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Abstract. In this article, I will make a brief report on the recent study about
the mean curvature equation in pseudohermitian geometry. As a differential

equation, this (p-)minimal surface equation is degenerate (hyperbolic and el-

liptic) in dimension 2 while subelliptic in the nonsingular domain for higher
dimensions. We analyze the singular set and formulate an extension theorem.

This allows us to classify the entire solutions to this equation and to solve

a Bernstein-type problem. As a geometric application, we prove the nonex-
istence of C2 smooth hyperbolic surfaces having bounded p-mean curvature,

immersed in a pseudohermitian 3-manifold. From the variational formulation
of the equation, we study the Dirichlet problem by proving the existence and
the uniqueness of the (p-)minimizers.

1. The mean curvature equation

A pseudohermitian manifold (M, θ, J) is an odd dimensional manifold M (say,
of dimension 2n + 1) together with a contact form θ, i.e. a 1-form satisfying θ ∧
(dθ)n 6= 0 everywhere, and an almost complex structure J, i.e. an endomorphism
from the contact bundle ξ ≡ ker θ onto itself satisfying J2 = −Identity (usually
J is also required to satisfy a certain integrability condition while, for n = 1,
this condition always holds) (see, e.g., [Lee]). The natural examples arise as the
boundaries of strongly pseudoconvex domains in Cn+1. Let D be a (C∞ smooth)
strongly pseudoconvex domain in Cn+1. Let M = ∂D. We take θ = −i∂ϕ (i =√
−1) restricted to M, where ϕ is a defining function for M. It follows that the

contact bundle ξ coincides with TM ∩ JCn+1TM where JCn+1 denotes the almost
complex structure of Cn+1. We then take J to be the restriction of JCn+1 on ξ. We
understand D through the study of ∂D viewed as a pseudohermitian manifold as
above.

There are many interesting problems in pseudohermitian geometry. I would
like to mention a couple of them that motivated our study of the mean curvature
equation for a hypersurface in (M, θ, J). The first problem is to find a minimizer for
the Yamabe invariant in the study of the CR Yamabe problem. Here the point is
to know the sign of the first nontrivial coefficient in expanding the Green function
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for the CR Laplacian, the so called p-(pseudohermitian) mass. The positivity of
the p-mass (for positive Yamabe invariants) is the key to find a minimizer as in
the Riemannian situation. We wonder if there is a proof for the positivity of the p-
mass, analogous to Schoen-Yau’s approach using the minimal surface theory in the
Riemannian case. Also in studying the problem of prescribing the Tanaka-Webster
scalar curvature on a domain with boundary, we find it necessary to formulate a
notion of mean curvature for a hypersurface in a pseudohermitian manifold. In
this article, I will make a brief report on the joint study with Jenn-Fang Hwang of
Academia Sinica (Taipei), Andrea Malchiodi of SISSA, and Paul Yang of Princeton
University in this recently developed research area.

Now let us start with a hypersurface Σ ⊂ (M, θ, J). At a point in Σ where
ξ(≡ ker θ) is transverse to TΣ, we can talk about the so called Legendrian normal
ν ∈ ξ such that ν is perpendicular to ξ ∩ TΣ with respect to the Levi metric
dθ(·, J(·)). Consider a domain Ω ⊂M with Σ = ∂Ω. By computing the first variation
of the volume (natural volume element= θ∧(dθ)n) of Ω in the direction ν, we obtain
a notion of area for Σ, called p-area. We then define the p-mean curvature H as
the first variation of the p-area in the direction ν. We refer the reader to [CHMY]
for the detailed description and various geometric interpretations of the p-area and
H. Here we simply write down H for a graph Σ ≡ {(x1, y1, ..., xn, yn, u(x1, ...,
yn)} in the Heisenberg group viewed as a (flat) pseudohermitian manifold (R2n+1,

θ̂, Ĵ). Here θ̂ ≡ dz +
∑n

j=1(xjdyj − yjdxj) and Ĵ êj = êj′ , Ĵ êj′ = −êj where
êj ≡ ∂xj

+yj∂z, êj′ ≡ ∂yj
−xj∂z ∈ ker θ̂. Now the p-mean curvature equation reads

div
∇u + ~F

|∇u + ~F |
= H in Ω ⊂ R2n(pMCE)

where u : Ω ⊂ R2n → R and ~F ≡ (−y1, x1, −y2, x2, ..., −yn, xn). Note that ∇u+ ~F

is a vector dual to the 1-form θ̂ restricted to the graph Σ. We observe that (pMCE)
is a degenerate (hyperbolic and elliptic) PDE in dimension 2 (n = 1). The points
where ∇u + ~F = 0 form a singular set. Geometrically this is the set where the
contact spaces coincide with the tangent spaces of Σ. In higher dimensions (n ≥ 2),
we observe that (pMCE) is subelliptic (square sum of 2n−1 vector fields satisfying
Hörmander’s condition) in the nonsingular domain.

2. Analysis of the singular set

We analyze the singular set of the equation (pMCE) (see Section 1). Let S(u)
denote the singular set {∇u+ ~F = 0}. The following result gives a local description
of S(u) in dimension 2.

• (local classification [CHMY]) Let Ω be a domain in R2. Let u ∈ C2(Ω) be a
solution to (pMCE) in Ω\S(u). Let p0 ∈ S(u). Suppose |H(p)| ≤ C 1

r(p) holds for
p ∈ Ω\S(u) near p0, where r(p) = |p−p0| and C is a positive constant. Then either
p0 is isolated in S(u) or there exists a small neighborhood of p0 which intersects
with S(u) in exactly a C1 smooth curve through p0.

The above local result continues to hold when the background Heisenberg group
is replaced by a general pseudohermitian 3-manifold (see Section 7 in [CHMY]).
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On the nonsingular domain (in dimension 2), the integral curves (and their
projections onto the x1y1-plane) of the characteristic foliation ξ ∩ TΣ are called
characteristic curves. They reflect the hyperbolicity of the equation and play an
important role in the study of the equation. In the Heisenberg group of dimension
3, these curves are straight lines if Σ is p-minimal, i.e., H = 0. The following result
describes how the characteristic curves intersect with singular curves and isolated
singular points.

• (Extension theorem [CHMY]) Suppose the singular set of a surface, C2 smoothly
immersed in a pseudohermitian 3-manifold, contains only isolated singular points or
C1 smooth singular curves. Then the characteristic curves go transversely through
singular curves forming C1 smooth curves near singular points of intersection. For
any isolated singular point, the characteristic curves go through it from every di-
rection forming C1 smooth curves under a mild condition on H.

The reader are referred to [CHMY] for more precise statements of the above
result. Based on the above fundamental study of the singular set and the charac-
teristic curves, we can prove a Bernstein-type theorem and a nonexistence result as
a geometric application.

3. A Bernstein-type theorem and a geometric application

Let us consider the p-minimal surface equation (H = 0 in (pMCE)):

div
∇u + ~F

|∇u + ~F |
= 0 in Ω ⊂ R2n.(pMSE)

For n = 1 (use x, y instead of x1, y1), we observe that

(1) u = ax + by + c

and

(2) u = −abx2 + (a2 − b2)xy + aby2 + g(−bx + ay), a2 + b2 = 1

are solutions to (pMSE) ([Pau]).

• (Bernstein-type theorem [CHMY]) (1) and (2) (with g ∈ C2(R)) are the only
entire (i.e. Ω = R2) C2 smooth solutions to (pMSE).

For the Bernstein-type problem of higher dimensions, we conjecture to have
only quadratic polynomial and linear solutions for n = 2, 3 (Ω = R4, R6). When
n ≥ 4 (Ω = R8, R10, ...), we conjecture to have nonquadratic solutions. We can also
extend the above Bernstein-type theorem to the graph solutions over any plane.

• ([CH]) Any entire C2 smooth p-minimal graph over any plane has one of the
following three forms: solution (1), solution (2), and

(x − x 0) cos η(t) + (y − y0) sin η(t) = 0
where t = z − y0x + x0y and η ∈ C2(R).
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As a geometric application of the analysis of the singular set and the charac-
teristic curves in Section 2, we can prove the nonexistence of C2 smooth p-minimal
hyperbolic surfaces in a pseudohermitian 3-manifold. In fact, we have the following
result.

• ([CHMY]) Let Σ be a closed, connected, C2 smooth surface immersed in a pseu-
dohermitian 3-manifold. Suppose |H| ≤ C for a nonnegative constant C (i.e., H
does not blow up at singular points). Then g(Σ) ≤ 1 where g(Σ) denotes the genus
of Σ.

We outline the idea of the proof as follows. According to the local classification
of the singular set and the extension theorem of the characteristic curves in Section
2, we can consider the C1 smooth line field formed by the characteristic curves.
The index of this line field equals +1 at any isolated singular point by Lemma 3.8
in [CHMY]. Therefore the index sum is nonnegative. On the other hand, the index
sum equals the Euler number χ(Σ) of the surface Σ by the Hopf index theorem.
Now the genus bound follows from the formula χ(Σ) = 2− 2g(Σ).

4. Existence and uniqueness of minimizers

We have the variational formulation for (pMCE) (hence (pMGE) with H = 0).
Define an energy functional F for u : Ω ⊂ R2n → R by

F(u) ≡
∫

Ω

{|∇u + ~F |+ Hu}dx1 ∧ dy1 ∧ ... ∧ dxn ∧ dyn.

A straightforward computation shows that the equation (pMCE) is the Euler-
Lagrange equation associated to F(·) for a general ~F , say in C1(Ω̄). u ∈ W 1,1(Ω) is
called a minimizer for F(·) if F(u) ≤ F(u + ϕ) for any ϕ ∈ W 1,1

0 (Ω). Let Ω ⊂ R2n

be a domain with the coordinates denoted as x1, y1, ..., xn, yn. We call a coordinate
system orthonormal if it is obtained by a translation and a rotation from x1, y1,
..., xn, yn. We define a certain notion of convexity for Ω as follows.

Definition. We call Ω parabolically convex or p-convex in short if for any
p ∈ ∂Ω, there exists an orthonormal coordinate system (x̃1, ỹ1, ..., x̃n, ỹn) with the
origin at p and Ω ⊂ {ax̃2

1 − ỹ1 < 0} where a > 0 is independent of p.

Note that a C2 smooth bounded domain with the positively curved (positive
principal curvatures) boundary is p-convex. Suppose there are C1 smooth functions
fK ’s (K = 1, 2, ..., 2n) in Ω such that

(∗) ∂KFI = ∂IfK for I,K = 1, 2, ...2n

where we write ~F = (FI). It is easy to verify that ~F = (−y1, x1, −y2, x2, ..., −yn,

xn) satisfies the condition (∗) with (fK) = −~F . We will assume H = 0 hereafter.
We prove the existence of a minimizer for F(·) with a given boundary value.

• (existence of a minimizer [CHY]) Let Ω be a p-convex bounded domain in R2n

with ∂Ω ∈ C2,α (0 < α < 1). Let ϕ ∈ C2,α(∂Ω). Suppose ~F ∈ C1,α(Ω̄) satisfies the
condition (∗) for C1,α smooth and bounded fK ’s in Ω. Then there exists a Lipschitz
continuous minimizer u ∈ C0,1(Ω̄) for F(·) such that u = ϕ on ∂Ω.
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For a vector field ~G = (g1, g2, ..., g2n) on Ω ⊂ R2n, we define ~G∗ ≡ (g2, −g1, g4,
−g3, ..., g2n, −g2n−1). We have the uniqueness of minimizers for F(·) having the
same boundary value.

• (uniqueness of minimizers [CHY]) Let Ω be a bounded domain in R2n. Let u, v

∈ W 1,2(Ω) be two minimizers for F(·) such that u − v ∈ W 1,2
0 (Ω). Suppose H ∈

L∞(Ω) and ~F ∈ W 1,2(Ω) satisfying div ~F ∗ > 0 (a.e.). Then u ≡ v in Ω (a.e.).

We say u is a C2 smooth solution to (pMSE) if u ∈ C2(Ω) satisfies (pMSE) in
the nonsingular domain Ω\S(u). There are different C2 smooth solutions to (pMSE)
having the same boundary value on the unit disc (see [Pau]). So neither of these
C2 smooth solutions is the minimizer according to the above uniqueness result.
Note that a minimizer ought to respect its singular set in a certain way (see below
or [CHY]) while a C2 smooth solution is not required to respect its singular set.
On the other hand, we have the uniqueness of C2 smooth solutions with the same
boundary value under a size control condition on the singular sets in dimension 2.
Let H1 denote the 1-dimensional Hausdorff measure.

• (uniqueness of C2 smooth solutions [CHMY]) Let Ω be a bounded domain in R2n.
Let u, v be C2 smooth solutions to (pMGE), continuous up to boundary. Suppose
u = v on ∂Ω and H1(S(u) ∪ S(v)) = 0 if n = 1. Then u = v in Ω.

Note that for n ≥ 2, we have no size control condition on the singular set for
the uniqueness of C2 smooth solutions. We can generalize the above uniqueness
theorems to obtain comparison principles ([CHMY], [CHY]). For a Lipschitz con-
tinuous u, we define its crack set to be the union of the singular set and the points
where u is not C2. In dimension 2, we consider a local situation that the crack set
consists of only a singular curve Γ. Suppose two characteristic lines Γ+, Γ− meet
Γ at a common point p0 from two sides of Γ. Let α+ (α−, respectively) denote the
incident angle (reflected angle, respectively) between Γ+ (Γ−, respectively) and Γ.
Then we can show that u is a minimizer if and only if α+ = α−. Since Γ+ ∪ {p0}
∪ Γ− must form a straight line for a C2 smooth solution by the extension theorem
(see Section 2), it follows that if u is a C2 smooth minimizer, then α+ = α− = π

2 ,
i.e., the characteristic lines are perpendicular to the singular curve.
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