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ABSTRACT. For the system of d-dim stochastic differential equations,

dXE(t) = b(XE(t))dt + o (X5 (t))dW (t) t e [0,1]
X£(0) = 2% € R?

where b(z) and o(x) are smooth except possibly along the hyperplane {(z1, - ,z4); z1 = 0},
we shall demonstrate that the natural setup of its large deviation principle is to consider the
probability €2 log P(|| X — ¢|| < 6, |[u® — || < 6, [|€5 —n|| < &) ~ —I(p,9,n) of the triplet
(X¢,u®, ) simultaneously. Here, u® is the occupation time of X{(-) in the positive half line
and £°(-) is the local time of X$(-) at 0. The explicit form of the rate function I(-,-,-) is
obtained. The usual Wentzell-Friedlin theory concerns only the trajectories of X¢(-) of the
form €2 log P(|| X — ¢|| < &) and its limit is a consequence of the contraction principle of our
result.

Résumé.
Pour I’équation differentielle stochastique sur R%

dXE(t) = b(XE(t))dt + e (X5 (t))dW (t), t € [0,1],
X¢(0) = z° € RY,

ou b(x) et o(x) sont lisse & ’exception de ’hyperplan {(z1,--- ,z4); z1 = 0}, nous démontrons
que la forme natuelle de grande deviations est

e?log P(|X° — || <&, [[u® — [l <615 —nll < &) ~ —I(p,%,m).
Ici, u® est le temps occupé de X§(-) en la ligne positive et £2(-) est le temps locale de X§(-) a
0. Nous obtenons I(¢,,n) explicitement. La théorie de Wentzell-Freidlin étudie seulement
les trajectoires de X¢(-) de la forme

e2log P(||X€ — || < 8) ~ —I(¢)

et sa limit est une conséquence de le principe contraction de notre résultat.

61. Introduction.

For the stochastic differential equation in RY,

dXe(t) = b(X°(t))dt +eo(X°(t)dW (t), te][0,1],
(1.1)

X¢(0) = 2°,
we shall be concerned with its large deviation principle (1.d.p) for € | 0. Here, we assume
the following conditions on (1.1) throughout the paper:
(1.2) (i) b(:) and a(-) = o(-)o*(+) are smooth with possibly jump discontinuities along

the hyperplane HY = {x = (21, ...,24), 21 = 0}.



(ii) There are positive constants ¢; and ¢y such that ¢11 < a(z) < cof for all
x € R? where I is the identity matrix.
More precisely, we assume that there are b+ (), b7 (-),a™ () and a~ (-) with bounded deriva-

tives such that

b(x) =

b (z) if 1 >0 at(z) if 1 >0
e

b= (z) if 21 <0 a”(x) if z; <0.

For notational convenience, we shall write a vector z in R? or a function f with value in
R% as v = (x1,%) or f = (f1, f) to distinguish the first components from the rest.

We shall briefly recall the definition of 1.d.p and refer the details to [9], [14] or [22]. A
family of probability measures { P*}.~¢ on a complete separable metric space (X, d) is said
to satisfy the l.d.p with rate function I(-) if the following (i)-(iv) are satisfied:

(1.3) (i) I : X — [0, 00] is lower semi-continuous;
(ii) K, :=={z € X,I(z) < r} is precompact;
(iii) For any M, there exists a compact set K C X such that for any 6 > 0 and ¢
small

PA(By(K)") < expl(— )

(iv) (lsiir%)lirgn_%lf e?log P*(Bs(x)) = —I(x) = %er%)liriljgp e?log P¢(Bs(x)).
Here, Bs(z) is the d-neighborhood of z and K¢ the complement of K in X. We give a
few words for the definition of 1.d.p of this form. The definitions given in [14] and [22] are
different but are equivalent. See Theorem 3.3, Chapter 3 in [14]. The result, Theorem 3.5,
Chapter 3 [14], implies the properties in our definition. On the other hand, by using (iv),
it is easy to prove that the following holds if A is a compact set,

limsup e? log P*(A) < —inf{I(x);z € A}.

e—0

Then, by using (iii), we can prove that this also holds if A is a closed set. Therefore, we

can verify the properties in the definition of l.d.p in [22].



If b(-) and o(-) are smooth and a(-) is strictly positive throughout R?, the 1.d.p of the

trajectories for (1.1) was known [3]:

(1.4) P(IX* = 6.y < 8) ~ exp(— 12y

-2
for ¢ € C|0, 1], where

19) =5 [ o7 (@(0)(t) — bo(e) P

for an absolutely continuous ¢ and I(¢) = oo otherwise. Here and hence after, || - ||j4,5 Will
denote the supnorm for a function defined on [a,b]. We sometimes omit the index [a, b]
when no ambiguity arises. The problem becomes more involved when discontinuities are
allowed in (1.1). First, the strong solution of (1.1) may not exist and the usual Picard’s
approximation method thus fails. Secondly, the rate function I(-) in (1.4) can not be
interpreted literally (this can be most easily seen by taking b(x) = sgnz,o(x) = 1 and
¢ = 0 in one dimensional case) and hence there is no candidate for performing the change
of measure technique in large deviation theory. The first generalization of (1.1) with jump
discontinuities (1.2) allowed was proved in [16,17] for the special case that o = I and ( in
addition to some smootness conditions on b1 (-),b7(+)) a stability condition holds on b(-):

(1.5) inf (b7(0,Z) — b7 (0,7)) > 0.

TeRA-1

Under these conditions, (1.4) was proved to hold with the rate function expressed in a
complicated variational form. For the special case d = 1 but without the stability condition
(1.5), the 1.d.p was proved in [7]. We note that it is natural to do the analysis for such
processes by using occupation time of X¢ in the positive half space H = {(z1,7) €
R, z1 > 0}. See some studies in [6][10][11]. However, for d > 1, the following setup for

the 1.d.p of (1.1) is first proposed in [8] and is then proved for the case of o = I:

1
(1.6 P(IX® — 6] <8, — 0] < ) ~ exp(~ 1 L2
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where u® (t)(= f(f X(0,00) (X1 (5))ds) and 1) are occupation times of X and ¢ in the positive
half space H' = {(z1,Z) € R? x1 > 0} respectively. In general, for a continuous function
f:[0,1] — R, an absolutely continuous real function g is called an occupation time of f

in H* if, for almost all ¢, g(¢) € [0,1] if f1(t) = 0 and

. 1 if f1(¢) >0
g(t) = {

0 if f1(¢) <O.
In general, occupation times are not unique. It is unique if and only if m{t : f1(t) =0} =0
where m(-) is the Lebesgue measure. We shall write g € H*(f) if g is an occupation time
of fin H*. Along this line we shall consider the 1.d.p under (1.2) allowing general o(-) and
jump discontinuities in both b(-) and o(+) in this paper. The novelty to have a nonconstant

o(-) is that the natural form of the l.d.p for such a system is a level even higer than (1.6):

I
(1.7) P(|X® = o[l <9, [[u® =9l <6, |65 —nl <d) ~ exp(—((b;if’%

where (¢ and 7 are local times of X§ and ¢; at 0 respectively. Here the local time ¢(t) at

0 for a continuous semimartingale m(t) is defined as the increasing process such that

m(t)] = [m(0)] + / sgn(m(s))dm(s) + £(z).

See [23]. For a real-valued function f on [0,1], a local time of f at 0 is an absolutely

continuous function 7(-) satisfying 7(0) = 0 and

iM=0 i {()#0
(13) {

n(t) € [0,00) if f(t)=0.

We shall denote by LO(f) the set of all local times of f at 0.
In [6], they directly proved the l.d.p for the trajectories of X¢ by using a weak conver-
gence approach which is quite different from ours. The rate functional described below is
suggested by their work. See also [8]. Their arguments also apply to the cases of noncon-

stant coefficient, but the existence of strong solution for the dynamics was required.



We now formalize our result as follows.

Ifzy >0,p=1and § =0 (or z1 < 0,p =0 and € = 0), then

1 _
L(z,p, p,0) = L(;p) = 5lo() " (p — ()
For z,p € R? such that z; =0,p; =0and 0 < p < 1,0 > 0, let
L(z,p,p,0)

:inf{%pla+(a¢)_1(q+ — bt (2))? + %(1 —p)lo™ ()" g™ = b~ (=)

1.9
(19) q",q” € R? satisfying pg" + (1—p)g” =p
0 0
d e S
R TR Tk

If p=0or1, =0, then
L pp,0) = 3l (@) o= bF @) p =1,
= Lo @ b @) p=0;
For an absolutely continuous function ¢ € C|[0,1],% € H™(¢) and n € L%(¢), let

(1.10) I(yib,m) = / L(6(t), $(8), (), (1) dt:

For other triplets, I(¢,,n) = oco.

Finally, let ACT[0,1] denote the set of all absolutely continuous functions on [0, 1]

starting from 0 with derivative in [0, 1] and Cj [0, 1] be the set of real, continuous non-

decreaing functions starting from 0.

The main result of the paper is the following:

Theorem A. Let P¢ be the distribution of (X¢,u¢, (%) induced by the solution of (1.1)

on C = C[0,1] x AC{[0,1] x C4[0,1] where u® is the occupation time of X¢(-) on HT

and (¢ is the local time of X{(-) at 0. Then {P*}.~¢ satisfies the l.d.p with rate function

(1.10).

We shall denote C[0, 1] x AC;[0,1] x C;[0,1] by C in the sequel.
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Remark. Using the supnorm as the metric, the space C is a complete separable metric
space. It is also easy to verify that I(-,-,-) has precompact level sets. We shall show the
lower semi-continuity of I(-,-, ) in Appendix. Our main work is to prove (1.3)(iv) which
is given in Sections 2, 3, 4 under different conditions.

As a consequence of the contraction principle, we have the following result.

Theorem B. The distribution generated by X on C|0, 1] satisfies the l.d.p with rate
function I(-) given by the following. For ¢(t) absolute continuous, R% valued function

defined on [0,1] with ¢(0) = 2V,

and I(¢) = oo otherwise. Here if x1 # 0,
1 _
L(w,p) = Slo(z) " (p — b))%
if x1 =0 and p; = 0, then

Lz, p) = nf{5plo™(x) " q" b7 @) + 5(1~ plo~ (@) g™ — b~ @)]?)

the inf is taken over all 0 < p < 1 and ¢, q~ € R? satisfying

pgt+(1—p)g” =p, ¢ <0, ¢ >0.

§2. Brownian motion: b=0,0 = I.
In this section, we shall establish the 1.d.p for the 1 — dim Brownian motion in the form
(1.7). In this case, (1.9) can be calculated explicitly. We have
02
“8p(1—p)
=0, p=0or1andf =0,

L(0,0,p,0) ,0<p<Tlandf >0,

=00, p=0or1andf >0.
For x # 0, L(x, p,0,0) = 3|p|*.

First, we define a notion of log-equivalence to simplify the notation.



Definition 2.1. For two real positive functions f (e, d) and g(e, ), we say that f(e, ) g

g(e, ) if
lim lim sup e? log f(e, §) = %im limsupe? log g(e, 6),

6—0 -0 -0 -0

lim lim inf £ log f (e, §) = }im lim i(r)lf e?logg(e, ).

—0 e—0 —0

Obviously, if { P{ } and { P5 } are two family of probability measures such that P (Bs(x)) 8

Ps5(Bs(x)) for any z , then { Pf} satisfies (1.3)(iv) with rate I(-) if and only if { PS5 } satisfies
(1.3)(iv) with the same I(-).

We recall a lemma from [8](See Lemma 3.3 in [8]).

Lemma 2.2. Let f be a real-valued function on R* with f(z) = f*(x) if z; > 0 and

f(z) = f~(x) if 21 <0 where ft and f~ are bounded and continuous. Then the function

(6,9) — [ fop(t)dt is continuous. Here, fys(t) := fH(o(t))0(t) + f (o)) (1 — (2)).

The main result in this section is the following.

Theorem 2.3. Let P¢ be the distribution of (eW, u®,¢¢) on C where W is the standard
1-dim Brownian motion, u® is the occupation time and (¢ is the local time at 0 of eW.

Then P* satisfies the I.d.p with rate function I(¢,,n), where

I 2 1! ﬁ2(t)
I(¢,,m) == | o~(t)dt + < : ——dt
! ”A 8/‘wwu—¢m>

if ¢(t) is absolutely continuous, 1 € H(¢) and n € L°(¢); Otherwise, I(¢,1,n) = oo.
Proof. We shall only prove the case that

¢ =0, P(t) = pt, n(t) =0t
for some constants 0 < p < 1 and 6 > 0. We calculate the asymptotics of

P{ X% <06, [[u® =9l <6, [|€5 —nl < 6}
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Here X¢(t) = eW(t). The general cases can be treated through successive conditioning.
Since this idea is used in several places of the paper, we shall give some detail of it in
Appendix.

We consider a diffusion X¢ satisfying
dXE(t) = v(XE(t))dt + edW (¢).

Let @° be the occupation time of X¢ in H* and ¢¢ the local time of X¢ at 0. Here W is a
standard 1 — dim Brownian motion and v(-) is given by the following,

0
2(1-p)’

6
v(a;):—Q—, if z;1 >0 and ov(z) = it z; <O0.
p

By Cameron-Martin-Girsanov Theorem,
P{IXN <6, [[u® =] < 6,[16° —nl| < 6}
1t . I
(21) —Blexp(—2 [ o(XO)V(0) - 555 [ o0
g Jo 2e 0
IX°ll < 6, lla° — 9| < 6,16 —nl <6}

For (X¢, 4, (%) in Bs(¢,v,n) we have the following estimates: from

| W @R = (R0 +
this can be approximated by
2 0 2 _ 0°
) P+(2(1_p)) (1-p)= (= p)

with an error bounded by ¢d for some ¢ > 0; Also, by Tanaka’s formula,

%

FXE(1) = / (X (1)) Pt

L0 0 -~

where f(z) = [} v(u)du, then

/0 oK)V (1)
Ly - sxeop - [ e et [ )
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which, after some calculation, is approximately equal to zero with an error bounded by
cd/e. Therefore,

P{X5| <6, |lu® =9l < 6,167 —nl| < 6}

(22) lo_geX (_ 92
~ PRI )

In the following, we estimate the probability on the right hand side by using ergodic

VP{IXE| < 6,13 — o) < 6,116 =il < 6}

theorem.
We define

Xo(t) = = X=(24), Wolt) = ~TH(c20).

2

o | =

Then Wy(t) is a 1 — dim Brownian motion and
dX()(t) = U(X()(t))dt + dWO(t)
It is easy to see that X(¢) is ergodic and has the invariant density

p(x) = QeXp(—gx), x>0
0

0
:0exp(—1 x), z <0.

By ergodic theorem, for each t > 0,

(2.3 #(0) = [ 7 oo (Xo(s))ds — gt

in probability as e — 0, since fooo p(z)dx = p.

By Tanaka’s formula,
[ Xo ()] =|Xo(0)] +/0 sign(Xo(s))v(Xo(s))ds
—|—/ sign(Xo(s))dWo(s) + Lo(t),
0
with £o(t) = E%Zs(e%). Therefore,
E(1) =2(1Xo(Z5) | — [X0(0)]) — W (5)

2 / “ sign(Xo(s))v(Xo(s))ds,
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where Wy (t) = f(f sign(Xo(s))dWy(s) is a Brownian motion. But, for each t > 0,

ELZ
52/ sign(Xo(s))v(Xo(s))ds — t/sign(a:)v(x)p(a:)dw = t0 = n(t)
0
in probability as ¢ — 0 by ergodic theorem. From this, it is not difficult to prove that
(2.4) P{[|f° —n < 6} —1

as € — 0.

Also, by X¢(t) = e2Xo(Z%) and the fact that X(t) is ergodic, we can show that
(2.5) P{||X®|| <6} —1
as € — 0. The proof of the theorem is complete by combining (2.1) ~ (2.5).

§3. The case aj1(x) = 1.

Let a € SdJr be a symmetric positive definite d x d matrix on R? such that ¢;1 < a < col
for some c1,co > 0. We shall define a particular o satisfying oo™ = a. Here are some
notations.

Let ”*” denote the transport of a matrix. For a d — dim column vector v such that
v* = (v1, -+ ,vq), we shall denote v the (d— 1) — dim column vector and v* = (va, -+ ,vg).
For a general d x d matrix m = (m;;); j=1.... 4, we shall adopt the following notation: m
is the (d — 1) x (d — 1) submatrix of m omitting the first row and column from m i.e.,

m = (mij)i,jzl,...d,l and
miaj = miJrl,jJrl?iuj =1, 7d_ 1;
m; is the first column of m,

: mii
mq = . = _ .
mi

mai



12

The first row and column of o are defined as follows.

and o1; =0 for ¢t = 2, ..., d.

a1
011 = v/ Q11, 041 =
Vv a11

Denote
ai1 ELT \/Aa11 0
a = 9 0 = _
a1 \/6211 0
Then

In order to define & so that co* = a, we need the following lemma.
Lemma 3.1. ¢l <a-— % < col.

Proof. Since ajaj > 0 and a < co/, it is obvious that the upper estimate holds. For the

lower bound, let § = (ya,...,yq) € R4, Let y; = — Zj:z arj 2. Then

aiil

d d
1 ny < Z aijYiYj
i=1

Q=1
d d
= aiyiy; +anyt +2ayin
inj=2 i—2
d d d
= Z aijYiy; + (Z arjyi)*/ann — 2(2 avyi)? fan
i,j=2 =2 i=2
d d
= Y ayyiy; — (O arjui)’fan,
1,j=2 j=2
aiay

This implies 11 < a — The proof is complete.

air ’

Now, let & be the square root of a — % Then o satisfies oo™ = a.
Let ot (x),0™ (z) be chosen as above for a*(x),a™ (z) respectively and o(x) = o™ (z)

if z; > 0 and o(z) = 0~ (x) if z; < 0. Then o(z) has bounded derivatives except along
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hyperplane {(x1,---,z4);21 = 0}. Now SDE (1.1) has the following form:
dXi(t) = b1 (X5(t))dt + eo11 (X (t))dW1(t),

AXE(t) = by(XE(t))dt + eosq (XE(£))dW (¢ +€Z% W;(t), i=2,..,d.

AXE(1) = by (X2 ())dt + eony (XE(£))dWi (1),

)
(3.1) . . a1 (X=(t))

dXe(t) = b(X(t))dt + ¢ all(XE(t))dW1( ) + €6 (X=(t))dW (¢).

Wy
where W = | |. For technical reasons, we shall assume o1 (z) = 1 for each x € R? in
w

the rest of this section. This assumption will be romoved later.

Let X<(¢) be the solution to (3.1) and u®(t) and ¢¢(¢) be its occupation time in H+ and
local time at 0 respectively. In other words, u®(t) = f(f X(0,00) (X{(5))ds and £¢(t) is the
local time of X{(-) at 0 up to time ¢. Let C be defined as in Section 1. The main result in

this section is the following theorem.

Theorem 3.2. Assume that o11(x) = 1 and P® is the distribution of (X<, u®, (%) defined

above. Then {P¢} satisfies the l.d.p with the rate function given in (1.10).

For a triplet (¢,,n) € C, we shall consider P¢(Bs(¢,1,n)) where

Bé(@%ﬁ) = {(X7u7€) : HX - (bH < 57 Hu - ¢H < 57 HE - 77” < 5}

We first use Cameron-Martin-Girsanov theorem to change X5 (¢) to a Brownian motion

PE(B5(¢7¢7H))
3.9 :/Ba(éwn)exp(/o c(X(t))-dX(t)—/O c(X (1)) - b(X(¢))dt
- % /0 c(X (1)) - a(X(t))e(X (t))dt)dQ*

where dX (t) = b(X (t))dt + eo (X (t))dW (¢) under Q¢ and b = b+ £2a ¢. Here we choose
¢c=(%,0,---,0)". Then
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Hence, under Q°,

dXi(t) = edWi(t),
{ dX (1) = b(X (£))dt + 21 (X (£))dWi (1) + e (X (£))dW (t).

Let wu(t),£(t) be the occupation time in H' and the local time at 0. They are uniquely
determined by X (). In the following, we shall write X € Bs(¢,1,n) instead of (X, u,¥) €
Bs(¢,1,n) if no confusion occurs.

Hence
PE(X € B&(@wﬂ?))
1

(3.3) B 1 1 1 ' 8
_/B(;(¢ ) eXp(52/0 b (X (1))dX1(t) 252/0 b1 (X (t))dt)dQ*.

By using Lemma 2.2, it is not difficult to deduce the following:

P*(Bs(¢,v,n))
(3.4) log

Sy el [ @)

We next apply an Ito’s formula to estimate the stochastic integral on the right hand side
of (3.4). We want to remark that the main difficulty of a direct estimate is caused by the
discontinuity of b1 (-). We will overcome this difficulty by expressing fol b1 (X (t))dX4(t) as
a combination of a stochastic integral with respect to X;(t) and the local time of X ()
through Ito’s formula, but now the new stochastic integral has a smooth integrand.

Let F(z) = F(21,%) = [, bi(u,Z)du. Then by Ito’s formula,

PX(0) = FOXO)+ [ 9P aX(6)+ T [ e (X)) 5o (X))

)

+5 [ 070X~ (X e))ars)
— P(X(0)) + / bi (X (5))dX (s / VF(X(s)) - dX(s)

v / af S (X >>ds+; / (b — b7 )(X (5))de(s)



15

where VF = (8332 e 833 ) ¢ R=!. Hence

gig b epaxco

(35 =2

1

! /Zw ) e X s = oz [ 07 ~b0) (X))

2
2e 0

Since F' is a bounded Lipschitz function, we therefore have, for any v > 0, the existence

of an dp such that

(3.6) (F(X(1)) = F(X(0))) = (F(¢(1)) = F($(0))] <~

for any X () € Bs(¢) with § < Jyg. Also, by the boundedness of a;;(x) and nga(:f)( for

x1 # 0), for any v > 0 we have

(3.7 =7 D a(X(0) 5 e X() <5

if € is small.

The other two integrals on the right hand side of (3.5) are estimated in the following.
Lemma 3.3. For any v > 0, there exists an 69 > 0 such that in Bs(¢,1,n),

[ ot - o xman — [ 0 e0) - s eoDio <

for any § < dg.

Proof.
[ oty - o xomann - [ 6w - s eonioa
/ (0 =X () - 0F =) (@(e)lae + | [ (b — 7 (D(6)) (de(t) — (t)ae)
<2KX — glle(1) + / (b7 — b7) ($()de(t) — iﬁ;(br D) (6(8)) (ki) — €(t:)
‘] / (b - b7) dt—i(bf—b1><¢<ti>><n<ti+1>—n<ti>>|

+ Z’ (07 = b)) (@) || (C(tigr) — £(t:)) — (n(tiv1) — n(t:))|
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where K is the Lipschitz constant of b+ and b~ and {t;}*1! is a partition of [0, 1]. Since
¢ is uniformly continuous on [0, 1],
1 N ~
[0 = - St =)@ et — 6] < 3
i=1

if the partition {t;}" 1" is fine enough. Similarly, if {t;}N"! is fine enough,

=2

1 N
| /0 (b = br ) (@(&))n(t)dt = Y (b — b1 )((t:)) (n(tis1) —n(t:))] <

=1

For X (-) € Bs(¢,v,n), (£ —n)(t)] < J for every t. Hence

Z\b+_b1 EDNE(Eir1) — ntiva) — £(t:) + (ti)\SQMN6<%

if § <~/8MN, where M = sup |b] (z) — by (2)|. The proof is complete by combining the

above estimates.

Lemma 3.4. For any M > 0 and v > 0, there exists an dy such that

t
M
@B, s | [ T aX() - [ TF0) Sl ) < epl-5)

0<tL1

if § < 9.

Proof. Let m = {ty = 0,t1,--- ,ty = 1} be a partition of [0,1] and let define ¢, (t) = ¢(t;)

ifti§t<ti+1 fori=0,1,--- ,N — 1. Then

t
Q (Bs(d, ), swp | | V(X / TF(8(s)) - d(s)ds| > )

0<t<1 Jo
< @ (Bs(6,0,m); sw | | (VF(X(3) = TF(0(s)) - dX(s)] > })
+ Q@ (Ba(@, ), swp | | (TFO(3) = TF(6x(5)) - aX ()] > )

FQ (Bs(o.wm), sup | | GF(0n(s)) - (4X(5) - dls)ds)| > )

t

+ Q (Bs(6,0,m), sup | | (TF(6n(5)) — VE(H(5))) - 3(s)ds| > 1)

0<t<1 Jo 4
=11+ 1+ I3+ 14.
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We have Il S 111 + 112 where
t
I = Q¥ (By(6.vn), sup ([ (TF(X(5) = TF(8(:)) - dX(5)) > D
0<t<1 Jo

and

I = Q°(Bs(¢,¢,n), sup (—/0 (VF(X(s) = VF(6(5)) - dX(s)) > 1),

0<t<1
Let G(t) = (0,G(t)),G(t) = VF(X(t)) — VF(4(t)). Since F is Lipschitz, we have
|G(t)] < K¢ for some constant K independent of ¢ if X (-) € Bs(¢,,n). Hence for 6 > 0,

o = @ (Bs(orvn). s [ 6(s)-axX(s) > )

0<t<1

— Q% (Bs( 1), sup ( / 0G(s) - (dX (s) — (X (s))ds)

0<t<L1

922
/G ds+0/G

022/(} d5>>z)

< Q°(Bs( ), exp( sup ( / 0G(s) - (dX(s) — (X (s))ds)

0<t<1
2.2 t 2.2
- 975 G(s) - a(X(s))G(s)ds)) > exp(%7 9K’ — %K’é))
0

where K’ is a constant satisfying
/ |G(s) ||b s))|ds < K'4, and / G(s)-a(X(s))G(s)ds < K'§
for X(-) € Bs(¢,,n). Thus

Ty < Q°( sup exp( / 0G(s) - (dX(s) — (X (s))ds)

- ﬁf i G(s) - a(X(s))G(s)ds) > exp(% —0K'6 — 022—2K 5))

< exp(—% + 0K’ + 02 K'(S)E(exp(/0 0G(s) - (dX (s) — b(X(s))ds)

922/@ G(s)ds)

)
6~ 62> T —5K')?
_exp(—z—i—HK'(S%— 5 ——K'§) = exp(— (4252K’5) )
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if 0 = 4; 2{2 and 1 — 0K’ > 0. From the first relation to the second relation we use the

martingale inequality. See [15, Theorem 6.2, Chapter 1]. Therefore, I1; < exp(—M/e?) if
0 is small. We can treat 9, I5 similarly; I3, I; can be proved to be 0 if ¢ is small enough

by an argument as in the proof of Lemma 3.3. The proof is complete.

In particular, Lemma 3.4 implies that for any v > 0

@ (Bs(r b)) ' Q*(Bs(6, 1), | / TF(X(s) / TF(9(s)) - $(s)ds| < ).

Now, by (3.5), (3.6) and (3.7) and Lemma 3.3 and Lemma 3.4, we have

/ exp( / by (X (£))d X4 (1))dQ°
Bs(¢,1,m) 0

-/ exp<€i2<F<X<1> o)~ [ GFeK) - ax)
Ba(¢¢77)
-5 T %axjoc( >>dt—§ / (57 = b)) (X)) dQ?

I%gexp<€i2<F<¢<1>>—F<¢<o>>—1 / o7 = b))l - / TE() - 60d0)
'/ng,w,n)exp / Vi / VFO(0) - (1)) 40"
Let A = [ 7F(¢ (t)) G(t)dt — [ 7F(X (1)) - dX(t). Then
ex F(X F(¢ t)dt))dQ*
/ el / v / v 6(1)dt))dQ

/ exp( 5 A)dQ?
Bs (.1, n) |A|>w e?

< eF=Q(By(, ), |A] < 7) + ( / exp(23 Q%) (@ (Bs(6.4.m).|A] = )’

< e Q(Bs(¢, v, m), |A| < ) + —M

where K is a constant depending on a,b,¢ and M is as in Lemma 3.4. From these

< e Q*(Bs(¢, 0, n), |Al <) +

calculations, we have

F F t)dt))dQ*
/B(s(d),w,n) eXP / V / v ) e
I%ng(Baw,w,n), Al <) 2 Q(Bs(¢,v,m)).

These can be summarized in the following lemma.
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= b(X(t))dt + ea(X (£))dW (t) under Q° and b(z) = b(z) —
bl x
b1(x)ay(x), where b(x) = ( b(( >) and aq(x) is the first column of a(x). Then

Lemma 3.5. Let dX(t)

PA(By(6, b)) 2 exp(— 55 [ By u(0at) exp( S (F(6(1)) - F(6(0))
0

€2
1

-3 | =it - [ TFM)- o)) - @ (Bs(onv.m)

It is clear from Lemma 3.5 that we now only need to obtain the l.d.p for the measures
{Q°}. The advantage of {Q°} over {P*°} is that under Q°, dX;(t) = edW;(¢t) and can be
solved independently of X (t). It is important to solve X (¢) first because the discontinuities
of b(-) and o(+) only occur at X; = 0.

Hence we concentrate on

(3.8) Q°(Bs(¢, 4, m) = Q°(IX — ¢l <, [[u—| <6 [€—nl <)

where under Q°, X (t) satisfies the stochastic differential equation of the special form:
dX1(t) = edWq(t)
(3.9) dX(t) = z(X(t))dt +ea1(X(t))dWi(t) + ea(X(t))dW(t)
X(0) ==.
We assume that 1 = 0 in the rest. Our strategy to study the 1.d.p for )¢ is the following.

Define the following auxiliary processes,

V1+(t) :/ X(O,oo)(X1(3>)dW1(3>7

t

\o

Vit (t) = ; X(—00,0)(X1(8))dW1(s),
V() = /0 (0o (X1 ()T (5).

V() = / oo (X ()T (s),

and
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Then (3.9) can be rewritten as
dX,(t) =edWi(t),
AX (1) =b (X(O)du(t) +b (X(0))(dt — du(t)) + (o7 (X1 (1), X (1)dV;" (1)
(3.10) + o (X1(t), X()dVy () + o (X1(t), X(1))dV T (¢)
+0o (X1 (1), X(8)dV ™ (1),
X(0) =z.

Now the coefficients in (3.10) are smooth. Following the argument in [3, Chapter III}, if
we can show that the process (X1 (t),u(t), £(t), eV, (t),eV (t),eV T (),eV ~(¢)) under Q¢
satisfies 1.d.p, then the process (X (¢),u(t), £(t)) under Q¢ satisfies the 1.d.p.

For V" (t) ( and similarly for V| (t)), we consider a function G* such that G*(y) =y

if y > 0 and G*(y) = 0 otherwise. Then by Tanaka’s formula, we have

AGH(X1(1)) = X000 (X2 ()X (1) + 5 (1)

that is,

(3.11) V() = G (X0 (1)) — %f(t).
Similarly,

(312) V(1) = G (X (1) + (),

where G~ (y) = y — G (y). Therefore, V;7(-) and V;”(-) can be considered as the image
of (X1(+),u(-),#(-)) under the continuous mappings given in (3.11) and (3.12). We denote

these mappings by H* and H~. That is,
(3.13) Vit = HY (X1, u,0), eV =H (X1,u,¥).

From this, it is enough to show that the process (X1 (t), u(t), £(t), eV (t),eV ~(t)) satisfies
l.d.p. This is given in the following lemma. Before state it, we need some notations. Let
denote

n(t)?
O = (1))

dt

1 1 . 1 1
(3.14) 1) =5 [ looPa+ g [
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if p € HT(¢1),n € L (¢1), and I (41,1, 1) = 0o otherwise. By Theorem 2.3,

QE((Xbu?g) € B&(¢17¢777>) I%g eXP(_gigI(O)@l’wﬂ?))

Let 1,9~ be absolutely continuous, R4~! valued functions on [0.1]. Define

L Ligt@))? o ()2
I (U+,U ) =3 ( R + X
' 2, b 1—0)

)dt.

Lemma 3.6. Let % (-),97(-) be R¥~! valued and absolutely continuous. Then
QE((le u, f) S B&((blv 1% 77)7 (5‘7+7 5‘7_) S B&(®+7 IT)_))
1 _
= eXp(_g_Q(I(O)((blv wv 77) + I¢(6+7 v )))
Proof. Let W (t), W=(t) be two independent (d-1)-dim Brownian motions which are

independent with W (¢). Then (X1, u,¢,eV*,eV ™) and (X1,u,l, eV, eV ™) have the same

distribution, where

~ A —

V() = W (u(t), V(1) = W (t —u(t)).

Let 6 be a small positive number and define

Vb () = WH(u(t) 4+ 6t), Vy () = W (1 + 0)t — u(t)).
Note that (X1, u,?) € Bs(é1,v,n) and

eV, (t) — ot (t)] < & forall tel0,1]

imply
|eW ™ (t) — 07 (at))| <6 forall te[0,p(1)+6—4],

where «(-) is the inverse of the mapping

t — Y(t) + Ot.
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Then by a routine argument and using Theorem 2.3, it is not difficult to show that

QE((leuv f) € B&(¢1,¢777)7 (6‘79+7€‘79_) € B5(®+76_)>

" exp(—5 (1 (60, 4, m) + 19(5*, 7))

where

1/ ot )2 o= (1)|2
i A T
O 0+(t) 6O0+1—9(t)
On the other hand, we can also show that for any v > 0, M > 0, there are 6y > 0,y > 0
such that for 0 < 0y, 6 < &g, we have
Q°((X1,u,l) € Bs(¢1,9,7m), (€V+,5V_) € Bs(vT,v7), (5V9+,5V9_) ¢ B,(v7,07))
T+ Q(X1.u, ) € Bs(r, ), (V7 V) € Bs(t,07), (V. eV7) ¢ B, (07,57)

M
SGXPC—EE)

The lemma follows from these two relations. This completes the proof.

Corollary 3.7. Let vt (:),v=(-) be R* valued and absolutely continuous. Assume that
vi' (1) = R (d1, 9, m)(¢)

vy (8) = H™ (o1, 9, m)(t)
with the mappings H* given in (3.13). Then
QE((le Uu, f) € B&((blv 1% 77)7 (€V+, EV_) € B&(v+7v_)>

lozgexp<-€i2<z<0><¢1, ¥,m) + LB, 57)).

Given (¢, 1, n), we shall consider v (+), v~ () which are absolutely continuous and satisfy

(3.15)

(3.16) o(t) = ¢(0) + /0 t B(s)ds + /0 t t((s))vt (s)ds + /0 t &= (¢(s))v (s)ds.
Here
B() =5 (6O)6() +b ()1 = 0(t)) + d1(8)(T7 (S x(0.00) (@1 (1))
F 07 ()X e 0)(61(1))) — ()T (6(1)) — 7 (9(1)))
Here we note that (3.16) is just the relation (3.10) if (X1, u,£) = (¢1,v,7n), (eVF, eV ™) =
(vF,97) and (eV;,eV]7) = (v, vy) given by (3.15). Define

(3.17) J(p,p,n) = (_i+n_f_){1¢(17+,17_); (vF,v7) satisfies (3.16)}
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Lemma 3.8. Let 1) (¢1,1,n), J(¢,1,n) be given in (3.14) and (3.17). Then

Q° (X, u,0) € Bs(,1.1)  exp(~ 5 (I (9n,6,m) + T (6, 9, )

Proof.  This follows from the argument in [3, p.91, Theorem 2.13] by using Corollary 3.7.

Proof of Theorem 3.2. By Lemma 3.8, it remains to simplify

](¢,¢,77) = I(O)(¢17¢7n) + J(¢,¢,77)

Similar to (3.16), we consider (f, f~) which satisfies

=60+ [ Bljas+ [ 5+ (o()V 0+ (s)ds + [ ooV visas
Then

T = inf (5 [ U G)R +17 @)

where the inf is taken over such pairs,

L(z,p, p.0) = 5|7(x) " (5 — (b(x) + (p1 — b1(2))71(2)))[*if 1 #0,

N | =

and

NP N __
(3.18) L(w,p, p,0) = nf{ S (Ip" " + [p7 |}

if 1 =0,p1 = 0,0 > 0,0 < p <1, where the inf is taken over all pairs (p™, p~) satisfying
(3.19) =p — p(b" (z) — b ()5 (x)) — (1 = p)(b (z) — by (2)77 (2))

Now we simplify (3.18). Given (z,p, p, ), consider 1 (|p™|>+ [p~|?) with (p*,p~) satis-

fying (3.19). Define (¢T,¢~) by the relations

VBT @) = plq" =5 (@) + b (2)o 2) + 5ot )

0

VI—po @ = (1=p)a” —b"(@) +b7 (@)1 (@) + 53—

a1 (2)),
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and
0 )
+ _ p—
Ty Ty
Then
pg"+(1—p)g” =p,
(3.20) L6
Wy T e )
Moreover,
1
0+(35> 1(C]+ - +(37)> = %f’
_ _ _ 1 _
with
pf = Volak —bf (x), pr =V/1—plg; — by (z))
Therefore,

S5+ 107 P) + 5 (pT P + Ipr )
=5 (ol (@) (@ =B @)+ (1= )l (@) (= b (@),

We then have for p; = 0,

L(z,p, p,0) =inf{%(p!0+(w)_1(q+ =05 (@)]P + (1= p)le™ ()" (g~ — b7 (@));

1 0
(a*.q7) satisfies (3:20)) — 5 (ol + b (=)

6

) — by (7)[7)

+ (1 =p)l

Since,

6

20—p) — by (z)]%)

1 0

5(/)\2—[) + b7 (@))* + (1 = p)|
02

4p(1 = p)

then using also the expression for 1) (41,1, 7) in (3.14), we have

+(pby (2)* + (1 = p)by (2)*) + 0(b] (z) — by (2)),

(6 ,m) = / L(8(s), (), (), 7(s))ds,
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where

if x1 # 0, and

L(z,p, p,0) = ilflf{%(ﬂ|0+(90)1(q+ = b5 (@)]P + (1 = p)lo™ ()" (g™ — b7 (2))*);
(q*,q7) satisfies (3.20)}

if z1 = 0,p; = 0. This completes the proof.

Lemma 3.9. 1(¢,1,n) is a lower semi-continuous function.

This will be proved in Appendix.

84. General cases.

The system we are concerned with is the following,

dXe(t) = b(XE°(t))dt + eo(XE(t))dW (¢),
(4.1)

where 011 = /a1 and 01; = 0 for j = 2, ..., d. The purpose of this section is to show that
the 1.d.p of X¢() in (4.1) holds if and only if it holds for Y=(:) in (4.3) (Theorem 4.5),
where the leading coefficient o11(z) = 1. The new process Y¢(+) is obtained from X¢(-)
through scaling (4.2).

Let
0= [ on(xe(o)s
and
50 = [ Gh(60)2006) + 012 (006))%(1 ~ v(s))is.
Also, 4%(t) and ~(t) are the inverses of 35 and 3 respectively. Let Y(£) = X*(v5(1)),
oY (t) = ¢(y(1)),n" (t) = n(x(

).

(4.2) v(t) . t . ‘
W)= [ beeho0s)ds = [ 6ot 000 s)ds
0 0



26

Let Y (-) and £¥ (-) be the occupation time of Y in HT and the local time of Y§ at 0
respectively. In the following, we shall omit € in X*, Y* when no ambiguity arises.

From (4.1) and (4.2), it follows that Y (¢) satisfies the following SDE:

) oY (1))
(43) N G LR 40 R
Y(0) = 2(0).

Lemma 4.1. For any v > 0, there exists a §g such that |5°(t) — 5(t)| < v and |y*(t) —

v(t)] < for all t € [0,1] and € > 0 if || X° — ¢|| < o, ||u® — || < do.

Proof. This is easy, we omit the detail.

We shall next demonstrate that

(4.4) P*(Bs(¢,4,m)) = PE(Bs(¢¥, 0" ,n")),

where

P(Bs(¢", " ,n"))

=P*([[Y = ¢ lljo,801) < & lle” =¥ [ljo,501)1 < & 1€ = 1" Nljo,8¢1)] < 9))-
Supposing this, since (4.3) has the leading coefficient a1; = 1, P¢(Bs(¢Y , %Y, nY)) satisfies

the 1.d.p with rate function

5(1) . . .
I (¢", 9", n") :/0 LY (¢" (1), 0" (), 9" (1), 0" (1))dt.

Here
1, o(x) b(x)
LY z,p, 79 =35 ! 2
(@.p.0) = 55— 2
if x1 # 0, and
1 of(x), _ b (z) 1 o (z), 4, _ b (x)
LY (x,p, p,0) = inf{ 5 p|( ) Ha - WA A-pl—=) " ———3)*}
27" oy () oy (x)?” 2 o11(z) o1 (x)?
if z1 = 0,p; = 0, where the inf is taken over all (¢, ¢™) satisfying
10 1 0
+ ]_ — T = + _ —— — = =
pat + (1 =p)g” =p.q 55,0 =31,

From (4.4) and the following result, P¢(Bs(¢,,n)) satisfies 1.d.p with rate function

I(¢p,1,n). This proves our main theorem for the general cases.
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Lemma 4.2. We have

and

I (¢Y Y ") = I(¢, ¢, ).

Proof. First, we have
LY (6" (), 6 (£), 0" (£). 7" (+))
=LY (6(7(£)), s(v())7(1), B (v (D)o (D (1)) 23 (1), n(y (D) A(E))-
Let x = ¢(v(£)),p = 6(1(£)), p = $(7(£)) and 6 = 9(y(t)). For z1 = 0,p; =0,
LY (z,p(2), porfy () *3(1), 03(1))
=inf {3 p3 (1)l () (g oy (@) — b (@)

1= Ol @) (o @) — b @),

where
(4.5) Y(t)poti(x)2qT + ()1 = p)oy (2)’q™ = py(t)
and
v 0(t) _ 0 _ 0
(49) E 207 (2)29(t)  2poq;(x)? BT = oy ()2

In the above relation we use

1= pofy(2)*4(t) = (1 = p)oy; (2)*(t)
by the definition of y(¢). Let ¢To;;(x)? = ¢© and ¢~ oy, (2)?> = ¢~. Then from (4.5) and

(4.6),
0 0

2" T A=y

pit+(1—p) ¢ =p, ¢ =——, ¢ =—

Thus
LY (2, py(t), poify (2)*7(t), 07(1))

—=5(0)_inf (390" (@)@ =B @) + 5(1=plo~ (@)@ = b @)

:"y(t)L(x,p, Ps 9)'
The proof is complete.
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Lemma 4.3.  For any v > 0, there exists an &y such that ||u¥ — ¢¥ |0 g(1)- < 7 and

HgY - 77YH[0,5(1)—7] < Y for all e if X € B5(¢7 77Z}7 77)7 d < 50'
Proof. By definition,
t t
W (1) = / (o) (Y5 (8))ds = / X000y (X (5 ()) ) ds
~vE(t) ) ~vE(t) N )
_ / X (000 (X2 (5)) 3 (5)ds = / X (000 (X2 ()01 (X(5))2ds.

Since ]f(f X(0,00) (X(5))ds — (t)| — O uniformly over ¢t as § — 0 if X° € Bs(¢,v¥,n), we

have
e (1) ) e (1)
/0 ot ((5)) 24 (s)ds — / 0 (X% ()X (0,00 (X°(5))ds — 0

as 6 | 0 because y¢(t) — 7(t) uniformly in ¢+ by Lemma 4.1 and o}, is a continuous
function. Hence |[u® — ¢ ||j0,5(1)—4 — 0 as § — 0. Similarly, [ — 7" (|0 g(1)—] < 7 for
all & because £Y (t) = (X (v%(t)) by Tanaka’s formula and Lemma 4.1. This completes the

proof.

On the other hand, the following converse of Lemma 4.3 can be proven using the same

arguments.

Lemma 4.4. For any § > 0, there exists an 0y such that for 0 < 6,

1X = @lljo,1-6) < 6 v —Ylljo,1—6) < 6 [[€ = nllj0,1-5) < 0
if
1Y = ¢ llo,81-0] < 0, v’ =¥ [ljo,801)-8) < 0, 16" = 1" llj0,81)—0) < 0.
Finally, we now prove (4.4). Let denote Y € B, (9 g(1)—] (0", 0", n¥) if
1Y = ¢ 0.60)=~ < ¥ 16 =X 0,801 <7, 1€ = 0" 10,501 < 7-

Then

PE(35(¢,¢777)) < PE(B’y,[O,,B(l)f’y]((byvwyvnyn
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for 6 small, thus

lim hme log P (Bs(¢,v,m))

6—0e—0

(4.7) < lim lime? log PE(B%[O,QQ)ﬂ]((bY,?ﬂYv77Y>)

¥—0e—0
=1} sy (@7 0, nY).
Similarly, for any M > 0, choose ¢ so small that for all small 6,
13 g M
Pe(Bs(¢,v,n)) > P*(Bs0,1-5)(9, %, 1)) — eXp(—g—g)
M
> P*(By,0,8(1-01(¢" 4", n")) — exp(——)-

Therefore,
lim e* log P*(B;(¢,4,1)) > inf (I 50y (¢", 9", n"), M)

e—0
=1 sy (@ 0, nY)
if M is large enough. From this and (4.7), then (4.4) follows.

Appendix.

In the first part of this appendix we shall give a proof of
lo I (b? ¢7 U
(A1) PIX® = ol <o luf v < 6,16 ] < 6} % exp(~ 2Ly
for general ¢, 1, n with I(¢,1,n) < co, when X¢(t) = eW(t). Here

_1 L 9 1 ! ﬁQ(t)
I(¢,%,n) = 2/0 |¢(t)|"dt + 8/0 Db(t)(1 —z&(t))dt

In the second part, we shall prove Lemma 3.9.

To prove (A.1), we need to construct ¢, ¥, n, satisfying the following properties:

Pn(t) = ¢(t), Pn(t) = ¥ (), nalt) — n(t)

uniformly for ¢ € [0,1] as n — oo; ¥, € H'(¢,) and 1, € L%(¢,); For each n, there are
0= aﬁ{” < aﬁ”) < a(zn) < < ag\/[) < ag\z)ﬂ = 1 such that sup,(a £+)1 agn)) — 0 as

n — oo and for each i, ¢, ,,n, are linear on [agn), Ei)l] and

dn(al™) = 0(al™), ¥ (@) = v(@™), na(@l™) = n(a{™).
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Moreover,

{t € [0,1];6() = 0} C U{la{", a1 ) 6(al"”) = élaf})) = O};
We have

lim (¢, Pn, 1n) = 1(,0,7).

Before proving this, we remark that I(-,-, ) is lower semicontinuous. To see this, first,

we have the relation,

/1 ‘gb(t”gdt _ sup ‘(b(tl-f—l) - ¢(tl>’2 )
0

O=to<t1<-<tm=1 tiv1 —t;

See [14, Lemma 2.1, Chapter 3]. From this, it is easy to see that the mapping

1
— i 2
¢ / (1) 2dt

is lower semicontinuous. On the other hand, we have the relations,
1 1 -2
t t
/ / )y
0 1/1()( ¢t 0o 1—=9(1)

L) bR

/0 ON 9>13/o 0+ o)™
bR S alC)
/0 1-¢(t>dt_§1il3/o 01—

For each 6 > 0, we define 7(t) by

and

00t +(t)) = n(t).

1 9 O+v(1)
/O 791552@%:/0 1n(t)|*dt.

From this and above reasoning, we see

bR
(¢,Ti)—>/0 m

Then,
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is lower semicontinuous. Hence,

LR (t)
(¢,n)—>/0 50 dt

is lower semicontinuous. Similarly,

bRt
(¢,Ti)—>/0 mdt

is lower semicontinuous. We conclude that I(,-,-) is lower semicontinuous.
We now show the existence of ¢,,, 1, n,. For this, let fix n. We first choose a subset U

of [0, 1] such that it is a disjoint union of finitely many closed intervals,
U= Ui\f:ol [ai7 bi]a

such that
U2 {t;¢(t) =0}

and )
lp(t)| < —fort € U
n

; 1
t)Pdt < —.
| 160k < -
We may choose a;,b; in such a way that ¢(a;) = ¢(b;) = 0. Otherwise, we can replace
Qs bz by
a; = inf{t > as; (t) = 0}, b; = sup{t < b;; ¢(t) = 0}.
Denote

[07 1]\U = Uivzll(civ di)'

We may divide each (¢;,d;) into subintervals with lengths smaller than 1/n and define ¢,
such that ¢,, is linear on each subinterval, the values of ¢, and ¢ are equal at endpoints

of each subinterval and the following properties hold:

on(t) =0, teU,
Ion— ol < -

1, Loa 1
| 160 =00 < 1



32

We now define 1,, and 7,,. for each ¢,

VYn(ci) = ¥n(di) = P(ci), nnlci) = nalds) = n(ci).

We remark,
1.2 . _ ]2
77' (t) dt = sup ’n(tz—i-l) n(tz>’
U(t) O=to<ts <ta<-<tm=1 Y(ti+1) — ¥ (t:)
and
1 2 2
t A - ti
/ () g sup [n(tiva) — n(ti)|
o 1—1(t) O=to<ts <ta<--<tm=1 ti+1 — ti = P(tiy1) + ¥ (t:)

by a argument similar to that in [14, Lemma 2.1, Chapter 3]. Therefore, we can divide each
(a;, b;) into subintervals finer enough such that the length of each subinterval is smaller
than 1/n and define 1,,, 1, such that ¢, n, are linear on each subinterval and the values

of ¥y, (nn,n) at the endpoints of these subintervals are equal and the properties hold:

1 7 (1) [P 1
oo =1l < %, =l < 21 [ e | s <

This completes the construction of ¢,,, ¥y, 1,-

We now show (A.1). We shall show the following statements separately,
(A2)  limliminf < log P{IX7 — 6] 6 [uf — ] <6, ]l <6} > (6, .7)
and

(A.3) fimlim sup & “log P{||X° — ¢l <6, [[u® — || <0, (165 =l <0} < —I(¢,%,m).

6—0 -0

We first treat (A.2).

Let & > 0 be fixed. We have
P{]|X® - 9| <, ||u€ — [ <6, HEs —nl <6}

> P{]|X° — ¢n| <2 51U = Wl <2 5 16 —mll < 5 }
if n is large enough. We may assume that v, (t) > 0 if ¢, (t) = 0. Otherwise, we replace

¥ (t) by
t
n(t) +0 s)=od
P (t) + /OXm()os
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for a small #. We fix such n. To simplify the notation, we write a; for az(.n) and M for M,.

Then we have the following relation,

g 6 13 (5 I3
PUIXE = 6ol 5w =l < 5, 1165 =l < 5

(Ad)  >M inf Py, | X® — ¢n
2Mhizo ), Jfobics, FoorthXE = o0l

165 =21

< Gig1, |luf — 1215:)’

[ai,ai+1] S 5i+17

lai,aiq1]

al ai+1] S 5i+1}7
where 6,11 = K9; , Koy = 6/4, and K = 2+max{8p;/0;,0; # 0}, p;, 0; are the derivatives

of ¥y, my, on (a;,a;41). Here we use the notations,

1;55) (t) = 77Z}n(t) - ¢n(ai)7 ﬁ'SLZ) (t) = nn(t) - nn(ai)

for t € [a;, ai+1], and Ps ,[-] is the probability measure generated by the process starting
from = at time s. To see (A.4), applying the conditioning given X¢(¢),0 < t < aps, and

the Markovian property of the process, we get

g 6 g (5 g (5
PNX—wN§§Wu—%MS?W-mMS—}

EP{HXE - ¢nH[0,aM] <

|

<

7Hu€_¢nH[0,aM >~ 4 Hf —Tin

)
})CLM,UC{H‘X8 ¢n|| an, 1] = 27

J

inf
|[z—¢n(an)|<m

lu® =M Nane1) < 75165 = 2 Nfanen) < 5

= |

Then (A.4) follows by repeating this procedure.
Next, we use the following relation,

i . - o < 0;
limlim inf 10g|m_¢:&{)|§5iPa,,x{!|X Pnllfai,aira] < it

(A.5)

| &

1 <

||u€ - ¢’I(’lz>’ az a7,+1 — 2}

6 1
[ai,ait1] < 97 |65 — ( )|

is equal to ][ai,ai+1](¢n» Un,Myn). Here we use the notation,

Tiap) (6,9, m) /|¢ )[dt + < /¢ 1_ ))t

Then (A.2) can be proved by letting ¢ — 0,6 — 0 and n — oo. To see an argument for

(A.5), we consider only the case that a; = 0,a,41 = 1, ¢, (t) = 0,9, (t) = ¥ (t) = pt,n,(t) =



34

n(t) = Ot for t € [0,1]. We note that this is the case considered in the proof of Theorem

2.3. Then we have the relation (2.2). That is, for |z| <4,
PoA[| X < K6, [lu® — || <6, (|65 —nll < 6}
2
8e%p(1 - p)
We refer to the proof of Theorem 2.3 for the notations. Since X¢(t) satisfies
dXE(t) = v(XE(t))dt + edW (t),

log
(_

= exp VPAIIX| < K6, [[a° — || < 6,16 — ]| < 6}

X¢(0) = =z,
it is easiy to see that

J

(A.6) P {1 > Ky} < exp(—cKO82

)

for some ¢ > 0 if || < §, where Ky = 4max{p,1 — p}/6. Here
T = inf{t > 0; X(t) = 0}.

Then B N
P {[|X°]| < K6, ||a® — [ < 6,[[65 —nl| <6}

>Po{7 < KoS}Po{[|X°|| < K6, |a° — o] < 6,16 = || < 6}.
By the proof of Theorem 2.3 and (A.6), the probabilities on the right hand side converges
to 1 uniformly for |z] < § as e — 0. We conclude that the probability on the left hand side
converges to 1 uniformly for |x| < é as € — 0. This completes the proof of (A.5), hence
(A.2).

Now we prove (A.3). Let fix p > 0 and take n such that

](¢na¢nann) > I(¢7¢777) - g

Again, we write a; for az(-n) and M for M,. Similar to (A.4), we have the relation,

P{X" = oll <6, [[u® = 9| <6,[165 —nll < 6}
<P{X%(a;) — ¢(a;)| <6, [u(ai) — P(ai)| <6, [ (ai) —nlas)| <,
i=0,1,---, M)}
<y sup P o{[X%(ai1) = d(airn)] < 6, [u(aip1) — (W(aipr) — 9(ai))] < 26,

|z—¢(a;)| <o
165 (aiv1) — (n(aiy1) —n(ai))| < 20}



Using a argument similar to that for (2.2), we can deduce

P, 2| X (ait1) — ¢(aip1)] <0, |u(aiv1) — (Y(air1) — ¥(ai))| < 26,

165 (aiv1) — (n(aiv1) —n(ai))| < 25}
In(ait1) —nlas]? )exp(@
8e2(Y(ait1) — ¥(ai))((aiv1 — ai) — (Y(ait1) — P(as))) g2

if p(a;) = ¢(a;4+1) =0, |x| < 6, where ¢ is a constant and

<exp(—

n(ai+1) — nla;) n(ai+1) — nla;) ,
P(air1) —Y(ai) (aipy1 —ai) — (Y(aiy1) —(ai))’
Y(air1) —Y(ai) # 0, (air1 — a;) — (Y(aiv1) — P(ai)) # 0}

K =sup{

Otherwise,
Pay 2 {1 X5(ai11) — #(ait1)] < 6, [u”(ait1) — (Y(ait1) — v(as))] < 29,
€% (aiv1) — (naiv1) —n(a;))| < 26}
< exp(- tt) = AL, oy B0

if | — ¢(a;)| < 0, where

K’ = sup{ [9(ait1) — ¢(as) i=0,1,--, M}

Qiy1 — Q4
Then . . .
P{IX® = o[l <6,[[u® — [l <6,[[65 —nl <6}
(¢, PYrsn) | (K + K')Mo I(¢,,n) | p
§exp(— ( c2 ) + ( 2 ) ) < eXp(_% + 8_2)

if ¢ is small enough. Since p > 0 can be arbitrarily small, this proves (A.3).
Proof of Lemma 3.9.

First we prove that the mapping

(A7) (6,9, 1,07, 07) = IO(61, 9, ) + I (v*,07)

is lower semicontinuous for each 6 > 0, where

1w o) =5 | - 2}( Al ﬁrv—u)ﬂda
O 0 +(t 146 —y(t

35
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Define the functions 97,9~ by the following relation,
o0t + (1)) = vt (t), 0 (t+ 0t — () = v (¢).

Then

, 1 ot . 1+0—y(1) .
o) =5 ([ R [ ()R,
0 0

From this expression, it follows that the mapping in (A.7) is lower semicontinuous.

Define
19,9, m) = IO(¢1, 9, m) + T (0,9, m),
where,
TO(§,4p,m) = inf {11 (0", v7); (v, v7) satisties (3.16)}.

Then I(9)(-,-,-) is lower semicontinuous by the following standard argument. Let

(6™, ™)) — (¢, 9,m)
as n — co. For each n, there is (v (™) v= (") such that
n n n 0 n —,(n
TO (M) ™) () :11;(31)(“,( ), p= (™)
and (v (™ ™M) satisfies (3.16) with (¢, ,1) = (¢, ™ 7). We may assume that
(™ =) o (v 7))
as n — oo for some (v*,v™). Then
liminf 1© (gb(”), ™) n(n))
. . n n n 9 n —,(n
=lim inf(7 (1", 4", 9™) + 10, (0, 07))

>1O (g, 0,m) + I (vF,07)

>1 (9,4, 7).
The last step is by the definition of 1) and the fact that (vt,v™) satisfies (3.16). This
proves the lower semicontinuity of I(?).
It is easy to see that I(?)(-) / I(-) as # \, 0. Together with the lower semicontinuity of
I (.), we can easily deduce that I(-) is lower semicontinuous. This completes the proof

of Lemma 3.9.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

37

REFERENCES

Alanyali, M. and Hajek, B. (1998), On large deviations of Markov processes with discontinuous sta-
tistics,, Ann. Appl. Probab. 8, 45-66.

Alanyali, M. and Hajek, B. (1998), On large deviations in load sharing network, Ann. Appl. Probab.
8, 67-97.

Azencott, R. (1980), Probabilités de Saint-Flour VIII, Lecture Notes in Mathematics 774, 1-176.
Azencott, R. and Ruget, G. (1977), Melanges d’équations differentialles et grands écarts a la loi des
grand nombres, Z. Wahrsch. Verw. Gebiete 38, 1-54.

Blinovskii, V. M. and Dobrushin, R. L. (1994), Process level large deviations for a class of piecewise
homogeneous random walks, In The Dynkin Festschrift: Markov Processes and Their Applications,
1-59.

Boué, M., Dupuis, P. and Ellis, R. (2000), Large deviations for diffusions with discontinuous statistics,
Probab. theory Relat. Fields 116, 125-149.

Chiang, T. S. and Sheu, S. J. (1997), Large deviations of small perturbation of some unstable systems,
Stochastic Analy. Appl. 15, 31-50.

Chiang, T. S. and Sheu, S. J. (2000), Large deviations of diffusion processes with discontinuous drift
and their occupation times, Ann. Probab. 28, 140-165.

Dembo, A. and Zeitouni, O. (1992), Large Deviations Techniques and Applications, Jones and Bartlett.

. Dupuis, P. and Ellis, R. (1992), Large deviations for Markov process with discontinuous statistics. 1I:

Random walks, Probab. Theory Relat. Fields 91, 153-194.

Dupuis, P. and Ellis, R. (1995), The large deviation principle for a general class of queueing systems
I, Trans AMS 347, 2689-2751.

Dupuis, P. and Ellis, R. (1997), A Weak Convergence Approach to the Theory of Large Deviations,
Wiley series of Probab. and Stat.

Freidlin, M. and Sheu, S. J. (2000), Diffusion processes on graphs: stochastic differential equations,
large deviation principle, Probab. Theory Relat. Fields. 116, 181-220.

Freidlin, M. I. and Wentzell A. D. (1984), Random Perturbations of Dynamical Systems, Springer-
Verlag.

Ikeda, N. and Watanabe, S. (1981), Stochastic Differential Equations and Diffusion Processes, North-
Holland.

Korostelev, A. P. and Leonov, S. L. (1992), Actional functional for diffusion process with discontinuous
drift, Theory Probab. Appl. 37, 543-550.

Korostelev, A. P. and Leonov, S. L. (1992), Actional functional for diffusions in discontinuous media,
Proab. Theory Relat. Fields 94, 317-333.

Nagot, I (1995), Grandes déviations pour les processus d’apprentissages lent a statistiques discontinues
sur une surface,, Theése de Docteur en Sciences, Université Paris XI Orsay, U. F. R. Scientique d’Orsay..
Pinsky, Ross G. (1995), Positive Harmonic Functions and Diffusion, Cambridge Studies in Advanced
Mathematics, vol 45.

Schilder, M. (1966), Some asymptotic formulae for Wiener integrals, Trans. Amer. Math. Soc. 125,
63-85.

Varadhan, S. (1980), Lectures on Diffusion Problems and Partial Differential Equations, TATA Insti-
tute of Fundament Research, Bombay.

Varadhan, S. (1984), Large Deviations and Applications, Society for Industrial and Applied Mathe-
matics Philadelphia.

Yor, M. (1978), Sur la continuité des temps locaur associés a certaines semi-martingales, Société
Mathématique de France, Astérique 52-53, 23-35.



