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Abstract. For the system of d-dim stochastic differential equations,

dXε(t) = b(Xε(t))dt+ εσ(Xε(t))dW (t) t ∈ [0, 1]

Xε(0) = x0 ∈ Rd

where b(x) and σ(x) are smooth except possibly along the hyperplane {(x1, · · · , xd); x1 = 0},
we shall demonstrate that the natural setup of its large deviation principle is to consider the
probability ε2 logP (‖Xε − ϕ‖ < δ, ‖uε − ψ‖ < δ, ‖�ε − η‖ < δ) ∼ −I(ϕ,ψ, η) of the triplet

(Xε, uε, �ε) simultaneously. Here, uε is the occupation time of Xε
1(·) in the positive half line

and �ε(·) is the local time of Xε
1(·) at 0. The explicit form of the rate function I(·, ·, ·) is

obtained. The usual Wentzell-Friedlin theory concerns only the trajectories of Xε(·) of the

form ε2 logP (‖Xε −ϕ‖ < δ) and its limit is a consequence of the contraction principle of our
result.

Résumé.

Pour l’équation differentielle stochastique sur Rd

dXε(t) = b(Xε(t))dt+ εσ(Xε(t))dW (t), t ∈ [0, 1],

Xε(0) = x0 ∈ Rd,

où b(x) et σ(x) sont lisse à l’exception de l’hyperplan {(x1, · · · , xd); x1 = 0}, nous démontrons
que la forme natuelle de grande deviations est

ε2 logP (‖Xε − ϕ‖ < δ, ‖uε − ψ‖ < δ, ‖�ε − η‖ < δ) ∼ −I(ϕ,ψ, η).

Ici, uε est le temps occupé de Xε
1(·) en la ligne positive et �ε(·) est le temps locale de Xε

1(·) à
0. Nous obtenons I(φ,ψ, η) explicitement. La théorie de Wentzell-Freidlin étudie seulement

les trajectoires de Xε(·) de la forme

ε2 logP (‖Xε − ϕ‖ < δ) ∼ −I(φ)

et sa limit est une conséquence de le principe contraction de notre résultat.

§1. Introduction.

For the stochastic differential equation in Rd,

(1.1)
dXε(t) = b(Xε(t))dt+ εσ(Xε(t))dW (t), t ∈ [0, 1],

Xε(0) = x0,

we shall be concerned with its large deviation principle (l.d.p) for ε ↓ 0. Here, we assume

the following conditions on (1.1) throughout the paper:

(1.2) (i) b(·) and a(·) = σ(·)σ∗(·) are smooth with possibly jump discontinuities along

the hyperplane H0 = {x = (x1, ..., xd), x1 = 0}.
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(ii) There are positive constants c1 and c2 such that c1I ≤ a(x) ≤ c2I for all

x ∈ Rd where I is the identity matrix.

More precisely, we assume that there are b+(·), b−(·), a+(·) and a−(·) with bounded deriva-

tives such that

b(x) =

{
b+(x) if x1 > 0

b−(x) if x1 ≤ 0
a(x) =

{
a+(x) if x1 > 0

a−(x) if x1 ≤ 0.

For notational convenience, we shall write a vector x in Rd or a function f with value in

Rd as x = (x1, x̄) or f = (f1, f̄) to distinguish the first components from the rest.

We shall briefly recall the definition of l.d.p and refer the details to [9], [14] or [22]. A

family of probability measures {P ε}ε>0 on a complete separable metric space (X , d) is said

to satisfy the l.d.p with rate function I(·) if the following (i)-(iv) are satisfied:

(1.3) (i) I : X → [0,∞] is lower semi-continuous;

(ii) Kr := {x ∈ X , I(x) ≤ r} is precompact;

(iii) For any M , there exists a compact set K ⊆ X such that for any δ > 0 and ε

small

P ε(Bδ(K)c) ≤ exp(−M
ε2

);

(iv) lim
δ→0

lim inf
ε→0

ε2 logP ε(Bδ(x)) = −I(x) = lim
δ→0

lim sup
ε→0

ε2 logP ε(Bδ(x)).

Here, Bδ(x) is the δ-neighborhood of x and Kc the complement of K in X . We give a

few words for the definition of l.d.p of this form. The definitions given in [14] and [22] are

different but are equivalent. See Theorem 3.3, Chapter 3 in [14]. The result, Theorem 3.5,

Chapter 3 [14], implies the properties in our definition. On the other hand, by using (iv),

it is easy to prove that the following holds if A is a compact set,

lim sup
ε→0

ε2 logP ε(A) ≤ − inf{I(x); x ∈ A}.

Then, by using (iii), we can prove that this also holds if A is a closed set. Therefore, we

can verify the properties in the definition of l.d.p in [22].
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If b(·) and σ(·) are smooth and a(·) is strictly positive throughout Rd, the l.d.p of the

trajectories for (1.1) was known [3]:

(1.4) P (‖Xε − φ‖[0,1] < δ) ∼ exp(−I(φ)
ε2

)

for φ ∈ C[0, 1], where

I(φ) =
1
2

∫ 1

0

|σ−1(φ(t))(
·
φ(t) − b(φ(t)))|2dt

for an absolutely continuous φ and I(φ) = ∞ otherwise. Here and hence after, ‖ · ‖[a,b] will

denote the supnorm for a function defined on [a, b]. We sometimes omit the index [a, b]

when no ambiguity arises. The problem becomes more involved when discontinuities are

allowed in (1.1). First, the strong solution of (1.1) may not exist and the usual Picard’s

approximation method thus fails. Secondly, the rate function I(·) in (1.4) can not be

interpreted literally (this can be most easily seen by taking b(x) = sgnx, σ(x) = 1 and

φ ≡ 0 in one dimensional case) and hence there is no candidate for performing the change

of measure technique in large deviation theory. The first generalization of (1.1) with jump

discontinuities (1.2) allowed was proved in [16,17] for the special case that σ ≡ I and ( in

addition to some smootness conditions on b+(·), b−(·)) a stability condition holds on b(·):

(1.5) inf
x̄∈Rd−1

(b−1 (0, x̄) − b+1 (0, x̄)) > 0.

Under these conditions, (1.4) was proved to hold with the rate function expressed in a

complicated variational form. For the special case d = 1 but without the stability condition

(1.5), the l.d.p was proved in [7]. We note that it is natural to do the analysis for such

processes by using occupation time of Xε in the positive half space H+ = {(x1, x̄) ∈
Rd, x1 > 0}. See some studies in [6][10][11]. However, for d > 1, the following setup for

the l.d.p of (1.1) is first proposed in [8] and is then proved for the case of σ ≡ I:

(1.6) P (‖Xε − φ‖ < δ, ‖uε − ψ‖ < δ) ∼ exp(−I(φ, ψ)
ε2

)
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where uε(t)(=
∫ t
0
χ(0,∞)(Xε

1(s))ds) and ψ are occupation times of Xε and φ in the positive

half space H+ = {(x1, x̄) ∈ Rd, x1 > 0} respectively. In general, for a continuous function

f : [0, 1] → Rd, an absolutely continuous real function g is called an occupation time of f

in H+ if, for almost all t,
·
g(t) ∈ [0, 1] if f1(t) = 0 and

·
g(t) =

{ 1 if f1(t) > 0

0 if f1(t) < 0.

In general, occupation times are not unique. It is unique if and only if m{t : f1(t) = 0} = 0

where m(·) is the Lebesgue measure. We shall write g ∈ H+(f) if g is an occupation time

of f in H+. Along this line we shall consider the l.d.p under (1.2) allowing general σ(·) and

jump discontinuities in both b(·) and σ(·) in this paper. The novelty to have a nonconstant

σ(·) is that the natural form of the l.d.p for such a system is a level even higer than (1.6):

(1.7) P (‖Xε − φ‖ < δ, ‖uε − ψ‖ < δ, ‖�ε − η‖ < δ) ∼ exp(−I(φ, ψ, η)
ε2

)

where �ε and η are local times of Xε
1 and φ1 at 0 respectively. Here the local time �(t) at

0 for a continuous semimartingale m(t) is defined as the increasing process such that

|m(t)| = |m(0)| +
∫ t

0

sgn(m(s))dm(s) + �(t).

See [23]. For a real-valued function f on [0, 1], a local time of f at 0 is an absolutely

continuous function η(·) satisfying η(0) = 0 and

(1.8)

{ ·
η(t) = 0 if f(t) 
= 0

·
η(t) ∈ [0,∞) if f(t) = 0.

We shall denote by L0(f) the set of all local times of f at 0.

In [6], they directly proved the l.d.p for the trajectories of Xε by using a weak conver-

gence approach which is quite different from ours. The rate functional described below is

suggested by their work. See also [8]. Their arguments also apply to the cases of noncon-

stant coefficient, but the existence of strong solution for the dynamics was required.
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We now formalize our result as follows.

If x1 > 0, ρ = 1 and θ = 0 (or x1 < 0, ρ = 0 and θ = 0), then

L(x, p, ρ, θ) = L(x; p) =
1
2
|σ(x)−1(p− b(x))|2.

For x, p ∈ Rd such that x1 = 0, p1 = 0 and 0 < ρ < 1, θ ≥ 0, let

(1.9)

L(x, p, ρ, θ)

= inf{1
2
ρ|σ+(x)−1(q+ − b+(x))|2 +

1
2
(1 − ρ)|σ−(x)−1(q− − b−(x))|2;

q+, q− ∈ Rd satisfying ρq+ + (1 − ρ)q− = p

and q+1 = − θ

2ρ
, q−1 =

θ

2(1 − ρ)
};

If ρ = 0 or 1, θ = 0, then

L(x, p, ρ, θ) =
1
2
|σ+(x)−1(p− b+(x))|2, ρ = 1,

=
1
2
|σ−(x)−1(p− b−(x))|2, ρ = 0;

For an absolutely continuous function φ ∈ C[0, 1], ψ ∈ H+(φ) and η ∈ L0(φ), let

(1.10) I(φ, ψ, η) =
∫ 1

0

L(φ(t),
·
φ(t),

·
ψ(t),

·
η(t))dt;

For other triplets, I(φ, ψ, η) = ∞.

Finally, let AC+[0, 1] denote the set of all absolutely continuous functions on [0, 1]

starting from 0 with derivative in [0, 1] and C+
0 [0, 1] be the set of real, continuous non-

decreaing functions starting from 0.

The main result of the paper is the following:

Theorem A. Let P ε be the distribution of (Xε, uε, �ε) induced by the solution of (1.1)

on C = C[0, 1] × AC+
0 [0, 1] × C+

0 [0, 1] where uε is the occupation time of Xε(·) on H+

and �ε is the local time of Xε
1(·) at 0. Then {P ε}ε>0 satisfies the l.d.p with rate function

(1.10).

We shall denote C[0, 1] × AC+
0 [0, 1]× C+

0 [0, 1] by C in the sequel.
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Remark. Using the supnorm as the metric, the space C is a complete separable metric

space. It is also easy to verify that I(·, ·, ·) has precompact level sets. We shall show the

lower semi-continuity of I(·, ·, ·) in Appendix. Our main work is to prove (1.3)(iv) which

is given in Sections 2, 3, 4 under different conditions.

As a consequence of the contraction principle, we have the following result.

Theorem B. The distribution generated by Xε on C[0, 1] satisfies the l.d.p with rate

function I(·) given by the following. For φ(t) absolute continuous, Rd valued function

defined on [0, 1] with φ(0) = x0,

I(φ) =
∫ 1

0

L(φ(t),
·
φ(t))dt,

and I(φ) = ∞ otherwise. Here if x1 
= 0,

L(x, p) =
1
2
|σ(x)−1(p− b(x))|2;

if x1 = 0 and p1 = 0, then

L(x, p) = inf{1
2
ρ|σ+(x)−1(q+ − b+(x))|2 +

1
2
(1 − ρ)|σ−(x)−1(q− − b−(x))|2}

the inf is taken over all 0 ≤ ρ ≤ 1 and q+, q− ∈ Rd satisfying

ρq+ + (1 − ρ)q− = p, q+1 < 0, q−1 > 0.

§2. Brownian motion: b = 0, σ = I.

In this section, we shall establish the l.d.p for the 1−dim Brownian motion in the form

(1.7). In this case, (1.9) can be calculated explicitly. We have

L(0, 0, ρ, θ) =
1
8

θ2

ρ(1 − ρ)
, 0 < ρ < 1 and θ ≥ 0,

=0, ρ = 0 or 1 and θ = 0,

=∞, ρ = 0 or 1 and θ > 0.

For x 
= 0, L(x, p, 0, 0) = 1
2
|p|2.

First, we define a notion of log-equivalence to simplify the notation.
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Definition 2.1. For two real positive functions f(ε, δ) and g(ε, δ), we say that f(ε, δ)
log
=

g(ε, δ) if
lim
δ→0

lim sup
ε→0

ε2 log f(ε, δ) = lim
δ→0

lim sup
ε→0

ε2 log g(ε, δ),

lim
δ→0

lim inf
ε→0

ε2 log f(ε, δ) = lim
δ→0

lim inf
ε→0

ε2 log g(ε, δ).

Obviously, if {P ε1 } and {P ε2 } are two family of probability measures such that P ε1 (Bδ(x))
log
=

P ε2 (Bδ(x)) for any x , then {P ε1 } satisfies (1.3)(iv) with rate I(·) if and only if {P ε2 } satisfies

(1.3)(iv) with the same I(·).
We recall a lemma from [8](See Lemma 3.3 in [8]).

Lemma 2.2. Let f be a real-valued function on Rd with f(x) = f+(x) if x1 > 0 and

f(x) = f−(x) if x1 ≤ 0 where f+ and f− are bounded and continuous. Then the function

(φ, ψ) → ∫ 1

0
fφ,ψ(t)dt is continuous. Here, fφ,ψ(t) := f+(φ(t))

·
ψ(t) + f−(φ(t))(1 −

·
ψ(t)).

The main result in this section is the following.

Theorem 2.3. Let P ε be the distribution of (εW, uε, �ε) on C where W is the standard

1-dim Brownian motion, uε is the occupation time and �ε is the local time at 0 of εW .

Then P ε satisfies the l.d.p with rate function I(φ, ψ, η), where

I(φ, ψ, η) =
1
2

∫ 1

0

·
φ2(t)dt+

1
8

∫ 1

0

·
η2(t)

·
ψ(t)(1 −

·
ψ(t))

dt

if φ(t) is absolutely continuous, ψ ∈ H+(φ) and η ∈ L0(φ); Otherwise, I(φ, ψ, η) = ∞.

Proof. We shall only prove the case that

φ ≡ 0, ψ(t) = ρt, η(t) = θt

for some constants 0 < ρ < 1 and θ > 0. We calculate the asymptotics of

P{‖Xε‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}.
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Here Xε(t) = εW (t). The general cases can be treated through successive conditioning.

Since this idea is used in several places of the paper, we shall give some detail of it in

Appendix.

We consider a diffusion X̃ε satisfying

dX̃ε(t) = v(X̃ε(t))dt+ εdW̃ (t).

Let ũε be the occupation time of X̃ε in H+ and �̃ε the local time of X̃ε at 0. Here W̃ is a

standard 1 − dim Brownian motion and v(·) is given by the following,

v(x) = − θ

2ρ
, if x1 > 0 and v(x) =

θ

2(1 − ρ)
, if x1 < 0.

By Cameron-Martin-Girsanov Theorem,

(2.1)

P{‖Xε‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}

=E{exp(−1
ε

∫ 1

0

v(X̃ε(t))dW̃ (t) − 1
2ε2

∫ 1

0

|v(X̃ε(t))|2dt);

‖X̃ε‖ ≤ δ, ‖ũε − ψ‖ ≤ δ, ‖�̃ε − η‖ ≤ δ}.
For (X̃ε, ũε, �̃ε) in Bδ(φ, ψ, η) we have the following estimates: from∫ 1

0

|v(X̃ε(t))|2dt = (
θ

2ρ
)2ũε(1) + (

θ

2(1 − ρ)
)2(1 − ũε(1)),

this can be approximated by

(
θ

2ρ
)2ρ+ (

θ

2(1 − ρ)
)2(1 − ρ) =

θ2

4ρ(1 − ρ)

with an error bounded by cδ for some c > 0; Also, by Tanaka’s formula,

f(X̃ε(1)) =f(X̃ε(0)) +
∫ 1

0

|v(X̃ε(t))|2dt

+ ε

∫ 1

0

v(X̃ε(t))dW̃ (t) +
1
2

∫ 1

0

(− θ

2ρ
− θ

2(1 − ρ)
)d�̃ε(t),

where f(x) =
∫ x
0
v(u)du, then∫ 1

0

v(X̃ε(t))dW̃ (t)

=
1
ε
(f(X̃ε(1)) − f(X̃ε(0)) −

∫ 1

0

|v(X̃ε(t))|2dt+
1
2

∫ 1

0

(
θ

2ρ
+

θ

2(1 − ρ)
)d�̃ε(t)),
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which, after some calculation, is approximately equal to zero with an error bounded by

cδ/ε. Therefore,

(2.2)
P{‖Xε‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}

log
= exp(− θ2

8ε2ρ(1 − ρ)
)P{‖X̃ε‖ ≤ δ, ‖ũε − ψ‖ ≤ δ, ‖�̃ε − η‖ ≤ δ}.

In the following, we estimate the probability on the right hand side by using ergodic

theorem.

We define

X0(t) =
1
ε2
X̃ε(ε2t), W0(t) =

1
ε
W̃ (ε2t).

Then W0(t) is a 1 − dim Brownian motion and

dX0(t) = v(X0(t))dt+ dW0(t).

It is easy to see that X0(t) is ergodic and has the invariant density

p(x) = θ exp(−θ
ρ
x), x > 0

= θ exp(− θ

1 − ρ
x), x < 0.

By ergodic theorem, for each t > 0,

(2.3) ũε(t) = ε2
∫ t

ε2

0

χ(0,∞)(X0(s))ds→ ρt

in probability as ε→ 0, since
∫∞
0
p(x)dx = ρ.

By Tanaka’s formula,

|X0(t)| =|X0(0)| +
∫ t

0

sign(X0(s))v(X0(s))ds

+
∫ t

0

sign(X0(s))dW0(s) + �0(t),

with �0(t) = 1
ε2 �̃

ε(ε2t). Therefore,

�̃ε(t) =ε2(|X0(
t

ε2
)| − |X0(0)|)− ε2W̄0(

t

ε2
)

− ε2
∫ t

ε2

0

sign(X0(s))v(X0(s))ds,
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where W̄0(t) =
∫ t
0
sign(X0(s))dW0(s) is a Brownian motion. But, for each t > 0,

ε2
∫ t

ε2

0

sign(X0(s))v(X0(s))ds→ t

∫
sign(x)v(x)p(x)dx = tθ = η(t)

in probability as ε→ 0 by ergodic theorem. From this, it is not difficult to prove that

(2.4) P{‖�̃ε − η‖ ≤ δ} → 1

as ε→ 0.

Also, by X̃ε(t) = ε2X0( tε2 ) and the fact that X0(t) is ergodic, we can show that

(2.5) P{‖X̃ε‖ ≤ δ} → 1

as ε→ 0. The proof of the theorem is complete by combining (2.1) ∼ (2.5).

§3. The case a11(x) = 1.

Let a ∈ S+
d be a symmetric positive definite d×d matrix on Rd such that c1I ≤ a ≤ c2I

for some c1, c2 > 0. We shall define a particular σ satisfying σσ∗ = a. Here are some

notations.

Let ”*” denote the transport of a matrix. For a d − dim column vector v such that

v∗ = (v1, · · · , vd), we shall denote v̄ the (d−1)−dim column vector and v̄∗ = (v2, · · · , vd).
For a general d × d matrix m = (mij)i,j=1,··· ,d, we shall adopt the following notation: m̄

is the (d − 1) × (d − 1) submatrix of m omitting the first row and column from m i.e.,

m̄ = (m̄ij)i,j=1,···d−1 and

m̄i,j = mi+1,j+1, i, j = 1, ..., d− 1;

m1 is the first column of m,

m1 =


m11

...

md1

 =
(
m11

m̄1

)
.
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The first row and column of σ are defined as follows.

σ11 =
√
a11, σi1 =

ai1√
a11

and σ1i = 0 for i = 2, ..., d.

Denote

a =

(
a11 ā∗1

ā1 ā

)
, σ =

(√
a11 0

ā1√
a11

σ̄

)
.

Then

σσ∗ =

(√
a11 0

ā1√
a11

σ̄

)(√
a11

ā∗1√
a11

0 σ̄∗

)

=

(
a11 ā∗1

ā1
ā1ā

∗
1

a11
+ σ̄σ̄∗

)
.

In order to define σ̄ so that σσ∗ = a, we need the following lemma.

Lemma 3.1. c1I ≤ ā− ā1ā
∗
1

a11
≤ c2I.

Proof. Since ā1ā
∗
1 ≥ 0 and ā ≤ c2I, it is obvious that the upper estimate holds. For the

lower bound, let ȳ = (y2, ..., yd) ∈ Rd−1. Let y1 = −∑d
j=2 a1j

yj

a11
. Then

c1

d∑
i=1

y2
i ≤

d∑
i,j=1

aijyiyj

=
d∑

i,j=2

aijyiyj + a11y
2
1 + 2

d∑
i=2

a1iyiy1

=
d∑

i,j=2

aijyiyj + (
d∑
j=2

a1jyi)2/a11 − 2(
d∑
i=2

a1iyi)2/a11

=
d∑

i,j=2

aijyiyj − (
d∑
j=2

a1jyi)2/a11.

This implies c1I ≤ ā− ā1ā
∗
1

a11
. The proof is complete.

Now, let σ̄ be the square root of ā− ā1ā
∗
1

a11
. Then σ satisfies σσ∗ = a.

Let σ+(x), σ−(x) be chosen as above for a+(x), a−(x) respectively and σ(x) = σ+(x)

if x1 > 0 and σ(x) = σ−(x) if x1 ≤ 0. Then σ(x) has bounded derivatives except along
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hyperplane {(x1, · · · , xd); x1 = 0}. Now SDE (1.1) has the following form:

dXε
1(t) = b1(Xε(t))dt+ εσ11(Xε(t))dW1(t),

dXε
i (t) = bi(Xε(t))dt+ εσi1(Xε(t))dW1(t) + ε

d∑
j=2

σij(Xε(t))dWj(t), i = 2, ..., d.

or

(3.1)

dXε
1(t) = b1(Xε(t))dt+ εσ11(Xε(t))dW1(t),

dX̄ε(t) = b̄(Xε(t))dt+ ε
ā1(Xε(t))√
a11(Xε(t))

dW1(t) + εσ̄(Xε(t))dW̄ (t).

where W =

(
W1

W̄

)
. For technical reasons, we shall assume σ11(x) = 1 for each x ∈ Rd in

the rest of this section. This assumption will be romoved later.

Let Xε(t) be the solution to (3.1) and uε(t) and �ε(t) be its occupation time in H+ and

local time at 0 respectively. In other words, uε(t) =
∫ t
0
χ(0,∞)(Xε

1(s))ds and �ε(t) is the

local time of Xε
1(·) at 0 up to time t. Let C be defined as in Section 1. The main result in

this section is the following theorem.

Theorem 3.2. Assume that σ11(x) = 1 and P ε is the distribution of (Xε, uε, �ε) defined

above. Then {P ε} satisfies the l.d.p with the rate function given in (1.10).

For a triplet (φ, ψ, η) ∈ C, we shall consider P ε(Bδ(φ, ψ, η)) where

Bδ(φ, ψ, η) = {(X, u, �) : ‖X − φ‖ < δ, ‖u− ψ‖ < δ, ‖�− η‖ < δ}.

We first use Cameron-Martin-Girsanov theorem to change Xε
1(t) to a Brownian motion

(3.2)

P ε(Bδ(φ, ψ, η))

=
∫
Bδ(φ,ψ,η)

exp(
∫ 1

0

c(X(t)) · dX(t) −
∫ 1

0

c(X(t)) · b̂(X(t))dt

− ε2

2

∫ 1

0

c(X(t)) · a(X(t))c(X(t))dt)dQε

where dX(t) = b̂(X(t))dt+ εσ(X(t))dW (t) under Qε and b = b̂ + ε2a c. Here we choose

c = ( b1ε2 , 0, · · · , 0 )∗. Then

b̂ = b− ε2a c = b− b1 a1 =
(

0
b̄− b1ā1

)
.
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Hence, under Qε,{
dX1(t) = εdW1(t),

dX̄(t) = b̂(X(t))dt+ εσ̄1(X(t))dW1(t) + εσ̄(X(t))dW̄ (t).

Let u(t), �(t) be the occupation time in H+ and the local time at 0. They are uniquely

determined by X(·). In the following, we shall write X ∈ Bδ(φ, ψ, η) instead of (X, u, �) ∈
Bδ(φ, ψ, η) if no confusion occurs.

Hence

(3.3)

P ε(X ∈ Bδ(φ, ψ, η))

=
∫
Bδ(φ,ψ,η)

exp(
1
ε2

∫ 1

0

b1(X(t))dX1(t) − 1
2ε2

∫ 1

0

b21(X(t))dt)dQε.

By using Lemma 2.2, it is not difficult to deduce the following:

(3.4)

P ε(Bδ(φ, ψ, η))

log
= exp(− 1

2ε2

∫ 1

0

b21,φ,ψ(t)dt)
∫
Bδ(φ,ψ,η)

exp(
1
ε2

∫ 1

0

b1(X(t))dX1(t))dQε.

We next apply an Ito’s formula to estimate the stochastic integral on the right hand side

of (3.4). We want to remark that the main difficulty of a direct estimate is caused by the

discontinuity of b1(·). We will overcome this difficulty by expressing
∫ 1

0
b1(X(t))dX1(t) as

a combination of a stochastic integral with respect to X1(t) and the local time of X1(t)

through Ito’s formula, but now the new stochastic integral has a smooth integrand.

Let F (x) = F (x1, x̄) =
∫ x1

0
b1(u, x̄)du. Then by Ito’s formula,

F (X(t)) = F (X(0)) +
∫ t

0


F (X(s)) · dX(s) +
ε2

2

∫ t

0

∑
i,j

aij(X(s))
∂2F

∂xi∂xj
(X(s))ds

+
1
2

∫ t

0

(b+1 (X(s)) − b−1 (X(s)))d�(s)

= F (X(0)) +
∫ t

0

b1(X(s))dX1(s) +
∫ t

0


̄F (X(s)) · dX̄(s)

+
ε2

2

∫ t

0

∑
i,j

aij(X(s))
∂2F

∂xi∂xj
(X(s))ds+

1
2

∫ t

0

(b+1 − b−1 )(X(s))d�(s)
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where 
̄F = ( ∂F∂x2
, ..., ∂F∂xn

) ∈ Rd−1. Hence

(3.5)

1
ε2

∫ 1

0

b1(X(s))dX1(s)

=
1
ε2

(F (X(1))− F (X(0)) −
∫ 1

0


̄F (X(s)) · dX̄(s))

− 1
2

∫ 1

0

∑
i,j

aij(X(s))
∂2F

∂xi∂xj
(X(s))ds− 1

2ε2

∫ 1

0

(b+1 − b−1 )(X(s))d�(s).

Since F is a bounded Lipschitz function, we therefore have, for any γ > 0, the existence

of an δ0 such that

(3.6) |(F (X(1))− F (X(0)))− (F (φ(1)) − F (φ(0)))| < γ

for any X(·) ∈ Bδ(φ) with δ < δ0. Also, by the boundedness of aij(x) and ∂2F (x)
∂xi∂xj

( for

x1 
= 0), for any γ > 0 we have

(3.7)
ε2

2
|
∫ 1

0

∑
i,j

aij(X(t))
∂2F

∂xi∂xj
(X(t))dt| < γ

if ε is small.

The other two integrals on the right hand side of (3.5) are estimated in the following.

Lemma 3.3. For any γ > 0, there exists an δ0 > 0 such that in Bδ(φ, ψ, η),

|
∫ 1

0

(b+1 (X(t))− b−1 (X(t)))d�(t)−
∫ 1

0

(b+1 (φ(t)) − b−1 (φ(t)))
·
η(t)dt| < γ

for any δ < δ0.

Proof.

|
∫ 1

0

(b+1 (X(t)) − b−1 (X(t)))d�(t)−
∫ 1

0

(b+1 (φ(t)) − b−1 (φ(t)))
·
η(t)dt|

≤
∫ 1

0

|(b+1 − b−1 )(X(t)) − (b+1 − b−1 )(φ(t))|d�(t) + |
∫ 1

0

(b+1 − b−1 )(φ(t))(d�(t)− ·
η(t)dt)|

≤2K‖X − φ‖�(1) + |
∫ 1

0

(b+1 − b−1 )(φ(t))d�(t)−
N∑
i=1

(b+1 − b−1 )(φ(ti))(�(ti+1) − �(ti))|

+ |
∫ 1

0

(b+1 − b−1 )(φ(t))
·
η(t)dt−

N∑
i=1

(b+1 − b−1 )(φ(ti))(η(ti+1) − η(ti))|

+
N∑
i=1

|(b+1 − b−1 )(φ(ti))||(�(ti+1) − �(ti)) − (η(ti+1) − η(ti))|
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where K is the Lipschitz constant of b+ and b− and {ti}N+1
i=1 is a partition of [0, 1]. Since

φ is uniformly continuous on [0, 1],

|
∫ 1

0

(b+1 − b−1 )(φ(t))d�(t)−
N∑
i=1

(b+1 − b−1 )(φ(ti))(�(ti+1) − �(ti))| ≤ γ

4

if the partition {ti}N+1
i=1 is fine enough. Similarly, if {ti}N+1

i=1 is fine enough,

|
∫ 1

0

(b+1 − b−1 )(φ(t))
·
η(t)dt−

N∑
i=1

(b+1 − b−1 )(φ(ti))(η(ti+1) − η(ti))| ≤ γ

4
.

For X(·) ∈ Bδ(φ, ψ, η), |(�− η)(t)| < δ for every t. Hence

N∑
i=1

|(b+1 − b−1 )(φ(ti))||�(ti+1) − η(ti+1) − �(ti) + η(ti)| ≤ 2MNδ <
γ

4

if δ < γ/8MN , where M = sup |b+1 (x) − b−1 (x)|. The proof is complete by combining the

above estimates.

Lemma 3.4. For any M > 0 and γ > 0, there exists an δ0 such that

Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0


̄F (X(s)) · dX̄(s) −
∫ t

0


̄F (φ(s)) ·
·
φ̄(s)ds| > γ) ≤ exp(−M

ε2
)

if δ < δ0.

Proof. Let π = {t0 = 0, t1, · · · , tN = 1} be a partition of [0,1] and let define φπ(t) = φ(ti)

if ti ≤ t < ti+1 for i = 0, 1, · · · , N − 1. Then

Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0


̄F (X(s)) · dX̄(s) −
∫ t

0


̄F (φ(s)) ·
·
φ̄(s)ds| > γ)

≤ Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0

(
̄F (X(s))− 
̄F (φ(s))) · dX̄(s)| > γ

4
)

+Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0

(
̄F (φ(s)) − 
̄F (φπ(s))) · dX̄(s)| > γ

4
)

+Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0


̄F (φπ(s)) · (dX̄(s) −
·
φ̄(s)ds)| > γ

4
)

+Qε(Bδ(φ, ψ, η), sup
0≤t≤1

|
∫ t

0

(
̄F (φπ(s)) − 
̄F (φ(s))) ·
·
φ̄(s)ds| > γ

4
)

= I1 + I2 + I3 + I4.
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We have I1 ≤ I11 + I12 where

I11 = Qε(Bδ(φ, ψ, η), sup
0≤t≤1

(
∫ t

0

(
̄F (X(s))− 
̄F (φ(s))) · dX̄(s)) >
γ

4
)

and

I12 = Qε(Bδ(φ, ψ, η), sup
0≤t≤1

(−
∫ t

0

(
̄F (X(s))− 
̄F (φ(s))) · dX̄(s)) >
γ

4
).

Let G(t) = (0, Ḡ(t)), Ḡ(t) = 
̄F (X(t)) − 
̄F (φ(t)). Since 
̄F is Lipschitz, we have

|G(t)| ≤ Kδ for some constant K independent of δ if X(·) ∈ Bδ(φ, ψ, η). Hence for θ > 0,

I11 = Qε(Bδ(φ, ψ, η), sup
0≤t≤1

∫ t

0

Ḡ(s) · dX̄(s) >
γ

4
)

= Qε(Bδ(φ, ψ, η), sup
0≤t≤1

(
∫ t

0

θḠ(s) · (dX̄(s) − ¯̂
b(X(s))ds)

− θ2ε2

2

∫ t

0

G(s) · a(X(s))G(s)ds+ θ

∫ t

0

Ḡ(s) · ¯̂b(X(s))ds

+
θ2ε2

2

∫ t

0

G(s) · a(X(s))G(s)ds) >
θγ

4
)

≤ Qε(Bδ(φ, ψ, η), exp( sup
0≤t≤1

(
∫ t

0

θḠ(s) · (dX̄(s) − ¯̂
b(X(s))ds)

− θ2ε2

2

∫ t

0

G(s) · a(X(s))G(s)ds)) > exp(
θγ

4
− θK ′δ − θ2ε2

2
K ′δ))

where K ′ is a constant satisfying∫ 1

0

|G(s)||¯̂b(X(s))|ds < K ′δ, and
∫ 1

0

G(s) · a(X(s))G(s)ds < K ′δ

for X(·) ∈ Bδ(φ, ψ, η). Thus

I11 ≤ Qε( sup
0≤t≤1

exp(
∫ t

0

θḠ(s) · (dX̄(s) − b̂(X(s))ds)

− θ2ε2

2

∫ t

0

G(s) · a(X(s))G(s)ds) > exp(
θγ

4
− θK ′δ − θ2ε2

2
K ′δ))

≤ exp(−θγ
4

+ θK ′δ +
θ2ε2

2
K ′δ)E(exp(

∫ 1

0

θḠ(s) · (dX̄(s) − b̂(X(s))ds)

− θ2ε2

2

∫ 1

0

G(s) · a(X(s))G(s)ds))

= exp(−θγ
4

+ θK ′δ +
θ2ε2

2
K ′δ) = exp(−(γ

4
− δK ′)2

2ε2K ′δ
)
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if θ =
γ
4 −δK′

ε2K′δ and γ
4 − δK ′ > 0. From the first relation to the second relation we use the

martingale inequality. See [15, Theorem 6.2, Chapter 1]. Therefore, I11 ≤ exp(−M/ε2) if

δ is small. We can treat I12, I2 similarly; I3, I4 can be proved to be 0 if δ is small enough

by an argument as in the proof of Lemma 3.3. The proof is complete.

In particular, Lemma 3.4 implies that for any γ > 0

Qε(Bδ(φ, ψ, η))
log
= Qε(Bδ(φ, ψ, η), |

∫ 1

0


̄F (X(s)) · dX̄(s) −
∫ t

0


̄F (φ(s)) ·
·
φ̄(s)ds| < γ).

Now, by (3.5), (3.6) and (3.7) and Lemma 3.3 and Lemma 3.4, we have∫
Bδ(φ,ψ,η)

exp(
∫ 1

0

b1(X(t))dX1(t))dQε

=
∫
Bδ(φ,ψ,η)

exp(
1
ε2

(F (X(1))− F (X(0))−
∫ 1

0


̄F (X(t)) · dX̄(t)

− ε2

2

∫ 1

0

∑
i,j

aij(X(t))
∂2F

∂xi∂xj
(X(t))dt− 1

2

∫ 1

0

(b+1 − b−1 )(X(t))d�(t)))dQε

log
= exp(

1
ε2

(F (φ(1)) − F (φ(0)) − 1
2

∫ 1

0

(b+1 − b−1 )(φ(t))
·
η(t)dt−

∫ 1

0


̄F (φ(t)) ·
·
φ̄(t)dt))

·
∫
Bδ(φ,ψ,η)

exp(
1
ε2

(−
∫ 1

0


̄F (X(t)) · dX̄(t) +
∫ 1

0


̄F (φ(t)) ·
·
φ̄(t)dt))dQε.

Let ∆ =
∫ 1

0

̄F (φ(t)) ·

·
φ̄(t)dt− ∫ 1

0

̄F (X(t)) · dX̄(t). Then∫

Bδ(φ,ψ,η)

exp(
1
ε2

(−
∫ 1

0


̄F (X(t)) · dX̄(t) +
∫ 1

0


̄F (φ(t)) ·
·
φ̄(t)dt))dQε

≤ e
γ

ε2Qε(Bδ(φ, ψ, η), |∆| < γ) +
∫
Bδ(φ,ψ,η),|∆|≥γ

exp(
1
ε2

∆)dQε

≤ e
γ

ε2Qε(Bδ(φ, ψ, η), |∆| < γ) + (
∫

exp(
2∆
ε2

)dQε)
1
2 (Qε(Bδ(φ, ψ, η), |∆| ≥ γ))

1
2

≤ e
γ

ε2Qε(Bδ(φ, ψ, η), |∆| < γ) + e
K
ε2 e−

M
2ε2

where K is a constant depending on a, b, φ and M is as in Lemma 3.4. From these

calculations, we have∫
Bδ(φ,ψ,η)

exp(
1
ε2

(−
∫ 1

0


̄F (X(t)) · dX̄(t) +
∫ 1

0


̄F (φ(t)) ·
·
φ̄(t)dt))dQε

log
=Qε(Bδ(φ, ψ, η), |∆| < γ)

log
= Qε(Bδ(φ, ψ, η)).

These can be summarized in the following lemma.



19

Lemma 3.5. Let dX(t) = b̂(X(t))dt + εσ(X(t))dW (t) under Qε and b̂(x) = b(x) −
b1(x)a1(x), where b(x) =

(
b1(x)

b̄(x)

)
and a1(x) is the first column of a(x). Then

P ε(Bδ(φ, ψ, η))
log
= exp(− 1

2ε2

∫ 1

0

b21φ,ψ(t)dt) exp(
1
ε2

(F (φ(1)) − F (φ(0))

− 1
2

∫ 1

0

(b+1 − b−1 )(φ(t))
·
η(t)dt−

∫ 1

0


̄F (φ(t)) ·
·
φ̄(t)dt)) ·Qε(Bδ(φ, ψ, η))

It is clear from Lemma 3.5 that we now only need to obtain the l.d.p for the measures

{Qε}. The advantage of {Qε} over {P ε} is that under Qε, dX1(t) = εdW1(t) and can be

solved independently of X̄(t). It is important to solveX1(t) first because the discontinuities

of b(·) and σ(·) only occur at X1 = 0.

Hence we concentrate on

(3.8) Qε(Bδ(φ, ψ, η)) = Qε(‖X − φ‖ < δ, ‖u− ψ‖ < δ, ‖�− η‖ < δ)

where under Qε, X(t) satisfies the stochastic differential equation of the special form:

(3.9)

dX1(t) = εdW1(t)

dX̄(t) = b̂(X(t))dt+ εσ̄1(X(t))dW1(t) + εσ̄(X(t))dW̄ (t)

X(0) = x.

We assume that x1 = 0 in the rest. Our strategy to study the l.d.p for Qε is the following.

Define the following auxiliary processes,

V +
1 (t) =

∫ t

0

χ(0,∞)(X1(s))dW1(s),

V −
1 (t) =

∫ t

0

χ(−∞,0)(X1(s))dW1(s),

V̄ +(t) =
∫ t

0

χ(0,∞)(X1(s))dW̄ (s),

V̄ −(t) =
∫ t

0

χ(−∞,0)(X1(s))dW̄ (s),

and

V +(t) = (V +
1 (t), V̄ +(t))∗, V −(t) = (V −

1 (t), V̄ −(t))∗.
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Then (3.9) can be rewritten as

(3.10)

dX1(t) =εdW1(t),

dX̄(t) =b̂
+

(X(t))du(t) + b̂
−

(X(t))(dt− du(t)) + ε(σ̄+
1 (X1(t), X̄(t))dV +

1 (t)

+ σ̄−
1 (X1(t), X̄(t))dV −

1 (t) + σ̄+(X1(t), X̄(t))dV̄ +(t)

+ σ̄−(X1(t), X̄(t))dV̄ −(t),

X(0) =x.

Now the coefficients in (3.10) are smooth. Following the argument in [3, Chapter III], if

we can show that the process (X1(t), u(t), �(t), εV +
1 (t), εV −

1 (t), εV̄ +(t), εV̄ −(t)) under Qε

satisfies l.d.p, then the process (X(t), u(t), �(t)) under Qε satisfies the l.d.p.

For V +
1 (t) ( and similarly for V −

1 (t)), we consider a function G+ such that G+(y) = y

if y > 0 and G+(y) = 0 otherwise. Then by Tanaka’s formula, we have

dG+(X1(t)) = χ(0,∞)(X1(t))dX1(t) +
1
2
d�(t),

that is,

(3.11) εV +
1 (t) = G+(X1(t)) − 1

2
�(t).

Similarly,

(3.12) εV −
1 (t) = G−(X1(t)) +

1
2
�(t),

where G−(y) = y − G+(y). Therefore, V +
1 (·) and V −

1 (·) can be considered as the image

of (X1(·), u(·), �(·)) under the continuous mappings given in (3.11) and (3.12). We denote

these mappings by H+ and H−. That is,

(3.13) εV +
1 = H+(X1, u, �), εV −

1 = H−(X1, u, �).

From this, it is enough to show that the process (X1(t), u(t), �(t), εV̄ +(t), εV̄ −(t)) satisfies

l.d.p. This is given in the following lemma. Before state it, we need some notations. Let

denote

(3.14) I(0)(φ1, ψ, η) =
1
2

∫ 1

0

|
·
φ1(t)|2dt+

1
8

∫ 1

0

·
η(t)2

·
ψ(t)(1 −

·
ψ(t))

dt
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if ψ ∈ H+(φ1), η ∈ L(0)(φ1), and I(0)(φ1, ψ, η) = ∞ otherwise. By Theorem 2.3,

Qε((X1, u, �) ∈ Bδ(φ1, ψ, η))
log
= exp(− 1

ε2
I(0)(φ1, ψ, η)).

Let v̄+, v̄− be absolutely continuous, Rd−1 valued functions on [0.1]. Define

Iψ(v̄+, v̄−) =
1
2

∫ 1

0

(
| ·v̄+(t)|2

·
ψ(t)

+
| ·v̄−(t)|2

1 −
·
ψ(t)

)dt.

Lemma 3.6. Let v̄+(·), v̄−(·) be Rd−1 valued and absolutely continuous. Then

Qε((X1, u, �) ∈ Bδ(φ1, ψ, η), (εV̄ +, εV̄ −) ∈ Bδ(v̄+, v̄−))

log
= exp(− 1

ε2
(I(0)(φ1, ψ, η) + Iψ(v̄+, v̄−))).

Proof. Let W̄+(t), W̄−(t) be two independent (d-1)-dim Brownian motions which are

independent with W (t). Then (X1, u, �, εV̄
+, εV̄ −) and (X1, u, �, εV̂

+, εV̂ −) have the same

distribution, where

V̂ +(t) = W̄+(u(t)), V̂ −(t) = W̄−(t− u(t)).

Let θ be a small positive number and define

V̂ +
θ (t) = W̄+(u(t) + θt), V̂ −

θ (t) = W̄−((1 + θ)t− u(t)).

Note that (X1, u, �) ∈ Bδ(φ1, ψ, η) and

|εV̂ +
θ (t) − v̄+(t)| < δ for all t ∈ [0, 1]

imply

|εW̄+(t) − v̄+(α(t))| < δ for all t ∈ [0, ψ(1) + θ − δ],

where α(·) is the inverse of the mapping

t→ ψ(t) + θt.
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Then by a routine argument and using Theorem 2.3, it is not difficult to show that

Qε((X1, u, �) ∈ Bδ(φ1, ψ, η), (εV̂ +
θ , εV̂

−
θ ) ∈ Bδ(v̄+, v̄−))

log
= exp(− 1

ε2
(I(0)(φ1, ψ, η) + I

(θ)
ψ (v̄+, v̄−)))

where

I
(θ)
ψ (v̄+, v̄−) =

1
2

∫ 1

0

(
| ·v̄+(t)|2

θ +
·
ψ(t)

+
| ·v̄−(t)|2

θ + 1 −
·
ψ(t)

)dt.

On the other hand, we can also show that for any γ > 0,M > 0, there are θ0 > 0, δ0 > 0

such that for θ < θ0, δ < δ0, we have

Qε((X1, u, �) ∈ Bδ(φ1, ψ, η), (εV̂ +, εV̂ −) ∈ Bδ(v̄+, v̄−), (εV̂ +
θ , εV̂

−
θ ) /∈ Bγ(v̄+, v̄−))

+Qε((X1, u, �) ∈ Bδ(φ1, ψ, η), (εV̂ +
θ , εV̂

−
θ ) ∈ Bδ(v̄+, v̄−), (εV̂ +, εV̂ −) /∈ Bγ(v̄+, v̄−))

≤ exp(−M
ε2

).

The lemma follows from these two relations. This completes the proof.

Corollary 3.7. Let v+(·), v−(·) be Rd valued and absolutely continuous. Assume that

(3.15)
v+
1 (t) = H+(φ1, ψ, η)(t)

v−1 (t) = H−(φ1, ψ, η)(t)

with the mappings H± given in (3.13). Then

Qε((X1, u, �) ∈ Bδ(φ1, ψ, η), (εV +, εV −) ∈ Bδ(v+, v−))

log
= exp(− 1

ε2
(I(0)(φ1, ψ, η) + Iψ(v̄+, v̄−))).

Given (φ, ψ, η), we shall consider v̄+(·), v̄−(·) which are absolutely continuous and satisfy

(3.16) φ̄(t) = φ̄(0) +
∫ t

0

B̄(s)ds+
∫ t

0

σ̄+(φ(s))
·
v̄+(s)ds+

∫ t

0

σ̄−(φ(s))
·
v̄−(s)ds.

Here

B̄(t) = b̂
+

(φ(t))
·
ψ(t) + b̂

−
(φ(t))(1 −

·
ψ(t)) +

·
φ1(t)(σ̄+

1 (φ(t))χ(0,∞)(φ1(t))

+ σ̄−
1 (φ(t))χ(−∞,0](φ1(t))) − 1

2
·
η(t)(σ̄+

1 (φ(t)) − σ̄−
1 (φ(t))).

Here we note that (3.16) is just the relation (3.10) if (X1, u, �) = (φ1, ψ, η), (εV̄ +, εV̄ −) =

(v̄+, v̄−) and (εV +
1 , εV −

1 ) = (v+
1 , v

−
1 ) given by (3.15). Define

(3.17) J(φ, ψ, η) = inf
(v̄+,v̄−)

{Iψ(v̄+, v̄−); (v̄+, v̄−) satisfies (3.16)}
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Lemma 3.8. Let I(0)(φ1, ψ, η), J(φ, ψ, η) be given in (3.14) and (3.17). Then

Qε((X, u, �) ∈ Bδ(φ, ψ, η))
log
= exp(− 1

ε2
(I(0)(φ1, ψ, η) + J(φ, ψ, η)))

Proof. This follows from the argument in [3, p.91, Theorem 2.13] by using Corollary 3.7.

Proof of Theorem 3.2. By Lemma 3.8, it remains to simplify

I(φ, ψ, η) = I(0)(φ1, ψ, η) + J(φ, ψ, η).

Similar to (3.16), we consider (f+, f−) which satisfies

φ̄(t) = φ̄(0) +
∫ t

0

B̄(s)ds+
∫ t

0

σ̄+(φ(s))
√

·
ψ

·
f+(s)ds+

∫ t

0

σ̄−(φ(s))
√

1 −
·
ψ

·
f−(s)ds.

Then

J(φ, ψ, η) = inf
f+,f−

{1
2

∫ 1

0

(|
·
f+(s)|2 + |

·
f−(s)|2)ds}

=
∫ 1

0

L̃(φ(s),
·
φ(s),

·
ψ(s),

·
η(s))ds

where the inf is taken over such pairs,

L̃(x, p, ρ, θ) =
1
2
|σ̄(x)−1(p̄− (b̄(x) + (p1 − b1(x))σ̄1(x)))|2 if x1 
= 0,

and

(3.18) L̃(x, p, ρ, θ) = inf{1
2
(|p̄+|2 + |p̄−|2}

if x1 = 0, p1 = 0, θ ≥ 0, 0 ≤ ρ ≤ 1, where the inf is taken over all pairs (p+, p−) satisfying

(3.19)

σ̄+(x)
√
ρp̄+ + σ̄−(x)

√
1 − ρp̄−

=p̄− ρ(b̄+(x) − b+1 (x)σ̄+
1 (x)) − (1 − ρ)(b̄−(x) − b−1 (x)σ̄−

1 (x))

+
1
2
θ(σ̄+

1 (x) − σ̄−
1 (x)).

Now we simplify (3.18). Given (x, p, ρ, θ), consider 1
2 (|p̄+|2 + |p̄−|2) with (p̄+, p̄−) satis-

fying (3.19). Define (q+, q−) by the relations

√
ρσ̄+(x)p̄+ = ρ(q̄+ − b̄+(x) + b+1 (x)σ̄+

1 (x) +
θ

2ρ
σ̄+

1 (x))√
1 − ρσ̄−(x)p̄− = (1 − ρ)(q̄− − b̄−(x) + b−1 (x)σ̄−

1 (x) +
θ

2(1 − ρ)
σ̄−

1 (x)),
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and

q+1 = − θ

2ρ
, q−1 =

θ

2(1 − ρ)
.

Then

(3.20)
ρq+ + (1 − ρ)q− = p,

q+1 = − θ

2ρ
, q−1 =

θ

2(1 − ρ)
.

Moreover,

σ+(x)−1(q+ − b+(x)) =
1√
ρ
p+,

σ−(x)−1(q− − b−(x)) =
1√

1 − ρ
p−

with

p+
1 =

√
ρ(q+1 − b+1 (x)), p−1 =

√
1 − ρ(q−1 − b−1 (x)).

Therefore,

1
2
(|p̄+|2 + |p̄−|2) +

1
2
(|p+

1 |2 + |p−1 |2)

=
1
2
(ρ|σ+(x)−1(q+ − b+(x))|2 + (1 − ρ)|σ−(x)−1(q− − b−(x))|2).

We then have for p1 = 0,

L̃(x, p, ρ, θ) = inf{1
2
(ρ|σ+(x)−1(q+ − b+(x))|2 + (1 − ρ)|σ−(x)−1(q− − b−(x))|2);

(q+, q−) satisfies (3.20)} − 1
2
(ρ| θ

2ρ
+ b+1 (x)|2

+ (1 − ρ)| θ

2(1− ρ)
− b−1 (x)|2)

Since,
1
2
(ρ| θ

2ρ
+ b+1 (x)|2 + (1 − ρ)| θ

2(1 − ρ)
− b−1 (x)|2)

=
θ2

4ρ(1 − ρ)
+ (ρb+1 (x)2 + (1 − ρ)b−1 (x)2) + θ(b+1 (x) − b−1 (x)),

then using also the expression for I(0)(φ1, ψ, η) in (3.14), we have

I(φ, ψ, η) =
∫ 1

0

L(φ(s),
·
φ(s),

·
ψ(s),

·
η(s))ds,
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where

L(x, p, ρ, θ) =
1
2
|σ(x)−1(p− b(x))|2

if x1 
= 0, and

L(x, p, ρ, θ) = inf{1
2
(ρ|σ+(x)−1(q+ − b+(x))|2 + (1 − ρ)|σ−(x)−1(q− − b−(x))|2);

(q+, q−) satisfies (3.20)}

if x1 = 0, p1 = 0. This completes the proof.

Lemma 3.9. I(φ, ψ, η) is a lower semi-continuous function.

This will be proved in Appendix.

§4. General cases.

The system we are concerned with is the following,

(4.1)
dXε(t) = b(Xε(t))dt+ εσ(Xε(t))dW (t),

Xε(0) = x(0),

where σ11 =
√
a11 and σ1j = 0 for j = 2, ..., d. The purpose of this section is to show that

the l.d.p of Xε(·) in (4.1) holds if and only if it holds for Y ε(·) in (4.3) (Theorem 4.5),

where the leading coefficient σ11(x) ≡ 1. The new process Y ε(·) is obtained from Xε(·)
through scaling (4.2).

Let

βε(t) =
∫ t

0

σ11(Xε(s))2ds

and

β(t) =
∫ t

0

(σ+
11(φ(s))2

·
ψ(s) + σ−

11(φ(s))2(1 −
·
ψ(s)))ds.

Also, γε(t) and γ(t) are the inverses of βε and β respectively. Let Y ε(t) = Xε(γε(t)),

(4.2)
φY (t) = φ(γ(t)), ηY (t) = η(γ(t)),

ψY (t) =
∫ γ(t)

0

·
ψ(s)σ+

11(φ(s))2ds =
∫ t

0

·
ψ(γ(s))σ+

11(φ(γ(s)))2
·
γ(s)ds.
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Let uY (·) and �Y (·) be the occupation time of Y ε1 in H+ and the local time of Y ε1 at 0

respectively. In the following, we shall omit ε in Xε, Y ε when no ambiguity arises.

From (4.1) and (4.2), it follows that Y (t) satisfies the following SDE:

(4.3)
dY (t) =

b(Y (t))
σ11(Y (t))2

dt+ ε
σ(Y (t))
σ11(Y (t))

dW (t),

Y (0) = x(0).

Lemma 4.1. For any γ > 0, there exists a δ0 such that |βε(t) − β(t)| < γ and |γε(t) −
γ(t)| < γ for all t ∈ [0, 1] and ε > 0 if ‖Xε − φ‖ < δ0, ‖uε − ψ‖ < δ0.

Proof. This is easy, we omit the detail.

We shall next demonstrate that

(4.4) P ε(Bδ(φ, ψ, η))
log
= P ε(Bδ(φY , ψY , ηY )),

where
P ε(Bδ(φY , ψY , ηY ))

=P ε(‖Y − φY ‖[0,β(1)] < δ, ‖uY − ψY ‖[0,β(1)] < δ, ‖�− ηY ‖[0,β(1)] < δ)).

Supposing this, since (4.3) has the leading coefficient a11 ≡ 1, P ε(Bδ(φY , ψY , ηY )) satisfies

the l.d.p with rate function

IY (φY , ψY , ηY ) =
∫ β(1)

0

LY (φY (t),
·
φY (t),

·
ψY (t),

·
ηY (t))dt.

Here

LY (x, p, ρ, θ) =
1
2
|( σ(x)
σ11(x)

)−1(p− b(x)
σ11(x)2

)|2

if x1 
= 0, and

LY (x, p, ρ, θ) = inf{1
2
ρ|( σ

+(x)
σ+

11(x)
)−1(q+− b+(x)

σ+
11(x)2

)|2+
1
2
(1−ρ)|( σ

−(x)
σ−

11(x)
)−1(q−− b−(x)

σ−
11(x)2

)|2}

if x1 = 0, p1 = 0, where the inf is taken over all (q+, q−) satisfying

ρq+ + (1 − ρ)q− = p, q+1 = −1
2
θ

ρ
, q−1 =

1
2

θ

1 − ρ
.

From (4.4) and the following result, P ε(Bδ(φ, ψ, η)) satisfies l.d.p with rate function

I(φ, ψ, η). This proves our main theorem for the general cases.
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Lemma 4.2. We have

LY (φY (t),
·
φY (t),

·
ψY (t),

·
ηY (t)) = L(φ(γ(t)),

·
φ(γ(t)),

·
ψ(γ(t)),

·
η(γ(t)))

·
γ(t)

and

IY (φY , ψY , ηY ) = I(φ, ψ, η).

Proof. First, we have

LY (φY (t),
·
φY (t),

·
ψY (t),

·
ηY (t))

=LY (φ(γ(t)),
·
φ(γ(t))

·
γ(t),

·
ψ(γ(t))σ+

11(φ(γ(t)))2
·
γ(t),

·
η(γ(t))

·
γ(t)).

Let x = φ(γ(t)), p =
·
φ(γ(t)), ρ =

·
ψ(γ(t)) and θ =

·
η(γ(t)). For x1 = 0, p1 = 0,

LY (x, p
·
γ(t), ρσ+

11(x)
2 ·
γ(t), θ

·
γ(t))

= inf{1
2
ρ
·
γ(t)|σ+(x)−1(q+σ+

11(x)
2 − b+(x))|2

+
1
2
(1 − ρ)

·
γ(t)|σ−(x)−1(q−σ−

11(x)
2 − b−(x))|2},

where

(4.5)
·
γ(t)ρσ+

11(x)
2q+ +

·
γ(t)(1 − ρ)σ−

11(x)
2q− = p

·
γ(t)

and

(4.6) q+1 = − θ
·
γ(t)

2ρσ+
11(x)2

·
γ(t)

= − θ

2ρσ+
11(x)2

, q−1 =
θ

2(1 − ρ)σ+
11(x)2

.

In the above relation we use

1 − ρσ+
11(x)

2 ·
γ(t) = (1 − ρ)σ−

11(x)
2 ·
γ(t)

by the definition of γ(t). Let q+σ+
11(x)

2 = q̃+ and q−σ−
11(x)

2 = q̃−. Then from (4.5) and

(4.6),

ρq̃+ + (1 − ρ)q̃− = p, q̃+1 = − θ

2ρ
, q̃−1 = − θ

2(1 − ρ)
.

Thus
LY (x, p

·
γ(t), ρσ+

11(x)
2 ·
γ(t), θ

·
γ(t))

=
·
γ(t) inf

q̃+,q̃−
(
1
2
ρ|σ+(x)−1(q̃+ − b+(x))|2 +

1
2
(1 − ρ)|σ−(x)−1(q̃− − b−(x))|2)

=
·
γ(t)L(x, p, ρ, θ).

The proof is complete.
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Lemma 4.3. For any γ > 0, there exists an δ0 such that ‖uY − ψY ‖[0,β(1)−γ] ≤ γ and

‖�Y − ηY ‖[0,β(1)−γ] ≤ γ for all ε if X ∈ Bδ(φ, ψ, η), δ < δ0.

Proof. By definition,

uY (t) =
∫ t

0

χ(0,∞)(Y ε(s))ds =
∫ t

0

χ(0,∞)(Xε(γε(s)))ds

=
∫ γε(t)

0

χ(0,∞)(Xε(s))
·
βε(s)ds =

∫ γε(t)

0

χ(0,∞)(Xε(s))σ+
11(X

ε(s))2ds.

Since | ∫ t
0
χ(0,∞)(Xε(s))ds − ψ(t)| → 0 uniformly over t as δ → 0 if Xε ∈ Bδ(φ, ψ, η), we

have ∫ γε(t)

0

σ+
11(φ(s))2

·
ψ(s)ds−

∫ γε(t)

0

σ+
11(X

ε(s))2χ(0,∞)(Xε(s))ds→ 0

as δ ↓ 0 because γε(t) → γ(t) uniformly in t by Lemma 4.1 and σ+
11 is a continuous

function. Hence ‖uY − ψY ‖[0,β(1)−γ] → 0 as δ → 0. Similarly, ‖�Y − ηY ‖[0,β(1)−γ] ≤ γ for

all ε because �Y (t) = �X(γε(t)) by Tanaka’s formula and Lemma 4.1. This completes the

proof.

On the other hand, the following converse of Lemma 4.3 can be proven using the same

arguments.

Lemma 4.4. For any δ > 0, there exists an θ0 such that for θ < θ0,

‖X − φ‖[0,1−δ] ≤ δ, ‖u− ψ‖[0,1−δ] ≤ δ, ‖�− η‖[0,1−δ] ≤ δ

if

‖Y − φY ‖[0,β(1)−θ] ≤ θ, ‖uY − ψY ‖[0,β(1)−θ] ≤ θ, ‖�Y − ηY ‖[0,β(1)−θ] < θ.

Finally, we now prove (4.4). Let denote Y ∈ Bγ,[0,β(1)−γ](φY , ψY , ηY ) if

‖Y − φY ‖[0,β(1)−γ] ≤ γ, ‖uY − ψY ‖[0,β(1)−γ] ≤ γ, ‖�Y − ηY ‖[0,β(1)−γ] < γ.

Then

P ε(Bδ(φ, ψ, η)) ≤ P ε(Bγ,[0,β(1)−γ](φY , ψY , ηY ))
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for δ small, thus

(4.7)

lim
δ→0

lim
ε→0

ε2 logP ε(Bδ(φ, ψ, η))

≤ lim
γ→0

lim
ε→0

ε2 logP ε(Bγ,[0,β(1)−γ](φY , ψY , ηY ))

=IY[0,β(1)](φ
Y , ψY , ηY ).

Similarly, for any M > 0, choose δ so small that for all small θ,

P ε(Bδ(φ, ψ, η)) ≥ P ε(Bδ,[0,1−δ](φ, ψ, η))− exp(−M
ε2

)

≥ P ε(Bθ,[0,β(1)−θ](φY , ψY , ηY )) − exp(−M
ε2

).

Therefore,
lim
ε→0

ε2 logP ε(Bδ(φ, ψ, η)) ≥ inf(IY[0,β(1)](φ
Y , ψY , ηY ),M)

=IY[0,β(1)](φ
Y , ψY , ηY )

if M is large enough. From this and (4.7), then (4.4) follows.

Appendix.

In the first part of this appendix we shall give a proof of

(A.1) P{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ} log
= exp(−I(φ, ψ, η)

ε2
)

for general φ, ψ, η with I(φ, ψ, η) <∞, when Xε(t) = εW (t). Here

I(φ, ψ, η) =
1
2

∫ 1

0

|φ̇(t)|2dt+
1
8

∫ 1

0

η̇2(t)
ψ̇(t)(1 − ψ̇(t))

dt.

In the second part, we shall prove Lemma 3.9.

To prove (A.1), we need to construct φn, ψn, ηn satisfying the following properties:

φn(t) → φ(t), ψn(t) → ψ(t), ηn(t) → η(t)

uniformly for t ∈ [0, 1] as n → ∞; ψn ∈ H+(φn) and ηn ∈ L0(φn); For each n, there are

0 = a
(n)
0 < a

(n)
1 < a

(n)
2 < · · · < a

(n)
Mn

< a
(n)
Mn+1 = 1 such that supi(a

(n)
i+1 − a

(n)
i ) → 0 as

n→ ∞ and for each i, φn, ψn, ηn are linear on [a(n)
i , a

(n)
i+1] and

φn(a
(n)
i ) = φ(a(n)

i ), ψn(a(n)
i ) = ψ(a(n)

i ), ηn(a
(n)
i ) = η(a(n)

i ).
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Moreover,

{t ∈ [0, 1];φ(t) = 0} ⊆ ∪{[a(n)
i , a

(n)
i+1];φ(a(n)

i ) = φ(a(n)
i+1) = 0};

We have

lim
n→∞I(φn, ψn, ηn) = I(φ, ψ, η).

Before proving this, we remark that I(·, ·, ·) is lower semicontinuous. To see this, first,

we have the relation,∫ 1

0

|φ̇(t)|2dt = sup
0=t0<t1<···<tm=1

|φ(ti+1) − φ(ti)|2
ti+1 − ti

.

See [14, Lemma 2.1, Chapter 3]. From this, it is easy to see that the mapping

φ→
∫ 1

0

|φ̇(t)|2dt

is lower semicontinuous. On the other hand, we have the relations,∫ 1

0

η̇2(t)
ψ̇(t)(1 − ψ̇(t))

dt =
∫ 1

0

η̇2(t)
ψ̇(t)

dt+
∫ 1

0

η̇2(t)
1 − ψ̇(t)

dt,

and ∫ 1

0

η̇2(t)
ψ̇(t)

dt = sup
θ>0

∫ 1

0

η̇2(t)
θ + ψ̇(t)

dt,∫ 1

0

η̇2(t)
1 − ψ̇(t)

dt = sup
θ>0

∫ 1

0

η̇2(t)
θ + 1 − ψ̇(t)

dt.

For each θ > 0, we define η̂(t) by

η̂(θt+ ψ(t)) = η(t).

Then, ∫ 1

0

η̇2(t)
θ + ψ̇(t)

dt =
∫ θ+ψ(1)

0

| ˙̂η(t)|2dt.

From this and above reasoning, we see

(ψ, η) →
∫ 1

0

η̇2(t)
θ + ψ̇(t)

dt
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is lower semicontinuous. Hence,

(ψ, η) →
∫ 1

0

η̇2(t)
ψ̇(t)

dt

is lower semicontinuous. Similarly,

(ψ, η) →
∫ 1

0

η̇2(t)
1 − ψ̇(t)

dt

is lower semicontinuous. We conclude that I(·, ·, ·) is lower semicontinuous.

We now show the existence of φn, ψn, ηn. For this, let fix n. We first choose a subset U

of [0, 1] such that it is a disjoint union of finitely many closed intervals,

U = ∪N0
i=1[ai, bi],

such that

U ⊇ {t;φ(t) = 0}

and
|φ(t)| ≤ 1

n
for t ∈ U∫

U

|φ̇(t)|2dt < 1
n
.

We may choose ai, bi in such a way that φ(ai) = φ(bi) = 0. Otherwise, we can replace

ai, bi by

âi = inf{t ≥ ai;φ(t) = 0}, b̂i = sup{t < bi;φ(t) = 0}.

Denote

[0, 1]\U = ∪N1
i=1(ci, di).

We may divide each (ci, di) into subintervals with lengths smaller than 1/n and define φn

such that φn is linear on each subinterval, the values of φn and φ are equal at endpoints

of each subinterval and the following properties hold:

φn(t) = 0, t ∈ U,

‖φn − φ‖ ≤ 1
n
,∫ 1

0

|φ̇n(t) − φ̇(t)|2 < 1
n
.
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We now define ψn and ηn. for each i,

ψn(ci) = ψn(di) = ψ(ci), ηn(ci) = ηn(di) = η(ci).

We remark, ∫ 1

0

η̇2(t)
ψ̇(t)

dt = sup
0=t0<t1<t2<···<tm=1

|η(ti+1) − η(ti)|2
ψ(ti+1) − ψ(ti)

and ∫ 1

0

η̇2(t)
1 − ψ̇(t)

dt = sup
0=t0<t1<t2<···<tm=1

|η(ti+1) − η(ti)|2
ti+1 − ti − ψ(ti+1) + ψ(ti)

by a argument similar to that in [14, Lemma 2.1, Chapter 3]. Therefore, we can divide each

(ai, bi) into subintervals finer enough such that the length of each subinterval is smaller

than 1/n and define ψn, ηn such that ψn, ηn are linear on each subinterval and the values

of ψn, ψ (ηn, η) at the endpoints of these subintervals are equal and the properties hold:

‖ψn − ψ‖ < 1
n
, ‖ηn − η‖ < 1

n
, |
∫ 1

0

η̇2
n(t)

ψ̇n(t)(1 − ψ̇n(t))
dt−

∫ 1

0

η̇2(t)
ψ̇(t)(1 − ψ̇(t))

dt| < 1
n
.

This completes the construction of φn, ψn, ηn.

We now show (A.1). We shall show the following statements separately,

(A.2) lim
δ→0

lim inf
ε→0

ε2 logP{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ} ≥ −I(φ, ψ, η),

and

(A.3) lim
δ→0

lim sup
ε→0

ε2 logP{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ} ≤ −I(φ, ψ, η).

We first treat (A.2).

Let δ > 0 be fixed. We have

P{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}

≥P{‖Xε − φn‖ ≤ δ

2
, ‖uε − ψn‖ ≤ δ

2
, ‖�ε − ηn‖ ≤ δ

2
}

if n is large enough. We may assume that ψ̇n(t) > 0 if φn(t) = 0. Otherwise, we replace

ψn(t) by

ψn(t) + θ

∫ t

0

χφn(s)=0ds
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for a small θ. We fix such n. To simplify the notation, we write ai for a(n)
i and M for Mn.

Then we have the following relation,

(A.4)

P{‖Xε − φn‖ ≤ δ

2
, ‖uε − ψn‖ ≤ δ

2
, ‖�ε − ηn‖ ≤ δ

2
}

≥ΠM
i=0 inf

|x−φ(ai)|≤δi

Pai,x{‖Xε − φn‖[ai,ai+1] ≤ δi+1, ‖uε − ψ̂(i)
n ‖[ai,ai+1] ≤ δi+1,

‖�ε − η̂(i)
n ‖[ai,ai+1] ≤ δi+1},

where δi+1 = Kδi , KδM = δ/4, and K = 2+max{8ρi/θi, θi 
= 0}, ρi, θi are the derivatives

of ψn, ηn on (ai, ai+1). Here we use the notations,

ψ̂(i)
n (t) = ψn(t) − ψn(ai), η̂(i)

n (t) = ηn(t) − ηn(ai)

for t ∈ [ai, ai+1], and Ps,x[·] is the probability measure generated by the process starting

from x at time s. To see (A.4), applying the conditioning given Xε(t), 0 ≤ t ≤ aM , and

the Markovian property of the process, we get

P{‖Xε − φn‖ ≤ δ

2
, ‖uε − ψn‖ ≤ δ

2
, ‖�ε − ηn‖ ≤ δ

2
}

≥P{‖Xε − φn‖[0,aM ] ≤ δ

2
, ‖uε − ψn‖[0,aM ] ≤ δ

4
, ‖�ε − ηn‖[0,aM ] ≤ δ

4
}

inf
|x−φn(aM )|≤δM

PaM ,x{‖Xε − φn‖[aM ,1] ≤ δ

2
,

‖uε − ψ̂(M)
n ‖[aM ,1] ≤ δ

4
, ‖�ε − η̂(M)

n ‖[aM ,1] ≤ δ

4
}.

Then (A.4) follows by repeating this procedure.

Next, we use the following relation,

(A.5)

lim
δ→0

lim inf
ε→0

ε2 log inf
|x−φn(ai)|≤δi

Pai,x{‖Xε − φn‖[ai,ai+1] ≤ δi+1,

‖uε − ψ̂(i)
n ‖[ai,ai+1] ≤

δ

2
, ‖�ε − η̂(i)

n ‖[ai,ai+1] ≤
δ

2
}

is equal to I[ai,ai+1](φn, ψn, ηn). Here we use the notation,

I[a,b](φ, ψ, η) =
1
2

∫ b

a

|φ̇(t)|2dt+
1
8

∫ b

a

η̇2(t)
ψ̇(t)(1 − ψ̇(t))

dt.

Then (A.2) can be proved by letting ε → 0, δ → 0 and n → ∞. To see an argument for

(A.5), we consider only the case that ai = 0, ai+1 = 1, φn(t) = 0, ψn(t) = ψ(t) = ρt, ηn(t) =
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η(t) = θt for t ∈ [0, 1]. We note that this is the case considered in the proof of Theorem

2.3. Then we have the relation (2.2). That is, for |x| ≤ δ,

Px{‖Xε‖ ≤ Kδ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}
log
= exp(− θ2

8ε2ρ(1 − ρ)
)Px{‖X̃ε‖ ≤ Kδ, ‖ũε − ψ‖ ≤ δ, ‖�̃ε − η‖ ≤ δ}.

We refer to the proof of Theorem 2.3 for the notations. Since X̃ε(t) satisfies

dX̃ε(t) = v(X̃ε(t))dt+ εdW̃ (t),

Xε(0) = x,

it is easiy to see that

(A.6) Px{τ > K0δ} ≤ exp(−c δ

K0ε2
)

for some c > 0 if |x| < δ, where K0 = 4 max{ρ, 1− ρ}/θ. Here

τ = inf{t > 0; X̃ε(t) = 0}.

Then
Px{‖X̃ε‖ ≤ Kδ, ‖ũε − ψ‖ ≤ δ, ‖�̃ε − η‖ ≤ δ}

≥Px{τ ≤ K0δ}P0{‖X̃ε‖ ≤ Kδ, ‖ũε − ψ‖ ≤ δ, ‖�̃ε − η‖ ≤ δ}.
By the proof of Theorem 2.3 and (A.6), the probabilities on the right hand side converges

to 1 uniformly for |x| ≤ δ as ε→ 0. We conclude that the probability on the left hand side

converges to 1 uniformly for |x| ≤ δ as ε → 0. This completes the proof of (A.5), hence

(A.2).

Now we prove (A.3). Let fix ρ > 0 and take n such that

I(φn, ψn, ηn) > I(φ, ψ, η)− ρ

2
.

Again, we write ai for a(n)
i and M for Mn. Similar to (A.4), we have the relation,

P{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}

≤P{|Xε(ai) − φ(ai)| ≤ δ, |uε(ai) − ψ(ai)| ≤ δ, |�ε(ai) − η(ai)| ≤ δ,

i = 0, 1, · · · ,M}

≤ΠM
i=0 sup

|x−φ(ai)|≤δ
Pai,x{|Xε(ai+1) − φ(ai+1)| ≤ δ, |uε(ai+1) − (ψ(ai+1) − ψ(ai))| ≤ 2δ,

|�ε(ai+1) − (η(ai+1) − η(ai))| ≤ 2δ}.
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Using a argument similar to that for (2.2), we can deduce

Pai,x{|Xε(ai+1) − φ(ai+1)| ≤ δ, |uε(ai+1) − (ψ(ai+1) − ψ(ai))| ≤ 2δ,

|�ε(ai+1) − (η(ai+1) − η(ai))| ≤ 2δ}

≤ exp(− |η(ai+1) − η(ai|2
8ε2(ψ(ai+1) − ψ(ai))((ai+1 − ai) − (ψ(ai+1) − ψ(ai)))

) exp(
cKδ

ε2
)

if φ(ai) = φ(ai+1) = 0, |x| ≤ δ, where c is a constant and

K =sup{ η(ai+1) − η(ai)
ψ(ai+1) − ψ(ai)

,
η(ai+1) − η(ai)

(ai+1 − ai) − (ψ(ai+1) − ψ(ai))
;

ψ(ai+1) − ψ(ai) 
= 0, (ai+1 − ai) − (ψ(ai+1) − ψ(ai)) 
= 0}.
Otherwise,

Pai,x{|Xε(ai+1) − φ(ai+1)| ≤ δ, |uε(ai+1) − (ψ(ai+1) − ψ(ai))| ≤ 2δ,

|�ε(ai+1) − (η(ai+1) − η(ai))| ≤ 2δ}

≤ exp(−|φ(ai+1) − φ(ai)|2
2ε2(ai+1 − ai)

) exp(
cK ′δ
ε2

)

if |x− φ(ai)| ≤ δ, where

K ′ = sup{ |φ(ai+1) − φ(ai)|
ai+1 − ai

; i = 0, 1, · · · ,M}.

Then
P{‖Xε − φ‖ ≤ δ, ‖uε − ψ‖ ≤ δ, ‖�ε − η‖ ≤ δ}

≤ exp(−I(φn, ψn, ηn)
ε2

+
c(K +K ′)Mδ

ε2
) ≤ exp(−I(φ, ψ, η)

ε2
+

ρ

ε2
)

if δ is small enough. Since ρ > 0 can be arbitrarily small, this proves (A.3).

Proof of Lemma 3.9.

First we prove that the mapping

(A.7) (φ, ψ, η, v+, v−) → I(0)(φ1, ψ, η) + I
(θ)
ψ (v+, v−)

is lower semicontinuous for each θ > 0, where

I
(θ)
ψ (v+, v−) =

1
2

∫ 1

0

(
1

θ +
·
ψ(t)

| ·v+(t)|2 +
1

1 + θ −
·
ψ(t)

| ·v−(t)|2)dt.
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Define the functions v̂+, v̂− by the following relation,

v̂+(θt+ ψ(t)) = v+(t), v̂−(t+ θt− ψ(t)) = v−(t).

Then

I
(θ)
ψ (v+, v−) =

1
2
(
∫ θ+ψ(1)

0

|
·
v̂+(s)|2 +

∫ 1+θ−ψ(1)

0

|
·
v̂−(s)|2ds).

From this expression, it follows that the mapping in (A.7) is lower semicontinuous.

Define

I(θ)(φ, ψ, η) = I(0)(φ1, ψ, η) + J (θ)(φ, ψ, η),

where,

J (θ)(φ, ψ, η) = inf{I(θ)
ψ (v+, v−); (v+, v−) satisfies (3.16)}.

Then I(θ)(·, ·, ·) is lower semicontinuous by the following standard argument. Let

(φ(n), ψ(n), η(n)) → (φ, ψ, η)

as n→ ∞. For each n, there is (v+,(n), v−,(n)) such that

J (θ)(φ(n), ψ(n), η(n)) = I
(θ)

ψ(n)(v+,(n), v−,(n))

and (v+,(n), v−,(n)) satisfies (3.16) with (φ, ψ, η) = (φ(n), ψ(n), η(n)). We may assume that

(v+,(n), v−,(n)) → (v+, v−)

as n→ ∞ for some (v+, v−). Then

lim inf
n→∞ I(θ)(φ(n), ψ(n), η(n))

= lim inf
n→∞ (I(0)(φ(n)

1 , ψ(n), η(n)) + I
(θ)

ψ(n)(v
+,(n), v−,(n)))

≥I(0)(φ1, ψ, η) + I
(θ)
ψ (v+, v−)

≥I(θ)(φ, ψ, η).

The last step is by the definition of I(θ) and the fact that (v+, v−) satisfies (3.16). This

proves the lower semicontinuity of I(θ).

It is easy to see that I(θ)(·) ↗ I(·) as θ ↘ 0. Together with the lower semicontinuity of

I(θ)(·), we can easily deduce that I(·) is lower semicontinuous. This completes the proof

of Lemma 3.9.
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