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Abstract

A signed graph is a pair (G, σ), where G is a graph and σ : E(G) → {1,−1} is an signature

of G which assigns to each edge e of G a sign σe ∈ {1,−1}. Colouring of signed graphs was
first studied by Zaslavsky in the 1980’s, and has attracted some recent attention. There are a
few definitions of k-colouring of signed graphs that are not equivalent. We adopt the definition
given by Macajova, Raspaud and Skoviera. For a positive integer k, if k = 2q is even, then let
Mk = {±1,±2, . . . ,±q}; if k = 2q+1 is odd, then let Mk = {0,±1,±2, . . . ,±q}. A k-colouring

φ of G is a mapping φ : V (G) → Mk such that for each edge e = uv, φ(u) 6= σeφ(v). The
chromatic number χ(G, σ) of a signed graph (G, σ) is the minimum integer k such that (G, σ)
has a k-colouring. It was conjectured by Macajova, Raspaud and Skoviera that every signed
planar graph is 4-colourable. I shall prove that this conjecture implies a list version of the
Four Colour theorem: If L is a 4-list assignment of a planar graph G in which colours come in
pairs (a colour is contained in L(v) if and only if its partner colour is contained in Lv)), then
G is L-colourable. So the conjecture of Macajova, Raspaud and Skoviera is very strong.

Assume G is a graph and k is a positive integer. Denote by Sk the symmetric group on
[k] = {1, 2, . . . , k}. Let D be an orientation of G and σ : E(D) → Sk be a mapping which
assigns to each edge e of D a permutation σe of [k]. We say D is σ-colourable if there is a
mapping f : V (D) → [k] such that for each edge e = (x, y) of D, σe(f(x)) 6= f(y). The concept
of S-colourable is common generalization of k-colourable, signed k-colourable, DP-k-colourable
and Γ-colourable for Abelian groups Γ. We are interested in the problem as for which subset
S of S4, every planar graph is S-colourable. Such a subset S is called good. The famous
four colour theorem is equivalent to say that S = {id} is good. The conjecture of Macajova
Raspaud and Skoviera is equivalent to the statement that S = {id, (12)(34)} is good. Another
conjecture of colouring of signed planar graphs due to Kang and Steffen is equivalent to say
that S = {id, (12)} is good. This paper proves that if S ⊆ S4, id ∈ S and S is good, then S

is equivalent to a subset of {id, (12), (34), (12)(34)}. These results show that the four colour
theorem is quite tight in the sense of S-colouring.

This talk contains joint work with Ligang Jin and Tsai-Lien Wong.


