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1. Introduction

In the literature, there have been many connections found between certain classes of
orthogonal polynomials and integrable systems. We can list a variety of integrable
systems related to orthogonal polynomials. In the fully discrete case, the classical
examples are the discrete-time Toda chain [24] and the discrete-time Lotka-Volterra
chain [42]. These two discrete-time integrable systems can be derived from the
compatibility of some orthogonal polynomials and symmetric orthogonal polynomials
respectively. As for the relations with semi-discrete integrable systems, the orthogonal
polynomials appear as wave functions of the Lax pair of the Toda lattice due to a one-
parameter deformation of the measure [15, 32, 37]. Besides, the Camassa-Holm equation
[13, 19], as a typical representative, has a closed form solution expressed in terms of the
orthogonal polynomials [8], which bridges the relation between orthogonal polynomials
and continuous integrable systems. For more examples, please consult [34, 35, 41, 48].

In this paper, we specially focus on three semi-discrete integrable systems, which
have direct links with orthogonal polynomials.

The first one is the Schur flow. In [30], Mukaihira and Nakamura discussed monic
orthogonal polynomials on the unit circle, which are named as the Szegd orthogonal
polynomials [46]. The Szeg6 orthogonal polynomials admit recurrence relations, where
the coefficients are the so-called Schur parameters «y (also referred to as Verblunsky
coefficients [39, 40]). It was shown that, if some time-dependent measure is involved,
the Schur parameters satisfy the complex semi-discrete modified KdV equation, namely,
the Schur flow:

O a = Pr(—1 — 1), Bro=1—|a>, k=1,2,..., ay=1

For this Schur flow, they gave its solution in terms of the Toeplitz type determinant.
It is noted that the real Schur flow appeared in [1, 2] under the name discrete modified
KdV equation, as a spatial discretization of the modified Korteweg-de Vries equation
fi = 6f*fs — foze. In [18], Faybusovich and Gekhtman dealt with finite real Schur
flows and suggested two more distinct Lax equations based on the Hessenberg matrix
representation of the multiplication operator (see also [6, 10]).

The second one is related to the relativistic Toda chain, which has intimate
connections with the Laurent biorthogonal polynomials [29, 38, 45, 47]. In [29, 47],
by considering the two different evolution relations of the Laurent polynomials with
respect to time ¢, Zhedanov el al. obtained the following two distinct semi-discrete
integrable flows:
by, 1 1

bn+1
Oy d, = -+ — . Dby = by (— — : 1
! dn+1 dnfl ! (dn dn71> ( )

and
atdn - _dn(bn-l—l - bn)7 8tbn - _bn(bn—H - bn—l + dn—l - dn) (2)

These two semi-discrete integrable flows are both equivalent to the restricted relativistic
Toda chain. The parameters b, and d,, appeared as the coefficients of the three-term
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recurrence relation satisfied by the Laurent biorthogonal polynomials. In what follows
we respectively name the equations (1) and (2) as the first form of the relativistic Toda
chain and the second form of the relativistic Toda chain without confusion. It is noted
that these two forms of the relativistic Toda chain (1) and (2) admit the solutions
taking the same explicit expressions in terms of ratios of Toeplitz determinants, where
the moments of the Toeplitz determinants satisfy different time evolution relations [47].

The last semi-discrete integrable system discussed in this paper is the nonisospectral
Toda lattice which is in the framework of orthogonal polynomials as well. In paper [9],
Berezansky and Shmoish considered one-parametric family deformations of the measures
of the orthogonal polynomials with respect to time ¢, and presented nonisospectral
deformations of the finite and semi-infinite Jacobi matrices governed by a generalized
Lax equation. Such an equation is equivalent to a wide class of generalized Toda lattices.
Among this wide class of generalized Toda lattices, there is a special nonisospectral Toda
lattice presented as follows:

Dyt — %an st (3 + 20) — by (20 — 1)), (3)
Oib, =2a2 (1 —n)+2a2(1 +n) +b2. (4)

To the best of our knowledge, the determinant solution (with time evolution of the
moments given by (50)) of such nonisospectral Toda lattice has not been considered so
far.

Aiming at the above three semi-discrete integrable systems, we design this paper to
seek their generalized determinant solutions respectively. In paper [25], Kajiwara et al.
showed us the generalized Hankel type determinant solutions of the Toda and discrete
Toda equations based on the obtained determinant formulae for the 7 functions of the
Painlevé equations. The key point in their work is introducing the convolution term for
the evolution of moments {c,}>° in the Hankel determinants, i.e.

n—2
OiCp1 = Cp — ¢ Z CiCe—2—1, co = ¢,
=0
with two arbitrary functions ¢(t) and v (t). Moreover, in paper [37], from the point
of view of the standard orthogonal polynomials and a (nonmatrix) Stieltjes function,
Zhedanov et al. got that the equations of motion for the Toda chain are equivalent to a
Riccati equation for the Stieltjes function as well as to a recurrence relation satisfied by
the moments. Motivated by their ideas, on one hand, we turn to search the recurrence
relations satisfied by the moments of the Toeplitz type determinants. On the other
hand, we adjust the recurrence relation admitted by the moments of the Hankel type
determinant to the nonisospectral case. Then the generalized determinant solutions with
respect to the above three semi-discrete integrable systems are deduced. Our results are
obtained with the help of the determinant identity techniques, especially of the Jacobi
tdentity and the Schwein identity.

The first purpose of this paper is to derive a generalized Toeplitz determinant
formula of the generalized Schur flow, where the moments of the Toeplitz determinant
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satisfy recurrence relations.

Our second task aims to obtain a generalized form of the relativistic Toda chain
based on the forms (1) and (2) as well as its corresponding generalized Toeplitz
determinant solution. The moments of the Toeplitz determinant solution admit similar
recurrence relations to those got in the generalized Schur flow. In the sequel, we name
this generalized form of the relativistic Toda chain as the mixed form of the relativistic
Toda chain. It is shown that this mixed form of the relativistic Toda chain can be
reduced to the original forms (1) and (2) respectively after choosing some appropriate
parameters.

The next objective of this paper is to derive a Hankel determinant solution for the
nonisopectral Toda lattice (3) and (4). For the sake of convenience, we actually choose
to consider the deformations of (3) and (4) in subsection 3.3, that is

atun = Up [(277, + 1)Un+l — (2n — B)Un] ,
Opvn = V2 + 201, — 2(n — 2)Uy_1.

It turns out that, the evolution of the moments with respect to time ¢ involves the index
variable n while it doesn’t happen in isospectral case.

Finally, recall that some classical combinatorial numbers satisfy recurrence
relations. For instance:

Catalan numbers: ¢,11 = >, _q CkCnk (n>0), c=1.

Motzkin numbers: M, = M, + ZZ;S MM, _1_4 (n>0), My=1.

Large Schroder numbers: S,41 =S, + Y 1o SkSn—k (n>0), Sy=1.

It is well known that these combinatorial numbers all can be interpreted via the
view point of lattice paths [4, 14, 16, 17, 21, 43].

Inspired by this idea, as a bonus, in section 4, we get some new combinatorial
numbers based on the moments relations with respect to the above three semi-discrete
integrable systems and then address their corresponding combinatorial interpretations
by means of the lattice paths.

This paper is organized as follows: Since our results are obtained by use of
determinant identity techniques, we firstly introduce two important determinant identity
formulae in section 2. In section 3, we consider the generalized determinant solutions
with regard to the three semi-discrete integrable systems. More precisely, in section 3.1,
we are committed to giving a generalized solution of the generalized Schur flow in terms
of Toeplitz type determinant. Then, in section 3.2, we propose a mixed form of the
relativistic Toda chain from the two known relativistic Toda forms together with the
corresponding generalized Toeplitz determinant solution. In section 3.3, we construct a
Hankel determinant solution for the nonisospectral Toda lattice. In section 4, some new
combinatorial numbers and their combinatorial interpretations are obtained. Section 5
is devoted to conclusion and discussion. It is noted that we place the proofs of all the
lemmas in the Appendices A-C.
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2. Determinant formulae

The determinant identity techniques are standard in the theory of integrable systems. As
we mentioned in section 1, these techniques make a great contribution to the acquisition
of our main results in this paper, so it is necessary to list them independently.

As a given determinant D, the celebrated Jacobi identity [5, 12] reads

osl 5] o] o] o] o[] e
J1 )2 J1 J2 J2 J1

where D Z,l 2,2 Z,k
Ju o J2 oo Jk
the determinant of the matrix obtained from D by removing the rows with indices

with 71 < 19 < -+ < i and 77 < Jp < -+ < Jji denotes

11,19, ...,1r and the columns with indices 71, j2, ..., jk.
The Schwein identity [5, 12] of size n can be expressed as follows.
b b e by R
Q11 a2 T a1.n ay1 1.9 o O1p—1
p—-11 Qpn-12 *°° QGp—-1n Ap—21 Ap—22 - Qp-_2n-1
b by e by b by e b
aii 1,2 Tt Qg a1 1,2 T a1,n—1
Gp—-11 An—-12 *** QGp-1n p—21 0Qp—22 °*°° (p—2n—1
bl b2 Ce bn
2 2 > 1,1 1.2 Tt a1 n—1
b, by - b,
21 2.2 Tt a2 n—1
=| a1 i 0 Qip , , ' ) , (6)
Ap—-11 An—-1,2 **° OGp-1n-1
Qp—21 QApn—22 - Gp_2n

where the elements of each matrices can be any numbers. In fact, it is easy to check
that this Schwein identity follows immediately from applying the Jacobi identity (5) to

by ba cee b, 0

by by - b, 1

D=| a1 ayp o+ ar, 0O
Qp-11 QAp—12 *** Gp-1n 0

with i1 =1, i =n+1, j; =n and j, = n + 1 respectively.
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3. Generalized determinant solutions of the three semi-discrete integrable
systems

3.1. Generalized Toeplitz determinant solution of the generalized Schur flow

In [30], Mukaihira and Nakamura considered the orthogonal polynomials {®,(2)}5°,
on the unit circle {z|z = €?,0 < § < 27} introduced by Szegd [46], where the inner
product is defined by

2
< (I)k|d0'|(1)l >= / <I>l$kda(9) = hkék,l, /{Z7l = 0, 1,...
0

with a finite positive Borel measure o(#). Note that, throughout this paper, X means
the complex conjugation of X.

The polynomials ®;(z) and the supplementary polynomials ®;(z) := 28®;(1/2)
satisfy the following relations [3]:

P p1 _ z A1 (78 E—=0.1
<I>}§+l 20K+ 1 0 ’ T

with &y = 1 and ®§ = 1. Here oy, denote oy, := ®¢(0), k = 1,2,..., and are referred as
the Schur parameters (or Verblunsky coefficients [39, 40]) of the orthogonal polynomials
®;(2) on the unit circle.

Consider the following one-parameter deformation of the measure

1 .
do(0;t) = exp{(z + ;)t}da(@; 0), z=¢" teR,

where 0(6;0) = o(#). The coefficients ay(t) satisfy the complex semi-discrete modified
KdV equation, namely, the Schur flow:

Orar = Brlan—1 — agr1), Boi=1—|al’, k=1,2,..., ag=1 (7)
The Schur flow (7) has the Toeplitz determinant representation [30]
Ay(t)
ag(t) := ,
O A0
where
So  S1 ctt Sk—1 s1 Szt Sk
S—1 S0 o Skg—2 o S0 S1 o Skg—1
Ag(t) = o Ag(t) = ; (8)
S1—-k  S2—k - S0 So—k S3—k "¢ S1

and the moments s;(t) = [" z/do(6;t) admit the following relations:

OSj = Sj—1+ Sj41, S;=5_5, so:real, j=0,£1,.... 9)

Based on (9), we consider a generalization of the evolution relations of the moments
with a convolution term and obtain a generalized Toeplitz type determinant solution
for a generalized Schur flow with the help of some determinant techniques. We present
our result as the following theorem:
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Theorem 3.1.1. Consider the generalized Schur flow

O o = pfi(ak1 — anpr) +i0Car,  Pro=1—|al*, k=1,2,..., (10)
with the initial conditions oy = 1 and oy = %, where p(t), ¥(t), o(t) and ((t)

are real functions of t, and ¢(t) is a complex function of t, and there hold 0,((t)

w(®)[o(t) + o(t)] + @(t)((t). It admits the solution having the form of

ag(t) :== i:gg (11)

Here Ay(t) and Ay(t) are the Toeplitz determinants given as (8) with the convention

Ao = Ay = 1. The moments s of Ag(t) and Ak(t) satisfy the following recurrence

relations:
k-1

at Sk = M(Sk,I + Sk+1) + Zw Z SjSk—j + Sk, k= 17 27 37 R
j=0

(12)
S_k = Sk,
with s = ((t) and s; = ¢(t).
Remark 3.1.2. For u = 1, equation (10) is transformed to the Schur flow in “usual”
form,
Oiox = me(on1 —okr1), k= 1—|owl”,
by applying the following transformation to oy, :
o1 = aye—i) COvOE
Since oy involves an arbitrary function 1, (11) and (12) with u = 1 give a generalized
determinant solution of the original Schur flow (7).

In order to prove this theorem, firstly we need to get the following lemma, which
concerns the derivatives of A (t) and Ag(t) respectively. The detailed proof is presented
in the Appendix A.

Lemma 3.1.3. There hold
O AR(t) = u(|Ag, Ag, Az, - -+ Ap| + | Ay, Ag, -+, Ap_1, A |) + (150 + k) Ay,
8tAk'(t) = M(|A717A17A27 Ty Ak—1| + ‘A())Al) e 7Ak—27 Ak|) + kSOAk‘)

where the abbreviation A; denotes Aj = (8j,8j-1,"*,80, " Sj+1-k)" -

Proof of Theorem 3.1.1. Applying the Jacobi identity (5) to D = Ayy1(t) and noticing
that

1R+l
D = Aj_
1 9 k—1,
D :Ak‘; D k—;_l :|A07A27A37"'aAk|7
1] k+1]
D 2 = ’A—laAlaAQa"'7Ak’—1|7 D 1 = ks
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we obtain
|Ag, Ag, Az, -+ Al Ap — [A1, Ay Ag, o A 1| A = A Ay (13)

Similarly, applying the Jacobi identity (5) to D = Ay (t) with iy = 1, iy = k + 1,
J1 =k, jo=k+1, we get

|Ag, A+, Aoy Ag| Ap — [A1, Ao, -+ Ap 1, Apir | Ap = A1 Mg (14)

Then, from (11) and making use of (13), (14) as well as Lemma 3.1.3, we have
A2, oy, = O ALA, — ARD A
= pu(|Ao, Ag, Ag, -+, Ag| Ay — |A_1, Ay, Ag, -+, Ap_q| Ay)
— 1(|Ag, A, -+ Ap_g, Ap| Ay — | Ay, Ag, -+ Apy, Apgr| Ag) + ihso Ay
= (A1 A1 — Ap 1A y) +ihsoARA.

Besides, substituting the expression (11) of «ay into the right-hand side of (10), we
easily obtain

AL [1Br(ak—1 — agia) + ithsooy]

2
Az - | Al A : :
= ———— W Ap1 D1 — Ap1 D) +isoARAy.
A1 Ap_y
Notice that if there holds
2
AVERVAVERTES Ai — |Ag|

then

Oy o = pfBr(ap—1 — aiy1) + isoou, k=1,2,...

is confirmed.
Actually, if we apply the Jacobi identity (5) to D = Ay (t) with iy =1, i5 = k+1,
71 = 1 and j» = k + 1 and notice the condition s_; = 5, we can obtain:

" = A ~ 12
Api1 A1 = AF = [Ay, Ao, Ar, oo, Aol Ay = AF = AAy = AF - A
Therefore, the result is proved. [

3.2. Generalized determinant solution for the mixed form of the relativistic Toda chain

The relativistic Toda chain [29, 38, 47] has intimate relations with the Laurent
biorthogonal polynomials [23, 36, 47]. Let L be a functional on the Laurent polynomials
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span and ¢; = L(27)
polynomials (LBP) P,

) j
(2)

= 0,+1,4+2,---.
by the determinant

9

Define the monic Laurent biorthogonal

Co C1 Cn
C1 Co Cn—1
Pu(z) = (A,)7" (15)
Ci—n Co2—n (&1
1 z z"
where A,, denotes the Toeplitz determinant of size n:
Co Ct - Cp
Cc_1 Co cer Cp_9
A= . A (16)
Cl—n Co—p " Co

The polynomials P,(z) satisfy the biorthogonal relation
L{Pu(2)Qun(1/2)} = huum. (17)

where the partner polynomials @, (z) have the formula

And P,(z) satisfy the three-term recurrece relation [23, 47]

Co
C1

Cp—1

1

C_1
Co

Cp—2
V4

Con

Cl—n

C_1

ZTL

Poi1(2) + (dy — 2)Py(2) = 2b, Py1(2),

where b, d,, can be expressed as

d o Tn+1An b o
n - T A 9 n -
ne—=n4-1
with
C1 &)
Co C1
T, =
Co—n C3—n

Tn+1 Anfl
TnAn

Cn—1

C1

Y

(18)

(19)

If the moments ¢, depend on an additional (so-called time) parameter ¢, then the
LBP may be connected with the restricted relativistic Toda chain [47]. More precisely,

one ansatz

8tcn = Cp-1,

n=0,41,42 ...

lead to the first form of the relativistic Toda chain

8tdn:b"—+1—

bn

)
dn+1 dn— 1

87? bn - bn(

d

3

1

(20)

(21)
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and the other condition

OrCn = Cpat, n=0,%£1,+2, ... (22)
yield the second form of the relativistic Toda chain

Oydy, = —dy(bpyq — by), Obp = —bp(bpy1 — bpo1 +dp1 — dy).  (23)

Thus, these two forms of relativistic Toda chain (21) and (23) admit the solutions taking
the same explicit expressions with different moments evolution with respect to time ¢.

Here, we mention that there are important relations between the Schur parameters
o, and the relativistic Toda parameters b, and d,. As a matter of fact [47], when all
the Toeplitz determinants are positive A, > 0 and moreover the moments satisfy the
condition ¢_,, = ¢, then the monic biorthogonal Laurent polynomials P, (z) are just
reduced to the Szegd polynomials, i.e. the orthogonal polynomials on the unit circle.
In this case, the biorthogonal partners @Q,(z) (18) coincide with complex conjugated
polynomials @, (z) = P,(z) and the orthogonality relation is reduced to

/2” P (2)Pn(1/2)do(0) = hpbpm, z=€" (24)

by letting L(z") = f027r e?"do(6). Correspondingly, the Szegd polynomials P,(z) admit
the relation

— 1
Poyi(2) = 2P, (2) + an+1ZnP"(;)a

where the coefficients a,, 11 = P,11(0) are just the Schur parameters as we have discussed
in subsection 3.1.

Analogous to the work we have done in subsection 3.1, it is natural to expect a
general determinant solution of the relativistic Toda chain.

Actually, we shall show in this subsection that there exists a generalized form of
the relativistic Toda chain, i.e. the mixed form of the relativistic Toda chain. It covers
the two known forms (21) and (23) as special cases and has a generalized Toeplitz type
determinant solution. In view of the connections between the Schur parameters a,, and
the relativistic Toda parameters b, and d,, it is not surprising to find that there is a
great similarity in the moment relations between the mixed form of the relativistic Toda
chain and the generalized Schur flow. We present our result as the following theorem.

Theorem 3.2.1. Consider the mixzed form of the relativistic Toda chain

bn bn
at dn = ,U/( + — ) - VdTL(anrl - bn)> (25)
dn—l—l dn—l
1 1
8t bn = Mbn(d— — d ) — Vbn(bn—l—l — bn—l + dn—l — dn) (26)
n n—1

with the tmatial conditions by = 0, dy = g(—) and b1 =1- %, where

(t
Oro(t) = pu(t)o(t) + v(t)C(t) + w(t)e ( )-
It has the solution as follows:

T A Thi1 A, —
n+14n bn: n+1&42n 1' (27)

dn =
T Apin T.A,
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Here A, (t) and T,(t) are given as (16) and (19) with the convention Ay =Ty = 1. The
moments ¢, (t) satisfy the relations

( —n—1
Op Cp = UCp_1 + VCpy1 — Z C_jCnyj T pcn, if n <O,
i=0
4 o (28)
Oy cp = Cp_1 + VCpyq + wz CiCn—j + pCp, if n>0
\ J=0

with ¢4 = @(t), co = p(t) and ¢y = ((t). All the above functions appearing in this
theorem may be complex functions of t.

Remark 3.2.2. When we take p = 1 and v = 0, since 0, ¢, involves two arbitrary
functions ¥ and @, formulae (27) and (28) give a generalized solution of the first form
of the relativistic Toda chain (21). The same is true for the second form of the relativistic
Toda chain (23) if we choose ;1 =0 and v = 1.

In order to prove this theorem, we need to give several auxiliary results. For the
sake of convenience, we shall use the following abbreviations:

Cm Cm+2 e Cm+n
Fm - Cm—1 Cm+1 o Cmdn—1
n )
Cm+1-n Cm+3—-n Cm+1
Cm Cm+1 o Cmgn—2 Cm+n
am — Cm—1 Cm o Cmyn—3 Cmin—1
n - )
Cm+1-n Cm+2-n ¢ Cm—1 Cm+1
Cm Cm+1 o Cmdn—1
H™ — Cm—1 Cm 0 Cm4n—2
n )
Cm4+1-n Cm+42-n Cm

with the convention that FJ* = G{' = 0 and HJ® = 1. It is noted that there holds
H? = A,, H' =T, in this case. However, in the latter of this subsection we still use
the notations A,, and T,, instead of H? and H..

The following two lemmas play a key role in the proof of Theorem 3.2.1. The
detailed proofs can be found in Appendix A and B, respectively.

Lemma 3.2.3. For integer n > 1, the derivatives of T,, and A, with respect to t admit
T, = pF? + vGy, + (beo + np) Ty, (29)
oA, = uF; 7 +vG° + npA,,. (30)
Lemma 3.2.4. For integer n > 0, there hold
F£+1Tn - Tn+1FT? = An+1HZ: (31)
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Fg—&lAn - AnJrlFr:l = Hr?—i{l n ( )
Tn+2An = G2+1Tn+1 - An+1G711+1> ( )
An—&-2Tn = An+1F7?+1 - Fn_+11Tn+1v ( )
Doy + A HY = (Ti1)?, (35)
Anioy+ T Hiy = (Ani), (36)
G}L+1Tn = G}LTnH + H72L+1An> ( )
GzﬂAn = GgAnH + HngnJrl- ( )

From Lemma 3.2.3 and Lemma 3.2.4, we obtain the following corollary for the
derivative relations of T}, and A,,.

Corollary 3.2.5. For integer n > 1, there hold

atTn-l—lTn - Tn-l—latTn = ,MAn-i—ng + VAnH7%+1 + (;DTn+1Tn7
AnatAn—H - An+1@tAn - MTan__il + VTn—&-lHr:l + @AnAn—&—l)
011 — T 10 A1 = ppio Ty — VI 0 Ay + YT 1 A

Now, we are ready to give the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. Substitute the expressions of d,, and b,, in (27) into both sides

of the equations (25) and (26) respectively.
Firstly, using Corollary 3.2.5, we get 0,d,, can be expressed as

AH2  TopHy Yl | HZ G Ap(An)? = T2 TH, !
— v .
. Tv% . (An+1)2 (TnAn+1)2
Secondly, with the help of the identities (35) and (36), the right hand side of (25) reads

8tdn =

(39)

by, bn,
,u( - ) - Vdn<bn+1 - bn)

dn+1 dn—l
_ M[AnAn-i-Q i Tn-l—lTn—l] . V(An)2Tn+2Tn - T3+1An—1An+l
(An+1>2 T’r% (TnAn-H)Q
_ [(An+1)2 —Ton My TE— Aan]
s (Apir)? T2
+ n
_ V(An)Z(qu-i-l — H721+1An+1) — Tr%-i-l[(An)Q — Hrlen]
(TnAn+1)2
_ uAan _ MTnJrlH;—i%l . Tr%—HHr:lTn — (An)QHz-i-lATHl (40)
Tr% (An+1>2 (TnAn+1>2 .

Hence, (25) is verified after comparing (39) with (40).
Similarly, from Corollary 3.2.5, 0;b,, admits:

An-i—lAn—l Aan _ Tn+1Tn—1 Hngn H72L+1An71 Tn+1H7;,11

@z T e T T @Ay
By employing the identities (35) and (36), there holds
An—i—lAn—l Tn+1Tn—l An—l(Terl - Tn—|—2Tn)

— —
Obn=p—=a e —h T T T2A0

0¢by, = H
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Tn+1 [(An—l)Z - AnAn—Q]

— . 41
Y Tn—l(An)2 ( )
And the right hand side of (41) is just
1 1
Mbn(d_n - dn—l) - Vbn(bn-l—l - bn—l + dn—l - dn)
Thus, (26) holds and we complete the proof Theorem 3.2.1. O

3.3. Generalized determinant solution of the nonisospectral Toda lattice

In this subsection, we turn to the generalized Hankel type determinant solution to a
nonisospectral Toda lattice. First of all, let’s briefly review some results about the
nonisospectral Toda in [9].

Consider a sequence of orthonormal polynomials Py(\) with the orthonormality

| PBOVANN) =8, k=01

and introduce a one-parametric family of measures dp(\ ), which depends on
O (A, t) and W(A,t), the polynomials in A with continuously differentiable t-dependent
coefficients:

(N t) = Z@(t)x',

TN E) =D ()N, A€ R.
=0

Then, the semi-infinite Jacobi matrix L(t) satisfies the generalized Lax equation of the
form:

O;L(t) = ®(L(t), 1) + [L(t), A(1)], (42)

where A(t) = A(L(t),t) is a skew-symmetric matrix whose form is determined by this
evolution. See [9] for the detailed description of the ¢-dependent measure corresponding
to the polynomials ®, ¥ and the skew-symmetric matrix A. Note that we also use ¥ in
place of ©, which coincides with Section 7 of [9)].

In the case of

(I)()\,t) = 900+§01)\+902)\27 \Ij()‘at) :¢0+¢1)\7
the equation (42) is equivalent to the following a wide class of generalized Toda lattices
(see [9, p.140, (7.7) and (7.8)]):
1
atan = §an[29@1 + 2()02(bn + bn+1) + wl (bn+1 - bn) + 277‘902(bn+1 - bn)]a

Otbn = @0 + P1bn + a1 (2 — Y1 — 202 (n — 1)] + a2 (p2 + 1 + 2p2n) + p2b2,

n=01,..., a_1 =0,

where ¢; and 1); are real constants. In particular, if taking ¢g = @1 = w2 = 9y = 0
and ¢; = 1, i.e. (N, t) = 0 (isospectral deformation) and W(\, t) = 1, it reduces to the
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classical semi-infinite Toda lattice:
1
Oran(t) = §an(bn+1 —bp), a_1 =0, (43)
Oibp(t) = a2 —aZ_y, n=0,1,... . (44)

When taking ¢y = ¢ = )9 = 0 and @5 = 11 = 1, the above wide class of generalized
Toda lattices is reduced to the following nonisospectral Toda lattice:

1
atan = §@n [anrl (3 + 2”) - bn(2n - 1)]7 (45)
Oib, =2a2 (1 —n)+2a2(1 +n) + b2, (46)
n=01,..., a_1=0.

It is well known that the isospectral Toda lattice (43) and (44) have the solution
of the Hankel type determinant [15, 25, 37, 48]. Then, does such determinant structure
exist for the solution of the nonisospectral Toda lattice?
Indeed, we present in this subsection that there exists a generalized Hankel type
determinant solution for the following nonisospectral Toda lattice:
Optty, = Uy [(2n + Dvysr — (20 — 3)vy),
Opvy, = V2 + 2nu, — 2(n — 2)up,_1,

which can be transformed to (45) and (46) by the following transformation
Uy = aifl, Up = bp_1.

In order to show this result, to begin with, let us introduce some determinant
notations. We define

ap ap - Qp-1 ap ... Qp—2 Qp-1
al a2 Y aTL
Tn = . . . . 5 Op = y
: : ’ : Qp—2 ... OG2p—4 G2p—3
Qp-1 QAp - G2p—2 ap ... QA2p—2 A2p—1
Qo e Qp—9 Ay, an e Qp—2 Qp41
: T : : aq e Qp_1 Apg2
hn - y Gn = . . . . )
Ap—2 ... QAop—a4 A2p—2 . . . .
Qp ... Q2p—2 Q2n ap—1 ... d2p—3 Q2q
Qo . Qp_—3 Qp—1 Ay,
ap P ¢ ) Qp, A1
fn = . X . . . ;
Qp—1 ... G2p—g4 G2p—2 G2p—1
with the convention that 7.1 = 09 = hg = fo = fi = go = 0, 19 = 1, 01 = a4,

hy = g1 = az and f; = aa3 — a%.
Then, we express the main result of this subsection in the following theorem.
Theorem 3.3.1. The nonisospectral Toda lattice
Oy, = Uy [(2n + D)vpsr — (20 — 3)vy) , (47)
Opvn = v2 + 2nuy, — 2(n — 2)u,_1, (48)
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with the initial conditions ug = 0 and v = 8;?;;) has the solution expressed as
Tn—1Tn41 On On—1
Uy = ——5—, Up= — — : (49)
Tn Tn Tn—1

Here, we use the conventions 1o = 1, 01 = a1, 71 = 09 = 0, and the moments a,, of the
Hankel determinants are defined recursively as

atalnfl = na, — w Z a;a;, ag = ¢7 (50)
itj=n—2
where (t) and ¢(t) are any complex functions of t.
Before the proof of this theorem, firstly we present the following lemma about the

closed bilinear forms of the nonisospectral Toda lattice (47) and (48). The detailed
proof is placed in the Appendix C.

Lemma 3.3.2. For any integer n > 0, there hold

O = (2n — 1)o,, (51)
DtOnt1 = 2nhny1 + 20041 — QUTny1, (52)
hnTo = (00)° = Tu1 a1, (53)
Jon41Tn 4 GnTot1 — Opg10n = 0, (54)
Jo + gn = Do (55)

Proof of Theorem 3.3.1. Firstly, (47) can be easily checked by substituting the
expression of u, in (49) and the derivative relations (51) into both sides of the equation
(47).

Secondly, from relations (51), (52) and the identities (53) and (55), we obtain

8z‘,vn
_ (27’L B 1)(hnTn _ 0-721) B (hn - gn)Tn + 9nTn
= 7—5
(2n - 3)(hn—1Tn—l - 0—7%_1) - (hn—l - gn—l)Tn—l + In—1Tn—1
o 2
Th—1
_ (2n — 1)7_71—17_“-‘1-1 - fnTn + GnTn
= 7_7%
(Qn - 3)7—11727—71 - fnflTnfl + In—-1Tn—1
- -2 : (56)
n—1

On the other hand, by employing the identities (53), (54) and (55), the right hand
side of (48) admits

V2 + 20U, — 2(n — 2)up,_

2 2
g Tn—1Tn+1 On—1 Tn—2Tn OnOn—1
=T gl ol 9(n—2) 2 g
Tn Tn Tn—1 Tn—1 TnTn—1

hnTn — Tn—1Tn+1 Tn—1Tn+1 h/nflTnfl — Th—2Tn
= + 2n

2 2
Th T, Th—1

n
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Tn—2Tn 2fn7_n—1 + In—-1Tn

— 9 —9 _
(n ) 7—7%_1 TnTn—1
th n n— n h/TL— n— n— n n n—
P L L R LY TS 5
TT% T72L Th—1 Th—1 Tn Tn—1
:(f 9n) +(@2n—1) 1 +1+(f 1 29 1)Tn—1
& T Tn1
i (2n o 3) Tn;27-n . 2& . 29n—1
Tn_l Tn Tn—1
(gn - fn)Tn + (2n - 1)7—n717—n+1
= =
ne1 — On-1)Tn—1 — (2n — 3)Tph—_o™,
Th—1
Then we immediately get (48) by comparing (56) with (57).
Thus the proof is completed. O

4. Combinatorial numbers based on the moments relations and their
combinatorial interpretations

In this section, we are devoted to getting some new combinatorial numbers and
addressing their corresponding combinatorial interpretations. Indeed, some reports on
the solutions to integrable systems and the combinatorial numbers have exist, such as
(14, 32, 33].

To begin with, we restate some conventional definitions [7, 16, 43].

Consider the lattice paths in the Cartesian plane, starting and ending on the x-
axis, never going below the x-axis. The permitted step types of the lattice paths are
the three steps: U = (1, 1), the up diagonal step; H = (r,0), the horizontal step and
D = (1,-1), the down diagonal step. Furthermore, denote the weight of each type of
steps as w(U),w(H),w(D) respectively, then we have:

Definition 4.0.3. The weight of a lattice path P is the product of the weights of its
steps.

Definition 4.0.4. The weight of a set of paths S is the sum of the weights of the paths
mn S.

Now, we are ready to get some new combinatorial numbers based on the moment
relations proposed in the previous section. At the same time, we give their combinatorial
interpretations by means of the lattice paths. It’s noted that the moment recurrence
relations of the generalized Schur flow are actually a special case of those in the mixed
form of the relativistic Toda chain. In the following subsection, we only discuss the new
combinatorial numbers derived from the mixed form of the relativistic Toda chain.
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4.1. Combinatorial numbers derived from the moment relations of the mized form of
the relativistic Toda chain

Consider the case of n > 0 in (28), that is:
n—1
Oy Cpy = HUCp_1 + VCpy1 + Z CjCn—j + PCn, (58)
j=0
where p, v are real numbers and ¢ and ¢ are real functions of ¢.
We can choose some special functions so as to get different combinatorial numbers.
(I) If v # 0, taking v = 1 without loss of generality, we choose the special functions

w(t) = _fyeintv
Sp(t> ==
Cp 1= gnenta
Bi= =,

where 7,7 are arbitrary real constants and {&, }nen) is a real number sequence. In what
follows, all these notations have the same meanings. Substituting all above functions
into the moment relation (58) and letting &, = 1, §&; = 7, we can immediately find that
the number sequence &, satisfies the recurrence relation as follows:

Ent1 = n1+7 Y &by (59)
j=0

Here, &, can be interpreted via the view of the lattice paths. Assume the horizontal
step is taken as H = (4,0) and we impose the weight w(H) = p on each H-step,
w(D) =1 to each D-step and w(U) = 7 to each U-step. Then &, denotes the weight of
the set of the above lattice paths running from (0,0) to (2n,0).

Figure 1. Lattice paths of &, in (59) for v # 0

The proof is a fairly elementary argument in enumerative combinatorics. All valid
steps from (0,0) to (2n + 2,0) can be divided into two types, one of which begins with
H (Figure 1(a)) and the other one starts with U (Figure 1(b)). Obviously, the weight
of the set of the lattice paths in the first type is ué&,_1. One can also show that the total
weight for the second is Z?:o 7v€;€n—;. Thus, taking into account both of the two parts,
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we get the weight of the set of the lattice paths running from (0,0) to (2n +2,0) is just
that indicated in (59).
(IT) In the case of v # 0, (taking v = 1), another choice is making

w(t) = _fyeintv
p(t) =0,
Cp = Sn—lenta

j=—p.
Substitute these functions into (58) and take £y = 0, § = 1, then there holds:

n—2
En =Nt + ena +7 Y Ei€nja. (60)
j=0

Assume the horizontal steps include two kinds: H; = (1,0), and Hy = (2,0). Then,
&, can be regarded as the weight of the set of all the paths running from (0, 0) to (n,0)
associated with w(H,) = n, w(Hz) = p, w(D) = 1 and w(U) = 7. In this case, the
proof can be achieved by noting that all paths can be divided into three parts according
to the first step. The first part is the set of the paths that begin with H;. The paths of
the second part start with H,. The third ones begin with U. An illustration is shown
by Figure 2.

]

I .—/_;._\ V n
W)=y i w(D)sINg /_\ P e P

(c) Part 3

Figure 2. Another choice for v # 0: lattice paths of &, in (60)

(III) For v = 0, we choose the following special functions:
b(t) = ye ™,
p(t) :==n—1,
Cp = Ep_1e™.

Substitute these functions into
n—1

Oy Cp = JCn_1 + 2 Z CiCn—j + PCn,
=0
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and let &1 = 0, & = 1, then we can easily obtain that the number &, satisfies the
following recurrence relation:

n—1
& =1 + 7Y Einjmr. (61)
=0
The numbers &, from (61) are nothing but the weighted large Schroder numbers [21, 43].

4.2. Combinatorial numbers derived from the moment relations of the nonisospectral
Toda lattice

In this subsection, we shall discuss some combinatorics numbers derived from the
recurrence relation of the moments of the nonisospectral Toda lattice.
Consider

Oultn 1 =nan =9 Y aa;,  ag =0,

itj=n—2
with
¢ =1,
P =~e ™,
gn nt
Ay = ﬁ

Then &, satisfy the recurrence relation

n—2
& =11 +y(n—1) Z ( " ; 2 ) §iSn—2—i, (62)

i=0
with & = 1.

In this case, &, may count some non-constant weighted paths. Let P be a path
from (0,0) to (n,0) with steps in S = {(1,0),(1,1),(1,—1)}. Let st be a step of
P from s = (i1,71) to t = (ig,jo). If st is a horizontal step (1,0), we assign its
weight as w(s‘g) = 1. However, for each up diagonal step or down diagonal step, the
weight will depend on the position. For the up diagonal step st of P from (11,71) to
(11 + 1,71 + 1), we define the forward path length of st as the maximal length of partial
paths of P from (i1, j1) to (is, j1) with i1 < i3 such that no step of which is below y = 71,
denoted by fp(g) = i3 — 1;. Then, we assign the weight of the up diagonal step St as
w(st) = y(fp(st) - 1).

As for the down diagonal step 5t from (i1, 1) to (1141, j1 — 1), we define the forward
path length of st as the maximal length of partial paths of P from (51 + 1,51 — 1) to
(52,31 — 1) with i1 + 1 < iy such that no step of which is below y = 51 — 1. Here,
we still denote it as fp(ﬁ) and there holds fp(s_zk) = iy — (iy +1). The backward
path length of 3, denoted by bp(?), is the maximal length of partial paths of P from
(Eo,jl) to (%1,31) with 7o < i; such that no step of which is below y = j;. There holds
bP(R) =41 —19. Then, we define the weight of the down diagonal step st as the binomial

number w(g) = < bp(gbljﬁf;(g) ) with the convention < 8 ) =1
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o
=
N
w
IN
3
o6
~
[e ) -
©

(a) The weights of the up diagonal steps for n = 8

3

2 L

1 L 4
W(D2)=l wiR )=1
0 —_———

o 1 2 3 4 5 6 7 8 9

(b) The weights of the down diagonal steps for n = 8

Figure 3. Two examples of the non-constant weighted lattice paths

For instance, Figure 3(a) shows the forward path lengths and the corresponding
weights of the three up diagonal steps:

s=(i,5) | t= 01+ 1L +1) | (i5,51) | fe(st) | w(st)
(0,0) (1,1) (8,0) 8 Ty
(2,1) (3,2) (5,1) 3 27y
(6,0) (7,1) (8,0) 2 y

And Figure 3(b) describes the forward path lengths, the backward path lengths and
the corresponding weights of the three down diagonal steps:

s= (i, 1) | t=(i1+1,51— 1) | (i, j1) | (ia,51 — 1) | bp(st) | fr(st) | w(st)
(3.2) (41) (3.2) (5.1) 0 1 1
(5,1) (6.,0) 1) | (8.0 4 2 15
(7.0) (8.0) 71 | (8.0 0 0 1

Under the above assumptions, &, can be interpreted as the weight of the set of the
lattice paths running from (0, 0) to (n,0). The proof can be obtained following a similar
way as before. All valid steps from (0, 0) to (n,0) consist of two types. One type begins
with a horizontal step (Figure 4(a)) and the other one starts with an up diagonal step
(Figure 4(b)). One can show that the weight of the set of the lattice paths in the first
type is né,—1 by noting n as the weight of the first horizontal step. And the weight

n—2 n

for the second one is y(n — 1) > 1~ ;_2 &i&n_a_i, since the weight of the first up

diagonal step is y(n — 1) and the first down diagonal from (i + 1,1) to (i + 2,0) admits

2

the weight ( n; . Thus, the total weight of the set of the lattice paths running

from (0,0) to (n,0) is the summation to these two cases, which shows (62).



Generalized determinant solutions for three semi-discrete integrable systems 21

W(HyZn |

(a) Part 1

wl)=vn-1) W(D)C'A/,\_\

i+2

(b) Part 2

Figure 4. Lattice paths of &, in (62)

4.3. A class of more generalized combinatorial numbers

Actually, the combinatorial numbers in the previous subsections can be extended to
more general cases. For example, we may consider a generalization for the relatively
unusual form (62).

Let P be a path from (0,0) to (n,0) with steps in S = {(1,0), (1,1),(1,—1)} and
st be a step of P from s = (i1,71) to t = (ig,J2). The forward path length and the
backward path length of the up diagonal step and the down diagonal step st have the
same definitions as we defined in the previous subsection. We denote them as fp(R)
and bp(S?) as before respectively. Besides, we define the forward path length of the
horizontal step St in the same manner as that in a up diagonal step case, denoted by
fp(st).

Now we define the weight of each step. Given two single-variable functions p, ¢,
and a two-variables function 7, then the weight of St oof Pis

p(fp(g)) if 5f is a horizonal step,
wP(s?}) = q(fp(g)) if 5t is a up diagonal step,
T(bp(g), fp(g)) if 5t is a down diagonal step.

Let &, be the weight of the set of the lattice paths running from (0,0) to (n,0)
with steps in .S. We still divide all the paths into two parts according to the initial step
(a horizontal step or an up diagonal step). Taking the above non-constant weight into
account and following the similar argument in the previous subsection, we will obtain
the following recurrence relation for &,:

n—2

& =p(N)&1+aq(n) Y r(i,n —2—i)&&n s

1=0
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In particular, let p(x) =7, q(z) = y(z — 1) and r(z,y) = ( Ty ), then we have
x

n—2
&n = 77§n—1 + 7(” - 1) Z ( " _ : ) gifn—Q—ia

i
i=0
which is exactly (62).
Furthermore, let £, = & = 1, for the following cases we have &, = n!.

(i). p(z) =1, g(x) =2 — 1 and r(x,y) = ( x+y> :

T

X

(ii). p(z) = a(2) = 1, r(w,y) = ( Tyt )

(ii). p(z) =2 —1, g(x) =1 and r(x,y) = ( Ty >;

X

1
Let & = & = 1, for the case p(z) = ¢q(z) = 1 and r(z,y) = T+y+ ’
T
the sequence {&,} is 1, 1, 2, 5, 16, 61, 272..., which appears as the sequence in “The

On-Line Encyclopedia of Integer Sequences” (see A000111).

5. Conclusion and Discussion

In this paper, we have presented generalized Toeplitz determinant solutions for the
generalized Schur flow and the mixed form of the relativistic Toda chain. Furthermore,
we have also given a general Hankel determinant solution for the nonisospectral
Toda lattice. Finally, some new combinatorial numbers have been obtained from
the recurrence relations of the moments proposed in the present paper. These new
combinatorial numbers can be interpreted by means of the lattice paths.

Mukaihira and Nakamura have considered an integrable discrete-time Schur flow
[30]. It admits a solution in terms of the ratios of the Toeplitz determinants and can
be applied to compute a Perron-Carathéodory continued fraction in a polynomial time.
Moreover, Kajiwara et al. presented a generalized Hankel type determinant solution
of the discrete-time Toda lattice [25]. It is known that many discrete-time integrable
systems with the determinant solutions can be used to design numerical algorithms
[11, 22, 31, 44]. Therefore, it is possible and worthwhile to seek the integrable discrete-
time chains with the generalized determinant solutions corresponding to the three semi-
discrete integrable systems discussed in the present paper.

Besides, one can express some determinants in terms of non-intersecting paths
by employing the well-known combinatorial method of Gessel-Viennot-Lindstrom
20, 28, 43]. Therefore, one can set up the corresponding results for some Hankel type
determinants and Toeplitz type determinants with the elements in Section 4. Actually,
any Toplitz type determinant can be rewritten as a Hankel determinant. Furthermore, it
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is also an interesting topic to connect the integrable equations and the non-intersecting
paths directly when the solutions may be expressed in terms of Hankel or Toeplitz
determinants. We refer the readers to [14, 26, 27, 33, 49]. But, there is something hard
to handle in the present cases so that we just obtained some incomplete results, which
we didn’t report here.
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Appendix A. Proof of Lemma 3.1.3

Proof. These two formulae can be proved by applying the rule of the determinant
derivative directly and employing relations (12) in a similar manner. Here we only
give the detailed proof to the case of 0, Ag(t) .
By virtue of the recurrence relations (12), we have
O A; = w(Aj1 + Aja) + 9A; + W B;,
where
i—1

Z;:O SpSj—p

Jj—2 ]
szo SpSj—1—p
J 0 )

B
p=0 S—pSi+il+p—k

with the convention 377 {} = 0 for p > ¢. It is noted that we have used

—k—1
08 = 05 = J(Sp—1 + Spq1) — 1) Z S_jSk+j + PSks k=-1,-2,
5=0
which is obtained from (12).
Then, by use of the rule of determinant derivative, we have
k
O A(t) = Z | A1, Agy - oo Aja, OiAy, Ajay o5 Ag

=1

—3,...
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—Z|A1,A2,"' jo1s i(Aj1 + Ajr) + QA + i By, Aja, o, Ay
:M(|A07A27A37”'7Ak|+|A17A27"'7Ak—17"4k+1|)+k90Ak

k
+WZ|A1,A2,'">Aj—1,Bj7Aj+1,"',Ak:|-

j=1
Thus, in order to prove the result, it is sufficient to show that

Z|A1,A2, Ajo1, By Ajir, -, Akl = sog.

Rewrite

’A]-?AZ:'-'7Aj7]_,Bj7Aj+]_,--- Ak’

St S22 vt Sj-1 Ep 0 SpSj—p Sj+1 0 Sk
So S1 ccc Sj-2 > w1 S5ttt Skel
Sl—j 32_]' ‘e S_q 0 S1 [ Sk—j
k—j—2
So—k S3—k v Sj—k — Zp:o S—pSj+itp—k Sj+2-k " S1

Adding the p—th column multiplied by —s;_, to the j—th column (; > 2) for
=1,2,...,5 — 1, we have

|A17A27 o ',Aj_l,Bj,Aj+1, o 7Ak3|

S1 o Sj—1 505; Sj+1 0 Sk
S(] R sj_2 0 Sj “ e Sk’—l
S—1 "+ 55-3 —S5-185-1 Sj—1 cr Sg—2
—1
§—2 rr Sj—4 —Zp:_g SpSj—3—p Sj—2 1 Sk-3
-1
Sl—j .. 5_1 — szl_] Sps_p S]_ o Sk}—j
-1
So—k vt Sjk T Dy k SpSj+l—k-p Sj—k+2 ' S1
—1 —1
_ j+1 A 1 2—g+j A 2—q
G A B D D V) SRS R b
q=2—k p=q

where the last step is a consequence of expanding the determinant with respect to the
j—th column. It is easy to check that the above result also holds for j = 1. And then,

k
> A1, Ay, Ajy, By Ajpa, e, Ayl
j:

- i(q)jﬂsosj& [ : ] i > ) q”(isi’sj—”q"’)Ak { 2;(] ]

J=1 J=1q=2— k P=q



Generalized determinant solutions for three semi-discrete integrable systems 25
; R 1 —! k . R 92—
= 5o Z(_l)‘7+15jAk [ p ] — Z (_1)2—q SpZ(_l)JsijquAk [ ; q }

q=2—k p=q j=1
u - 1
= S0 Z(_1)3+1SjAk |: J :|

j=1

1

Here we have used the classic result, that is, for any n x n determinant D = det(d,;),
there holds )" | dixD;; = 6y ;D, where D;; is the (i, j)-cofactor of the determinant D.
Thus, we confirm the first formula and the proof is completed. O

Lemma 3.2.3 can be also proved by following the similar process to the above proof.
We omit its detailed proof.

Appendix B. Proof of Lemma 3.2.4

Proof. The first two identities (31) and (32) are nothing but applying the Schwein
identity (6) to A, with b; = ¢1_5, l;j = Cy—j, Qi j = Ciya—j, and to H, | with b; = c_j,
IA)j = Ci—j, Q;; = Cit1—; respectively, where 1 =1,2,--- . n—1and j=1,2,--- ,n+ 1.

For the third one (33), applying the Jacobi identity (5) to D = T, and noting
that

1 2
Tn+2 nt :An;
n+1l n+2
1] 1
T, = A, , T :GO ’
2| 49 +1 2| 4 n+1
—n+2- n+2
T, =Thy1, Tn :Gl ’
2| 49 +1 2,4 n+1

we obtain
0 1
Tn+2An == Gn+1Tn+1 - An+1Gn+1.

Similarly, formulae (34), (35) and (36) are the consequences of applying the Jacobi
identity (5) to D = Ayyo (with iy = 1,40 =n+2, 51 =1, jo = 2), D = T,,,5 (with
ihh=1Li=n+2j1=1jo=n+2)and D = A, (with iy =1, iy =n+2, j; =1,
Jo = n + 2) respectively.

As for the last two identities, (37) follows immediately after applying the Jacobi
identity (5) to

C1 Co  + Cp  Cpy1 Cpy2
Co C1 ot Cp—1 G Cpd
D=| : & -~ i i |==Gl,
Cl—n C2—n -+ (o &1 Co
0 0 ce 0 1 0
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with iy = 1,40 =n+2, j1 = 1, jo = n + 2. Similarly, the Jacobi identity (5) yields the
last identity (38) by putting

o €1t Cp1 Cn o Cpyt
c.1 € 't Cp_g Cpo1  Cy
D=| : & i | ==Ghy,
C.p Clop *++ C_1 Co c1
0 o --- 0 1 0
withig =1, =n4+2,j1 =1, jo=n+2.
Thus, we complete the proof. O

Appendix C. Proof of Lemma 3.3.2

Proof. First we introduce the following notations for convenience.

Qg kCLk
~ Ap+1 o (k + 1)ak+1
Ak = . ) Ak = . 5
Af4n—1 (k +n— 1)ak’+n—1
Zi-i—j:k:—l a;a; Zi—i—j:kz—l a;a;
. > iy G0, . :
i+j=k "t .
Bk = . ) Dk = )
Zi+j:k+n—2 a;a;
Zi+j:k+n—2 a;a; Zi—i—j:k-{—n ;a;
Qg k’ak
Ck: - ' 3 C]:( =
Aktn—1 (k+n—1)agin
Aktn+1 (k +n+ 1)Clk+n+1

Then from the recurrence relation (50), we have
O Ay = Ap.  — By, 0,Cyp = Ciy — Dy,
Next we will prove (51)—(55) respectively.
(I) Consider the derivative of 7,

n—1
8t7n = Z ’1210, .. ,@flk, Ce ,An,1

k=0

i
L

Ao Ay A Ay A
0

e
Il

i
L

_w ’AOa"wAkflaBk7Ak+17"'7An71 .
0

e
Il
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Noticing that flzﬂ = (k—l—n)flkﬂ—ﬁk, where A, = ((n— Dagsr, (n —2)agro, .., Gpyn_1, O)T
and expanding the determinant ‘flo, o ,fAlk, ce An_l’ with the (k + 1)-th column, we
have

’

n—1

k=0
n—1
= (Qn - 1) ‘A()v' aAn—27An - ‘Am . aA\ka' 7An—1
k=0
n n—1 B ; 7
=(2n—1)o, — Z (=) (n — i) apri1mm I
k=1 =1 L p
n—1 n B ; 7
=(2n—1)o, — n—1 D) a7
(=10 = 30 =D 3 i | |

=(2n —1)o,.

As for the second term in the expression of 0;7,, adding the j-th column multiplied by
—ay_j to the (k+1)-th column for j =1,2,--- &, and expanding the determinant with
the (k + 1)-th column, we get

n—1
Z )A(]a e 7Ak‘—lka’7Ak+17 e 7A7L71
k=0
apy ... Gp_q 0 Ak+1  --- Qp—1
nollg L ar agay apt2 - -- an
k=0 2 :
an-1 ... Qk4n-2 ZZ‘:() a;iQg4n—2—i Qkt+n --- A2p-2
n—1n—2 i+ 2
- k+1
k=0 1=0
n—2 n—1 i+ 2 n—1 i+ 9
B (ao D™k, { k41 ] +otay ()M, [ k+1 ])
1=0 k=0 k=0

Consequently, we obtain 0;7,, = (2n — 1)o,,.
(IT) Consider the derivative of 0,1,

6t0n+1 = Z ’607 T agtéka Ty én
k=0
-y
k=0

_¢Z‘007'"7ék—17Dk7C~’k+1>"'7Cn .
k=0

~ ~ ~. ~
007 T '7Ok—170k+1ack‘+la e >Cn

Since C‘,’;H = (k—i—n)é’kﬂ — d, where ék =((n—1ags1, -, aktn-1,0, —2ak+n+2)T, we
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have
Z ’607 T ék—la é];k-t,-la ka+1, e 7én
k=0
= 2”‘607"'7671—176714—1 _2‘607"'76ka"'7én
k=0
= 2nhn+1 - Z Z(n +1-— Z)ak+i71<—1) +k0'n+1 L 11
k=0 =2
u n+1
2 n _1 k+n -
+ Y 2kini2(—1) 00 ko
k=0
= thn+1 - Z(n +1—- /l) Z(—1>k+ Ak1+i—10n+1 L 11
i=2 k=0
u n+1
2 —1 bt n n
+ ;( ) en 2041 k1
=2nhpi1 + 29041,
and
Z CN{O7” '7ék—17Dk7ék+17 o '7077,
k=0
ag v Qg1 0 gyl "0 Ay
k=0 | On—1 " Qkyn—2 Z?:_o AiQk4n—2—i  Qk4n " (A2n—1
Qpy1 - Qf4n Z?:o QiQftn—i  AQg4nt2 - A2pt1
= (a@p—21i + - -+ + ai—say) (=1)F g, 4
k+1
k=0 =2
u n+1
+ (_1)n+k (aoakJrn + -+ anak) On+1
pare k+1
n+k n + 1
= Qo (_1) AfynOn+1 k +1 - ¢7-n+17
k=0

which lead to 00,11 = 2nhpi1 + 29041 — GUTHy1.
(III) Applying the Jacobi identity (5) to 7,41 and observing that

- n n+1 .

n+1 n n+1 — In—1,

T, " =h,, T ntl =
n+1 n — Iin, n+1 n+1 — Iny




Generalized determinant solutions for three semi-discrete integrable systems 29

T, " = ntl_ o
n+1 n+ 1 — In+1 — Un,
we obtain the formula (53) immediately.
(IV) Define
ag -+ QAnp Qpyl
D =
Ap -+ A2n A2p41
0 --- 0 1
It is obvious that
n+1 n+2
D= n+1, D = Un,
Tntl n n+1 g
[ n+1 ] n -+ 2
D = OUn, D = On+41,
n 7 n+1 O+l
[ n+1 ] n -+ 2
D =Tn, D = foi1.
n+1 T n Jn+1

Then equation (54) can be obtained by applying the Jacobi identity (5) to D with
i1=n+1,io=n+2,j;=nand jo =n+ 1.

(V) Let f(z,t) = 3325 a(t)z®/k! | then it is easy to see that ay(t) = %f{O,t).
Define a n x n determinant as F,, = det (f(i+j_2))0<ij<n71, and we have
f P A f)
PFy _| ¢ :
Ox? fn=2) .. fn—d) f(2n-2)
f) L f@n=2) p(2n)
f coo f=3) gl ) f coo f0=2) gt
= : : : : + : : :
foo=h) oo f@n=d) p@n=2) (201 foo=h oo p@n=3) p(2n)
Set x = 0 in the above expression, then we get h,, = f, + ¢, immediately.
Thus, the proof is completed. O
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