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Abstract

The categorical product (also knonw as the tensor product or the 
direct product) G × H of G and H has vertex set

V (G × H) = {(x, y) : x ∈ V (G), y ∈ V (H)}

and edge set

E(G × H) = {(x, y)(x′, y′) : xx′ ∈ E(G), yy′ ∈ E(H)}.

The Poljak-Rödl function is defined as

f(c) = min{χ(G × H) : χ(G) = χ(H) = c}.
A proper colouring φ of G induces a proper colouring Φ of G × H 
defined as Φ(x, y) = φ(x). So χ(G × H) ≤ χ(G). Therefore f(c) ≤ c 
for all positive integers c. Hedetniemi conjectured in 1966 that

f(c) = c for all positive integers c.

In 2012, I defined a few Poljak-Rodl type functions:

g(c) = inf{χf (G×H) : χf (G), χf (H) ≥ c},
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h(c) = inf{χ(G×H) : χf (G), χ(H) ≥ c},

and asked whether h(c) = c for all positive integer c. It follows from
the definition that h(c) ≥ f(c) for any positive integer c. In 2012, I
proved the fractional version of Hedetniemi’s conjecture:

g(c) = c for any real number c ≥ 1.

Hedetniemi’s conjecture received a lot of attention in the past 50 years
and was confirmed for c ≤ 4. However the conjecture was disproved
by Shitov in in 2019.

Shitov proved that for sufficiently large c, f(c) < c. Using Shitov’s
result, Tardif and I showed that for sufficiently large c, f(c) ≤ c −
(log c)1/4−o(1). We also asked if there is a constant ε > 0 such that
f(c) ≤ (1 − ε)c for sufficiently large c. This question was answered
in affirmative by He and Wigderson from Stanford University, who
showed that for ε ≈ 10−9, f(c) ≤ (1−ε)c for sufficiently large c. In this
talk, I present a simple proof of a recent result that f(c) ≤ (1/2+o(1))c
for sufficiently large c. These results are indeed proved for the Poljak-
Rodl type function h(c). So h(c) ≤ (1/2 + o(1))c for sufficiently large
c.

On the other hand, the problem whether f(c) is bounded by a
constant remains a challenging open problem. It is known that f(c)
is either bounded by 9 to goes to infinity. It is also unknown whether
h(c) is bounded by a constant.
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