have
equality, and alsodg(v) = ( G); 4G) = ( G)+ 1. But then we can apply
Theorem 8, and, by Theorem8, X 6 ;; sothat there existsa vertex w 6 v suc
that uw 2 E(G) anddg(w) + g(uw) YG); and in particular d (u)  2: This
provesthat d (u) maxf g(uv);2g underthe assumption(18).

Assumenow that dg(v) + g(uv) < qG): Let

Z=1fx2Ng(u)jds(x)+ s(ux) 4G)a:

Blotice that, under the current assumption,Z = X: Notice alsothat d (u) =
«2x &(ux): Using Theorem 8, we have

dU) =" wox o(ux)
"ex(6) 1 de()+ ( XG) do(v)  o(uv)+ 1)

AG) ds(v)  o(uv)+ I

wherewe have usedthe factthat {G) 1 dg(x) Oforall x 2 X: This proves
Corollary 6 alsoin the casethat dg(v) + ¢(uv) < qG): 2

A further corollary of Theorem 8 is the following well known theorem of
Andersen[2], obtained, independerly, by Goldberg [12] (seealso[8, 10, 13]).

Corollary 7 (Andersen, 1977; Goldb erg, 1975) Let G be a Class2 multi-
graph with a critical edgee 2 uv: Supposethat, for every vertex w adjacer to u,
de(W)+ g(uw) YG): Thenuis adjacen to at least {G) dg(v) o(uv)+1
verticesx 8 v, whereds(x) + c(ux) = 4G):

Proof. It is easyto see,using the notations of Theorem 8, that Corollary 7 is
equivalert to the statemert that the set X cortains at least {G) dg(v)
c(uv)+ 1elemens. But this followsimmediately from Theorem8, after noticing
that all the termsin the summationover the setX in the statemen of Theorem8
are idertically equalto 1. 2

A further corollary is, of course,Vizing's Adjacency Lemmafor simplegraphs.

Corollary 8 (Vizing, 1965) Let G be a Class2 simplegraphandlet e= uv be
a critical edge. Then there are at least {G) dg(Vv) verticesof G of maximum
degreeadjacen to u and di erent from v.
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Proof. It su ces to notice that the set X de ned in Theorem 8 consistsonly of
verticesof maximum degree and that all the termsin the summation over the set
X areidertically equalto 1. Applying Theorem8 and noticing that g(uv) = 1;
we have the desiredresult. 2
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[4] by Prof. J.A. Bondy. The author wishesto thank Prof. A.J.W. Hilton for his
usefulremarksthat signi cantly helped him to improve the clarity of the paper.
While this paper was beenwritten, Prof. L.D. Anderseninformed the author
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