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Abstract

For a permutation σ = σ1σ2 · · ·σn ∈ Sn, a descent of σ is a pair
(σi, σi+1) of adjacent elements with σi > σi+1 (1 ≤ i ≤ n−1), and a
double descent of σ is a triple (σi, σi+1, σi+2) of consecutive elements
with σi > σi+1 > σi+2 (1 ≤ i ≤ n− 2). The permutation σ is called
simsun if for all k, the subword of σ restricted to {1, . . . , k} (in
the order they appear in σ) has no double descents. For example,
σ = 24351 is not simsun since when restricted to {1, 2, 3, 4} the
subword 4312 of σ contains a double descent 431.

Simsun permutations were named after Rodica Simion and Sheila
Sundaram. They are a variant of André permutations of Foata and
Schütznberger, and are related to the enumeration of the mono-
mials of the cd-index of Sn. Let RSn denote the set of simsun
permutations in Sn. Simion and Sundaram proved that

|RSn| = En+1, (1)

where En is the nth Euler number, which also counts the number of
permutations σ ∈ Sn with the property σ1 > σ2 < σ3 > σ4 < · · · ,
known as alternating permutations.

Inspired by the notion of double alternating permutations pro-
posed by Stanley, we call a permutation σ ∈ Sn double simsun if
both σ and σ−1 are simsun. For example, σ = 51324 is simsun but
not double simsun since σ−1 = 24351 6∈ RS5.
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Recently, Deutsch and Elizalde enumerated simsun permutations
that avoid a pattern or a set of patterns of length 3. For an inte-
ger t ≤ n, let ω = ω1 · · ·ωt ∈ St. Let RSn(ω) denote the set of
ω-avoiding permutations in RSn. One of Deutsch and Elizalde’s
results is the complete enumeration of RSn(ω), for any ω ∈ S3.
The counting numbers are listed in the second column in Table
1, which involve classical numbers such as Catalan number Cn,
Motzkin number Mn, and the secondary structure number Sn.

In this paper we study the enumeration of pattern-avoiding dou-
ble simsun permutations. For an ω ∈ St, the permutation σ is
called ω-avoiding double simsun if σ is ω-avoiding simsun and σ−1

is simsun. Let DRSn(ω) be the set of ω-avoiding double simsun
permutations in Sn. Note that in this case σ−1 is not necessarily
ω-avoiding.

One of the main results is the following enumerative hierarchy
for restricted simsun permutations

DRSn(132, 213) ⊆ DRSn(213) ⊆ RSn(213) ⊆ RSn, (2)

where |DRSn(132, 213)| = Fn+1 (Fibonacci number), |DRSn(213)| =
Sn, and |RSn(213)| = Mn. Meanwhile, we characterize the permu-
tations in DRSn(213) among the permutations in RSn(213) by a
pattern-condition. Moreover, we give a unified approach to prove
these results based on a bijection between simsun permutations and
increasing 1-2 trees. We also study the double simsun permutations
that avoid each pattern of length 3. The enumerative results are
listed in the third column of Table 1.

ω |RSn(ω)| |DRSn(ω)|
123 6 (for n ≥ 4) 2 (for n ≥ 6)
132 Sn Sn

213 Mn Sn

231 Mn 2n−1

312 2n−1 2n−1

321 Cn Cn

Table 1: The number of simsun and double simsun permutations avoiding a pattern of length 3.
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