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Abstract

A well known conjecture in graph theory states that ewery reg-
ular graph of even order 2n and degree (2n), where 1=2, is
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1-factorizable. Chetwynd and Hilton [1-factorizing regular graphs of
high degree - an improved bound, Discrete Mathematics, 75 (1989),
103-112]and, independertly, Niessenand Volkmann [Class 1 condi-
tions depending on the minimum degree and the numker of vertices
of maximum degree, Journal of Graph Theory, 14 (1990), 2p2_5-246]
proved the above conjecture under the assumption that -1
5=6. Sincetheseresults were published no signi cant or even partial
improvemert hasbeenmadein terms of lowering the bound on . We
shall here obtain a partial improvemen on . Speci cally, using the
original Chetwynd-Hilton approac and Tutte's 1-Fact9LTheorem,
we show that the above bound can be improvedto > %3 3=4;
apart (possibly) from two families of exceptional cases.We then show,
under the stronger assumption that 0:785, that one of the
two families of exceptional casescannot occur.

Keyw ords: 1-factorization, 1-factorization Conjecture, Tutte's 1-
factor theorem

MSC 2000: 05C15, 05C70

1 Intro duction

All graphsthat we shall considerare nite, simple and undirected. Let G
be a graph. The vertex set, edgeset, maximum degreeand minimum degree
of G will be denotedby V(G);E(G); ( G); (G); respectively. The order of
G is the number of verticesin G. G is regular if ( G) = (G); in which
casethe common degreeof the vertices of G is called the degree of G and
denotedby d. If V; V(G), by G V; we shall denotethe graph obtained
from G by deleting all the verticesin V; (together with their incident edges).
Similarly, if E; E(G); by G E; we shall denotethe graph obtained from
G by deleting all the edgesin E;. The notaton G X Y, whereX andY
are setsof verticesor edgeswill be usedto denotethe graph (G X) Y.
The symbol n will be always usedin this paper to denotea positive integer.
A matching M of G is a set of mutually nonadjacen edgesof G. If M
is a matching, we denote by V(M) the set of vertices of G incident with
edgesof M. Two matchings are (edge)-disjoint if they have no common
edge. A matching M is a 1-factor of G if jV(M)j = jV(G)j; and a near
1-factor of G if jJV(M)j = jV(G)] 1. If M is a near 1-factor of G, and



v 2 V(G) is the (only) vertex of G sud that v 2 V(M); we say that M

misses vertex v, or that v is missa by M. A 1-factorization of G is a
set F of pairwise edge-disjoi 1-factors of G whoseunion is E(G). For an
introduction to 1-factorization, and unde ned graph theoretic terminology,
the readeris referredto Wallis [16]. A graphis Class1 if its edgeset can
be partitioned into ( G) matchings, and Class2 otherwise. It is easily seen
that a graph is 1-factorizableif and only if it is regular, has even order and
is Class1. The problem of deciding whether a given graph is 1-factorizable
is a dicult problemin general,which is known to be NP-complete[7]. In

apparen cortrast with this fact, the following well known conjecture (which
rst appearedin print in a 1985paper by Chetwynd and Hilton [3], but which
certainly circulated informally much earlier) claims that, for a vast classof
regular graphs, the above decisionproblemis trivial.

Conjecture 1 (1-Factorization Conjecture) Every regular graph of
order 2n and degreed n is 1-factorizable.

This conjectureis consideredvery hard and, if it could be proven, would
have important consequences graph theory as well as other branches of
mathematics. We briey summarizethe history of this conjecture. It has
long beenknown (and it may beregardedaspart of \mathematical folklore™)
that the conjecture holds for completegraphs,i.e. whend = 2n 1. Since
the choice of the rst 1-factor in a 1-factorization of K, is arbitrary, the
conjecturealso holdsfor d = 2n 2. Chetwynd and Hilton [3] proved the
conjecturefor d= 2n 3. Rosaand Wallis [12] settled the cased = 2n 4,
under the assumptionthat G (the complemen of G) is 1-factorizable. The
cased=2n 4andd= 2n 5 weresettledin full generality by Chetwynd
and Hilton in [3] (seealso[4]). The cased = 2n 6 was settled by Niessen
in [9], under the assumption that 2n 18, and in full by Song[13] and
Songand Yap [14], as a corollary of their determination of the chromatic
index of graphswith exactly v e vertices of maximum degree. To the best
of our knowledge, the cased = 2n 7 of the conjectureis currently open
in general (it certainly holds for n 20 by Theorem 1 below). In 1985
there was a breakthrough by Chetwynd and Hilton [3], when they proved
that all regular graphs of order 2n and degreed = (2n), where 6=7,
are 1-factorizable. This result set a completely new and more interesting
challenge,namelyto lower asmuch aspossiblethe bound on , with the aim
of (hopefully) reading the target 1=2; which would settle Conjecturel
in its full generality. Substartial progressin this direction was obtained a
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few yearslater by Chetwynd and Hilton [5] and, independerily, Niessenand
Volkmann [10], by meansof the following result.

Theorem 1  All regular graphs G of order 2n and degree (2n), where
—21; are 1-factorizable.

Notice that p7—21 0:823 5=6.

In 1997there wasanotherbreakthroughin 1-factorization by Perkovic and
Reed[11], who proved (by probabilistic methods) that the 1-Factorization
Conjecture is \asymptotically true", i.e. it is true (for any given > 0)
for all regular graphs of order 2n and degreed (1=2+ )(2n), provided
n is su ciently large (dependingon ). This result, which (although newer
published) had beenalsoannouncedmarny yearsearlier by Haggkuvist, clearly
provides a strong evidencein favour of Conjecturel.

Unfortunately, in the large time span elapsedfrom the publication of
Theorem 1, no improvemen hasbeenmadeon the 1-factorization of regular
graphsof order 2n and degree (2n), in terms of lowering the bound on
A related result was establishedby the presen authors in [2], whereit was
proven that, if % 0:63, then G cortains two (distinct) vertices x
andy sudh that G x vy is Class1, and, if 3=4, then, for any pair
of (distinct) verticesx andy, G x vy is Classl. Unfortunately we were
unableto deducefrom this that, under the sameconditions, alsoG x (and
henceG) are Classl. In [1] (the rst author's Ph.D. thesis, which was writ-
ten under the supervision of the secondauthor), the rst author considered
the problem of improving the Chetwynd-Hilton bound on and obtained
somepartial results. The absencdrom the literature of any de nite or even
partial improvemen on the Chetwynd-Hilton-Niessen-\6lkmann bound for
nearly twenty years, prompts us to publish somefurther material from [1],
which may hopefully provide someground to other researbers for further
investigations on this topic. The results we presen here are a further im-
provemers to the resultsin [1].

The rst resultthat we shall presen will be stated preciselyin Section3in
the form of TheoremS5, but may be informally descriked gsfollows. Let G be
aregular graph of order 2n and degree (2n), where > % 3=4. Then
we prove that G is 1-factorizable, apart from two possiblefamilies of well
describked exceptional cases,which we collectively call Case One and Case
Two. Thesecasesare, in somesensegxtremal, becausea certain parameter,
which will be de ned later, takes its extremal values on these two cases.



In all the remaining casesour result establishesdirectly the existenceof a
1-factorization in G (it doesnot provides an algorithm, though, since our
proof is existertial). Clearly, in order to claim the 1-factorizability of all
graphs G with > —22 one must rule out these two casesand prove
their impossibility. Unfortunately we could not solve CaseTwo in general,
even under somestrongerassumptionson . However, in Section4, we shall
presen our secondresult, namely a proof of the fact that, if ; where
0:785is de ned as a root of a certain quartic polynomial, then Case
Oneis impossiblé.
We beliewe that a technique similar to the one used here could lead to
a proof of the impossibility of Casefwo for, sa, 0, Where ¢ is well
below the Chetwynd-Hilton boundof —Z-  0:823. Obviously, by the results
proved in this paper, sud a proof would imply the truth of Conjecturel for
all graphs G with maxf ; o0.

2 Preliminary lemmas and results

If GisagraphandS V(G), we denoteby oddS) the number of connected
componerts of odd orderin the graph G S (we call theseodd components).
We shall usethe following well known theorem of Tutte [15].

Theorem 2 (Tutte's Theorem) Let G be a graph. Then G has no
1-factor if and only if there existsasetS V(G) sud that oddS) > |S;.

A setS asin the statemert of Tutte's Theoremwill be calleda Tutte Set We
shall alsoneedthe following well known su cien t condition for the existence
of a Hamilton cyclein a graph, due to Dirac [6].

Theorem 3 (Dirac's Theorem) Let G beagraphoforderat leastthree.
Suppose (G) jV(G)j=2. Then G is Hamiltonian.

The following theorem, due to Chetwynd and Hilton, was proven asthe
main result in [5], from which Theorem 1 follows immediately asa corollary.

Theorem 4 Let G be a regular graph of order 2n and degree

5 p 1
d é(2n) §+§.

1This result improvesthe corresponding bound givenin the rst author's Ph.D. thesis
[1], which was 0:794.




Then G is 1-factorizable.
Herep = p(G) is de ned as maxgy2v(c) P(X; Y); where
px;y)=jfz2V(G):z26 x;26 y;zx ZE(G); zy 2 E(G)q;:

We shall usethe sameapproad and part of the original proof of Theorem4.
A feature of the proof which hastaken many peopleby surprise and made
them feeluncomfortableis that, in the rst step of the proof, two verticesw
andv areremoved from the vertex setof G, yielding the non-regulargraph
G v w. While it is easyto seethat, removing onevertex from a regular
graph of even order yields a graph with the samechromatic index than the
original one,the samefact is not true in generalif two verticesare removed,
and a substartial number of hypothesesare addedin order to deducethat G

is 1-factorizablefrom certain properties of the graphG w v . Of course
there are many additional featuresin the proof. Howeer, informally speak-
ing, the essetial ideais to reducethe problem of nding a 1-factorization of
G to proving the existenceof a single 1-factor in a carefully chosensubgraph
of G. For the details of the proof we refer the readerto the original paper of
Chetwynd and Hilton [5], or to Wallis [16]. For someremarks, clari cations

and slight improvemerts the interestedreaderis referredto [1] or [2]. How-
ewer, we shall only usethe following fact from the proof of Theorem4, which

has beenderived from [5] (apart from a slight improvemern givenin [1] and
[2]). In order to make the connectionwith [1, 2, 5] easyto see,we retain the
notations usedin those works.

Lemma 1 Let G bearegulargraph of order2n and degreed = (2n),where
82 063 Let w;v be two distinct vertices suc that p(w;v ) =
p(G). There existsa subgraphH of G woforderg+1 4n 2d p 2

H (ead of which edge-disjoin from Mg), whereead matching M; satis es
IMij %(q+ 1 i), and a setof (not necessarilydistinct) prescribed vertices

i, where ; 2V (M)), sud that G is 1-factorizableif the following conditions
are satis ed:

(a) there existsa setof q 2 pairwise edge-disjoih near 1-factorsF;;i =
1,2,:::;9 2, 0of G w which are edge-disjoih from Mg, sud that
ead near 1-factor F; missesvertex ;;

Sy 2 Sy 2
(b) iq=1 Fi iq=1 M;.



Thus, in order to prove that a regular graph G of order 2n and degree
(2n) is 1-factorizable,it su ces to prove the existenceof a set of near 1-
factorsfF : 1 i g 2gasinthe statemeri of Lemmal. The ideawe shall
employ is the following. We shall argueby corntradiction. By consideringthe
largestpositive integert < g 2 sud that there existsa setoft edge-disjoin
@nd edgesdlsplm from Mg) near 1-factorsfF; : I tgofG w; where
i1 Fi iz M; and F; missesvertex ;, we shall determine conditions on
which guarartee the existenceof a setof t + 1 near 1-factorswith the same
property, which will cortradict the choiceof t.
It will be usefulto have at our disposalthe following upper bound on q.

Lemma 2 Usingthe notations and hypothesesof Lemmal, we have g+ 2
1 ?)(2n).

Proof. From Lemmal, we have
g+2 4n 2d p 1: Q)

By an easycourting argumert (see[5, Lemma 3]), it can be proven that p
satis es the inequality

2n d 1@n d 2)
2n 1 ' 2)

By (1) and (2), we have

gt+2 4n 2d 1 2n d 1)2n d 2)

_1
2n 1

1)(4n 2d 1) (4n2+ 2+ 2 4nd 6n+ 3d)]

which simpli es to

42 d 1 d*
2n 1 '
Thus, in order to prove the lemma, it will suce to verify that

q+ 2

n? d 1 d?

o 1 1 ?@n):

Usingd = (2n), we can rewrite this as

2n( %+ N+1 0



This certainly holdsif satis es the inequality

24 1 0
which holds if 51 062 (and henceholds under the stronger hy-
pothesesof Lemmal, since 32 > 51, 2
In [5] the existenceof a setfF; : 1 i g 2g of near 1-factors of

G w satisfying the conditions (a),(b), stated in Lemmal was established
recursiwely by consideringthe graph

G=(G w) (Fi[ Fa[ ::i[ Fi o[ Fi[ My) (3)

and by proving, for sometypical valueofi < g 2, the existenceof a near
1-factor Fi.; of Gj containing the matching M., and missingthe vertex ;.
This is clearly equivalert to shaving the existenceof a near 1-factor missing
vertex .1 in the graph

G =G w) (Fi[ :::[ Ri[ Mg) V(Miu):
Notice that, by Lemmal, the matchings M; satisfy the inequality

IVIMj)j q i+ 1fori=1;:::;9 2 4)
Chetwynd and Hilton shawved that, under the assumption p72 1
all graphs G, above are Hamiltonian becausethey satisfy the conditions of
Dirac's Theorem (Theorem 3), and hencehave the required near 1-factor.
If < —Z2, we cannotin generalclaim that G; satis es Dirac's condition
for Hamiltonicity, and hencewe have to look for other ways to prove that
the conditions of Lemmal are satis ed. We shall prove that (under certain
conditions to be speci ed later) the conditions of Lemmal are satis ed by
consideringthe graph
Gi = Gi i+1 -
Sudh a graph dependson the graph G; and hencedependson the choice of
the 1-factorsF;;j < i. We shall prove (using Tutte's Theorem) that either
G; hasa 1-factor or that we canrede ne the near 1-factorsF;;j < i in suc
away that the (new) graph G, hasa 1-factor.
As mertioned above, the starting point of our proof is the following.
Assumethat t q 2 is the largest positive integer sud that there exists
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a set of exactly t near 1-factors Fy;F,;:::;F, of G w which satisfy the
conditions that they are mutually gdge d|SJo§h edge-disjoith from My, and
sud that F; missesvertex ; and ;_; F; -1 M. Clearly, if t = q 2,
there is nothing to prove, sinceall conditions of Lemmal are then satis ed.
Hencewe can assumewithout lossof generalily, that

t q 3

Considerthe graph

¢ =(G w) (Rl Fe[ 2 B[ Mo) (V(Mua) [ ftag):  (5)

Obviously G, depends,amongstother things, on the choice of the near 1-
factorsFl,Fz; .11, Fy, but the integert doesnot. By assumption,G, doesnot
have a 1-factor, for, if it had one,then this would cortradict the maX|maI|ty
of t.

By (4), we have

V(M) gt (6)
Let
2n = jV(G, )j:
Notice that
2n =2n 2 jV(Mu)j: 7)

By (3) and (5), we have
(G) (G) 1 jV(Mu)j; (8)
and since, by (3), we have
(G) d 1 (t+1)=d t 2
and taking (6) and (8) into accour, it follows that

(G) d q 3
Using the bound givenby Lemma2 and the idertity d = (2n); we obtain

(G) (*+ 1@ & 9)



Let bede ned by the position
t= (2n):

By Tutte's Theorem, G, hasa Tutte Set,i.e. asetS V(G; ) sud that
odd’S) > |Sj, whereoddS) is the number of odd componerts in the graph
G, S. Lets=jSj;andlet z= oddS): We have, by what we just said,

z>s: (20)

SinceG,; hasewven order and z hasclearly the sameparity asjV(G, S)j,
we have
z s(mod 2): (11)
(10) and (11) imply that
zZ s+ 2 (12)
Let fQq; Q2;:::; Q.0 bethe odd componerts of G, S, with jQ;) jQyj
: jQz: Let g = jQij; fori=1;2;:::;z:
SinceQ; is the smallestodd componert of G, S and using (12), we

have
2n an

z S+ 2:
If v2 V(Q;); then any edgeof G, incidert with v joins v to either another
vertex in Q; or a vertex in S: Therefore

(G) (g L+s:

Thus
g (G )+1 s (13)
S
By this, (12) and the fact that V(G, ) S[ 7, Qi; we have the following:
xz
2n s+ g S+(s+2)((G)+1 ¥9): (14)

i=1
Now, the quadratic
X+ (x+2)K+1 x)= x2+Kx+ 2K+ 2

whereK = (G, ), is (asa function of x) symmetric with respect to the axis
x = K=2 and increasingfor x =~ K=2 (and hencedecreasingfor x K=2:)
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Forx = landx = K 1, the quadratic takesthe value1+ 3K = 1+ 3 (G, ).
By (9), we have

1+3 (G, ) 3(?2+ 1)(@2n) 2 (15)

The right-hand side of (15) is larger than 2n 2 (and hence,by (7), larger
than 2n ) if
3( %+ 1) > 1; (16)
ie. if
32+3 4>0
which holdsif 1p
> 6( 57 3) 0:758 (17)

Under this condition (14) cannot be satis ed for 0 < s< (G,); and hence
the only possiblesolutions are either s = 0 or in the ranges (G, ): This
provesthe following.

Theorem F?u_Let G be aregular graph of even order 2n and degree (2n):
Let > %( 57 3). Then either G is 1-factorizable,or any graph G, ; which
can be obtained as descriled above, has a Tutte Set S sud that either of
the following casesoccurs:

Case One S = ;:

Case Two jSj (G ):

In the next sectionwe shall considerCaseOnein detail and give a full solution
of CaseOne under somecondition on stronger than that of Theorem 5,
ut still wealer than the Chetwynd-Hilton-Niessen-\6lkmann condition
%. CaseTwo will be not dealt with in this paper, but someremarkson
CaseTwo will be madeat the end.

3 Case One

The main result of this sectionis the following theorem.

Theorem 6 Let bede ned asthe secondargestroot of the polynomial
x4 x3 4x?+ 2x + 1. Let G be a regular graph of order 2n and degree
(2n), where . Then either G is 1-factorizable,or any subgraphof the

form G, hasa Tutte SetS sud that jSj (G ):
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Notice that 0:785.

To prove the theorem, we rst make somepreliminary obsenations and
prove an auxiliary lemma. Our argumert goes as follows. By Theorem 5,
in order to prove Theorem 6, it clearly su ces to prove that G, doesnot
admit the empty set asa Tutte Set. Arguing by cortradiction, we assume
that S = ; isa Tutte setfor G, . By (12), G, hasz 2 odd componerts
Q1;Q2; 111 Qz: By (13), we have

1Qi] (G; )+ 1for eati. (18)
By (9) and (18), we have

Qi (*+  1)(2n); (19)

sothat, by (12) and (16), we must have z = 2 and there cannot be connected

componerts of even orderin G; . Thus G, consistsof exactly two compo-

nerts Q; and Q,, both of odd order. Let their vertex setsbe denotedby A

and B, respectively. There are obviously no edgesin G, joining A and B.

Let Eg(A; B) denotethe setof edgesin G w My joining A and B: Let
; be de ned by the relations

Al = (2n); (20)
iBj= (2n): (21)
By (19), we have
S 1; (22)
and
2+ 1: (23)

Notice that eat vertex in G is non-adjacen to exactly 2n 1 (2n)
other vertices of G. Henceewery vertex in B must be adjacern in G to at
leastjAj (2n 1  (2n)) verticesof A: It follows that

IEc(A;B)] Bj(JA] (2n 1 (2n)) > Bj(JA] 2n+ (2n)): (24)
Using the notations introducedby (20) and (21), we can rewrite (24) as

[Ec(A;B)j> ( 1+ )(2n)% (25)
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As there are no edgesjoining A and B in G, ; by (5) and the de nition of
Ec(A; B), we have

Ec(A;B) Fi[ Fo[ :::[ Fe:
Let, foreath i = 1;2;:::;t; the setE; be de ned as
Ei = EG(A;B)\ Fi: (26)

Then, obviously,
t

[
Ec(A;B) = Ei;
i=1
and, sincethe E;'s are disjoint, this implies that
. . XI . .
JEc(A;B)j=  JEiJ: (27)

S
Call an edgee 2 Eg(A; B) marginal if e 2 itzl M;; and non-marginal oth-
erwise. Denote the set of non-marginaledgesby N, i.e. let

N = Eg(A;B)n( M) (28)

i=1
We are ready to prove the following lemma.

Lemma 3 Supposethat, usingthe notations introducedabove, there exists
anindexk; 1 k t; sud that

() jExi (3 2 2 72?)(2n)
(i) Ex\ N 6 ;;
(i) jExj 2

Then we have a cortradiction.
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Proof. Let Ap = A\ V(Ei) andlet Bo = B\ V(Ey): Clearly
JAoj = [Boj = jEij: (29)
Let o bede ned by the relation
JAoj = o(2n): (30)

With aslight abuseof notation, let Ag; Bo; A; B; denotethe sulgraphsof G,
inducedby Ag; Bo; A; B; respectively. As two verticesin A, are non-adjacei
if and only if they are non-adjacen in G, ; and there are no more than
JA] (A) verticesin A which are non-adjacem to a given vertex of A, we
have

(Ao) 1A (AI  (A): (31)
Similarly,

(Bo) iBoi (iBj  (B)): (32)
Adding (31) and (32), noticing that jV (G, )j = 2n = jAj+ jBj; and taking
(29) into accour, we have

(Ag)+ (Bo) 2ZAg+2 (G, ) 2n: (33)
We claim that
(Ao) + (Bo) jAg: (34)
By (33), this holds if

A +2(G, ) 2n O

Usingthe factthat 2n  2n  2; and using (9) and (30), it su ces to verify
that
ot 2( 2+ 1) 1 0

i.e. that
o 3 2 2%

which is assumption(i) of the presern lemma. Hence(34) holds.
Let now e; = vyuU; be anon-marginaledgeof E, (which existsby assump-

Vin,jUjao; bethe remainingedgesn Ey; (listed in somearbitrary order) where
Vi 2 Aandu; 2 B foreah i = 2;3;:::;]Aqj: Notice that there is at least

14
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Figure 1. The key ideain the proof of Lemma3.

one additional edgein Ey other than e; by assumption (ii). By (34), and
the pigeon-holeprinciple, there existsan edgee; 2 Ey; where2 |  jAoj;
sud that v;v; 2 E(Ap) and uju; 2 E(Bo) (seeFig. 1).

The existenceof the quadrilateral viusu;v; is the critical part of this

in such a way that it will be possibleto obtain a cortradiction.
The alteration is donesimply by \swapping" the edgesof the quadrangle
viuiU;v;. More precisely let Fi be de ned asfollows:

Fk = (Fe nfugvisupvig) [ fuy;;vivig):

Clearly Fy is still a near 1-factor of G; edge-disjoin from all the F;'s (for
i 6 k), and edge-disjoin from Mg: Considerthe graph

G =(G w) (Fuf Fol :i:[ Fe afl Pkl Frsa[ i Rl Mo) (f 429 V(Mt41)):

This graph, as we shall see,has a 1-factor F,; cortaining the edgeg, and
this provesthat it is possibleto remove t + 1 edge-disjoin near 1-factors
FEF2::i;FS, from G w (where Flis dened as F; for i 6 k and Fy
for i = k), which are mutually %dge-disjo'@, edge-disjoih from Mg, and
such that F? missesvertex ; and ~;.; F® I} M;; thus cortradicting the
maximality of t (remenber that the edgee;, which is left out from f:} Fo
is non-marginal by assumption). Thus, to completethe proof, we only need

to verify that G; hasa 1-factor cortaining the edgeg;. SinceA and B eah

15



cortain an odd number of vertices, we can easily construct onesud 1-factor
by taking a near 1-factor of A missingvertex u;, a near 1-factor of B missing
vertex v ; and adding the edgeu;v;. To chedk that A and B have the desired
near 1-factors, we just needto obsene that they are both Hamiltonian. We
give the explicit proof for A. By Dirac's Theorem,it su ces to verify that

(A) LA
As (G, ) (A), and by (9), it su ces that
jAj  2( %+ 1n@2n) 2

Adding jBj to both sidesof the previousinequality and using the fact that
JAj+ jBj = 2n , we can rewrite the previousinequality as

2n  2( %+ 1)(2n) + jBj 2

SincejBj (G, )+1 ( 2+ 1)(2n) and by (7), it will suce to showv
that
2n  3( %+ 1)(2n):

But this inequality is guararteed by (16), and hencethe proof is completed.
2

Lemma3 enablesus to concludethe proof of Theorem®6.

Pro of of Theorem 6: We provethat the conditionsof Lemma3 are satis ed

by G, which implies a cortradiction. Let N bethe setof non-marginaledges,
de ned by (28). Let E; bede ned asin (26). Noticethat E; isanindependen

set of edges,for every i = 1;2;:::;t. Since,by Lemmal, all the marginal

edgesaretakenfrom asubgraphH oforderg+ 1, it followsthat the condition

JEx] > (g+ 1)=2 (togetherwith the fact that Ey is a matching) guararteesthe

existenceof a non-marginal edgein Ey, which is condition (ii) of Lemmas3.

Since,by Lemmaz2, we have

g+1_g+2 (1 3@n)
2 2 2

we can claim that condition (i) of Lemmag3 is satis ed if

L 2@,

JEK] 5
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Therefore, the conditions of Lemma3 are satis ed if
jEj max(3 2 2 ?3@2n)i@a ?(2n);2g: (35)

Using (27), in order to verify that (35) is satis ed, it will suce to prove
that

dEc(A;B)j=te maxf(3 2 2 ?)(2n);3(1  ?)(2n);2g;
and,usingt<q 2 (1 2)(2n), it will suce to verify that

JEc(A;B)j

@ 2@n maxt(3 2 2 7?(2n);3(1 ?)(2n);1g;

where (in the set on the right-hand side of the above inequality) we have

replacedthe number 2 by the number 1 using the trivial fact that, if x > y

arereal numbers,then the conditiony 1 guararteesthe condition dxe 2.
For corveniencellet = ( ; n) bedened as

=max(3 2 2?@2n):ia ?»(2n);1g:

It is easyto see,by solving somesimple inequalities, that

p

8 _
< 12(2n) it 132

= (36)

3 2 2?2n) fif 1;’ 2
unlessn is very small (n 3), which is certainly a casewe do not needto
considerhere, sincewe know (by the results mertioned in the Introduction)
that Conjecturel Sa_nd consequetty Theorem 6) holds for very small values
of n. Notice that 122 0:787.
Using (25), it will su ce to verify the inequality

( 1+ )@n? |
1 3@n) '

which, after taking (22) and (23) into accoun, is satis ed if

(2+  D(*+2 2(n) @ ) : (37)
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Now, by (36), we can claim that (37) is satis ed for 19 2 if we can
prove that

(2+  D(*+2 2)(2n) 32 ?*2n): (38)

After expanding,rearrangingand simplifying, (38) becomes
=~ "+3 4 + - O
2 2

Using elememary calculus (or a calculator), one can verify that the above
irpgquality, and hence (37), is satis ed under the current assumptioFrL
—13 2 Thereforewe are left only with the veri cation of the case 19

2
.
In this case,by (36), inequality (37) is equivalert to

(?+  1(*+2 2@ 1 B 2 2?@2n):
After expanding,simplifying, and changing sign, this becomes
4% 4242 +1 O (39)

Let *; be, respectively, the largestand secondlargestroot of the above
polynomial. It can be cheded (e.g. using a calculator), that * > —13-2 >

, and therefore (39) is satis ed for % Combining this with
what was proven above, we can claim that (37) is satis ed for all
Therefore,underthe samecondition, the hypothesesf Lemma3 are satis ed,
which yields a cortradiction by Lemma3. This cortradiction provesthat ;
cannotbe a Tutte Setfor G, ; and henceconcludesthe proof of the theorem.
2

4 Conclusion

Theorem 6 leaves Case Two as the only open casefor establishingthe 1-
factorizability of the regular graphs of order 2n and degree (2n); with

. We will not solwe this problem in the presen paper, as we have
not yet deviseda generalargumen. It is clear from Theorem 5, howewer,
that, if CaseTwo occurs, then the Tutte set S ough to be \very large”,
and, correspndingly, there ought to be a large number of very small odd

18



componerts in G, S (most of which singletons), and a large number of
edgesjoining S to G, S. One possibleapproat could be to prove that,

decreasehe number of odd componeris of G, S, or decreasehe di erence
oddS) |Sj, and soforth. It may be usefulto single out a special Tutte
Set for G; (on which further assumptionscan be made), for example by
consideringa Gallai-Edmondsdecompsition for G, (seel8]).
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