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OF ANALYTIC FUNCTIONS
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Abstract

The main aim of this paper is to use the concept of finite

Blaschke product to prove sharpness of some of the known results.

Geometric properties of a class of functions U(λ) were discussed

in [8, 11, 12]. Also, starlikeness of U(λ, µ) ∩ An for µ ≤ n was

obtained in [9, 10]. In this paper, we prove the sharpness of those

results using the technique of R. Fournier [3] which was later re-

vised by R. Fournier and S. Ponnusamy [5].

1. Introduction

Let ∆ := {z ∈ C : |z| < 1} be the open unit disk in the complex

plane C and A be the set of all functions analytic in ∆ with the usual

normalization f(0) = 0 = f ′(0) − 1, and let A0 = {f(z)/z : f ∈ A}. Also,

we let S = {f ∈ A : f is univalent in ∆}. If f ∈ S maps ∆ onto a starlike

domain (with respect to the origin), i.e. tw ∈ f(∆) whenever t ∈ [0, 1] and

w ∈ f(∆), then we say that f is a starlike function. The class of all starlike

functions is denoted by S∗. For 0 ≤ α < 1, a function f ∈ S is starlike of

order α, denoted by S∗(α), if f satisfies the inequality

Re
(zf ′(z)

f(z)

)

> α, z ∈ ∆. (1.1)
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12 P. VASUNDHRA [March

It is well known that S∗(0) = S∗. A function f ∈ A is said to be strongly

starlike of order α, 0 < α ≤ 1 if and only if f satisfies the analytic condition

zf ′(z)

f(z)
≺

(1 + z

1 − z

)α
, z ∈ ∆,

where ≺ denotes the usual subordination (see eg. [2]). The class of all

functions which are strongly starlike of order α is denoted by Sα. Clearly,

S1 = S∗. Let Rα be the set of all functions in A such that

f ′(z) ≺
(1 + z

1 − z

)α
, z ∈ ∆.

It is well-known that R1 = R ( S. For µ ≤ n, n ≥ 1 and λ > 0, let Un(λ, µ)

denote the class of all functions f ∈ An satisfying

f(z)

z
6= 0 and

∣

∣

∣

∣

f ′(z)
( z

f(z)

)µ+1
− 1

∣

∣

∣

∣

< λ, z ∈ ∆.

Also, let U1(λ, µ) := U(λ, µ). Geometric properties of the class U(λ, µ) has

been studied in detail in [5]. As usual, we set U(λ, 1) = U(λ) and U(1) = U .

It is well-known that U(λ) ( U ( S (see [1, 7]). We also introduce

Bn = {w ∈ H(∆) : |w(z)| < 1 and w(k)(0) = 0 for k = 0, 1, 2, . . . , n− 1}.

By the Schwarz lemma, one has |w(z)| ≤ |z|n. Here H(∆) denotes the class

of functions analytic in ∆.

In [8, 11, 12], certain sufficient conditions in terms of λ (> 0), α and n

(≥ 1) were obtained, so that U(λ) ∩ An is a subset of S∗(α) or Sα or Rα.

Similarly, certain sufficiency conditions for functions in U(λ, µ) ∩ An to be

in S∗(α) or Sα were obtained by S. Ponnusamy and P. Sahoo in [9, 10]. In

all these cases the sharpness of the results were left open. Now using the

technique of R. Fournier and a recently revised version of R. Fournier and

S. Ponnusamy [5], we prove the sharpness part.

The proofs mainly rely on the following Lemmas.

Lemmma 1.2. Given ϕ and ψ in R, there exists a sequence {bn} of

finite Blaschke products such that bn(1) = eiϕ, bn(0) = 0 and bn(z) → eiψz

in the sense of convergence in H(∆).
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Here a finite Blaschke product is a function of the type

b(z) = eiγ
m
∏

j=1

z − a

1 − ajz
, {aj}nj=1 ⊂ ∆, γ ∈ R.

This result is due to R. Fournier [3]. A slightly extended version of the

above lemma was proved in [13]. We also have a stronger version of the

above lemma which is obtained from a result due to W. B. Jones and St.

Ruscheweyh [6].

Lemma 1.3. There exists an infinite sequence {wn} of finite Blaschke

products with the following property: given a function w ∈ H(∆) with w(∆)⊆
∆ and two sets of nodes {ϕk}mk=1 and {ψk}mk=1 in R where ϕk’s are assumed

to be pairwise distinct (mod 2π), there exists a subsequence {wnj} of {wn}
such that

wnj (e
iϕk) = eiψk , 1 ≤ k ≤ m, j ≥ 1

and

lim
j→∞

wnj = w in H(∆).

We also require the following

Lemma 1.4. [4] Let θ ∈ R and Re(c) < n. Then the functional

I(w) =
∞
∑

k=n

ak(w)

k − c
eikθ, w(z) =

∞
∑

k=n

ak(w)zk ∈ Bn,

is well defined and continuous over Bn.

2. Sharpness results

In this chapter, we restate the sharp version of the theorems stated in

[8, 9, 10, 11, 12] and prove the sharpness part.

Theorem 2.1.[8, Theorem 3.1] Let f ∈ U(λ), 0 < λ ≤ 1 and γ ∈ (0, 1].
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Define

λ∗γ =
−|f ′′(0)| cos(πγ/4) + sin(πγ/4)

√

16 cos2(πγ/4) − |f ′′(0)|2
2 cos(πγ/4)

and λRγ is given by the inequality

sin(πγ/2)
√

4 − λ2 ≥ (|f ′′(0)| + λ)
√

4 − (|f ′′(0)| + λ)2 + λ cos(πγ/2).

Then

(i) f ∈ U(λ) ⇒ f ∈ Sγ if and only if 0 < λ ≤ λ∗γ/2,

(ii) f ∈ U(λ) ⇒ f ∈ Rγ if and only if 0 < λ ≤ λRγ /2.

In [8], the sharpness part of the last theorem remained unanswered. Now

we are in a position to show that each of the bounds λ∗γ/2 and λRγ /2 cannot

be replaced by a larger number without violating the conclusion.

Proof. Case (i): Let f ∈ U(λ). Then, as usual, we have the following

zf ′(z)

f(z)
=

1 + λw(z)

1 − a2z − λ

∫ 1

0

w(tz)

t2
dt

=
1 + λw(z)

1 − a2z − λw(z) ∗ F1(z)
(2.2)

where w ∈ B2, and

F1(z) =

∞
∑

n=2

zn

n− 1
= −zLog(1 − z)

Thus, from (2.2), Lemma 1.4 and maximum modulus principle, we see that

for every f ∈ U(λ) and z ∈ ∆, there exists a ψ and ϕ in R such that

Arg

(

zf ′(z)

f(z)

)

≤ Arg

(

1 + λeiψ

1 − a2 − λeiϕ

)

. (2.3)

Here, we observe that the above relation is possible due to of the fact that

I(w) is continuous on B2 (from Lemma 1.4). Indeed, By Lemma 1.2, given

a ψ,ϕ in R, there exists a sequence of finite Blaschke products such that

wn(1) = eiψ and wn(z) → eiϕz2 in H(∆).
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Define fn’s in U(λ) such that

lim
n→∞

f ′n(1)

fn(1)
=

1 + λeiψ

1 − a2 − λeiϕ
.

In fact, from the above equation, we have equality in (2.3) for some f ∈ U(λ).

Thus we have obtianed sharpness of the result. Now, since |a2|+λ ≤ 1, taking

ϕ = Arga2 we have

Arg

(

1 + λeiψ

1 − a2 − λeiϕ

)

≤ arcsin(λ) + arcsin(|a2| + λ) ≤ γπ

2
.

From the above relation, we get the required sharpened condition for func-

tions in U(λ) to be in Sγ .

Case (ii): Since f ∈ U(λ) and for some w ∈ B2, we have the following

f ′(z) =
1 + λw(z)

(

1 − a2z − λ

∫ 1

0

w(tz)

t2
dt

)2
=

1 + λw(z)

(1 − a2z − λw(z) ∗ F1(z))2
.

Repeating the steps as in Case (i), it follows easily that

Argf ′(z) ≤ Arg

(

1 + λeiψ

(1 − a2 − λeiϕ)2

)

. (2.4)

Here, we observe that the above relation is possible because of the fact that

I(w) is continuous on B2 (from Lemma 1.4). Defining fn’s in U(λ) with

lim
n→∞

f ′n(1) =
1 + λeiψ

(1 − a2 − λeiϕ)2

we have equality in (2.4) for some f ∈ U(λ). Now, since |a2| + λ ≤ 1, we

have

Arg

(

1 + λeiψ

(1 − a2 − λeiϕ)2

)

≤ arcsin(λ) + 2 arcsin(|a2| + λ) ≤ γπ

2
.

From the above relation, we get the required sharp result for functions to be

in Rγ . �

Using the above arguments, we can also prove that the following result
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is sharp.

Theorem 2.5. [10, Theorem 3.1] Let γ ∈ (0, 1], n ≥ 1, and

λ∗(γ, n) =
{

− n(n+ cos(πγ/2))|an+1| + sin(γπ/2)

×
√

1+n2(1−|an+1|2)+2n cos(γπ/2)
}/[

1+2n cos(γπ/2)+n2
]

.

If f ∈ Un(λ, n), then f ∈ Sγ if and only if 0 < λ ≤ λ∗(γ, n).

Now, let us prove the sharpness of the result for functions having missing

Taylor coefficients to be in the class Sγ and Rγ .

Theorem 2.6. [11] Let γ ∈ (0, 1] and n ≥ 2 be fixed. Let f(z) =

z + an+1z
n+1 + · · · ∈ U(λ),

λ∗(γ, n) =
(n− 1) sin(πγ/2)

√

n2 − 4(n − 1) sin2(πγ/4)

and λR(γ, n) be the largest positive λ > 0 satisfying the equation

√

1 − λ2 sin(πγ/2) = 2
( λ

n− 1

)

√

1 −
( λ

n− 1

)2
+ λ cos(πγ/2).

Then

(i) f ∈ U(λ) ⇒ f ∈ Sγ for 0 < λ ≤ λ∗(γ, n).

(ii) f ∈ U(λ) ⇒ f ∈ Rγ for 0 < λ ≤ λR(γ, n).

The above bounds for λ∗(γ, n) and λR(γ, n) are sharp.

Proof. Case (i): Since f ∈ U(λ) ∩An, we have the following

zf ′(z)

f(z)
=

1 + λw(z)

1 − λ

∫ 1

0

w(tz)

t2
dt

=
1 + λw(z)

1 − λw(z) ∗ F1(z)
,

for some w ∈ Bn. Thus, from the above representation for functions in

U(λ) with missing Taylor’s coefficients, Lemma 1.4 and maximum modulus

principle, we see that for all f ∈ U(λ) ∩ An, there exists a ψ, ϕ ∈ R such
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that

Arg
(zf ′(z)

f(z)

)

≤ Arg

(

1 + λeiψ

1 − λeiϕ/(n − 1)

)

. (2.7)

Here, we observe that the above relation is possible because of the fact that

I(w) is continuous on Bn (from Lemma 1.4). By Lemma 1.2, given a ψ,ϕ in

R, there exists a sequence of finite Blaschke products such that

wk(1) = eiψ and wk(z) → eiϕzn in H(∆).

Defining fk’s in U(λ) such that

lim
k→∞

f ′k(1)

fk(1)
=

1 + λeiψ

1 − λeiϕ/(n − 1)
.

In fact, from the above equation, we have equality in (2.7) for some f ∈
U(λ) ∩ An. Thus the result is sharp. Indeed, for each k, fixing θ = 0 in

definition of I,

wk(z) ∗ F1(z) =

∫ 1

0

wk(tz)

t2
dt → I(wk) as z → 1.

Since I is continuous in Bn, we see that

I(wk) → eiϕ/(n− 1) as wk(z) → eiϕzn.

Now, since λ ≤ 1, we have

Arg

(

1 + λeiψ

1 − λeiϕ/(n− 1)

)

≤ arcsin(λ) + arcsin(λ/(n − 1)) ≤ γπ

2
.

From the above relation, we get the required result for Sγ .

Case (ii): Since f ∈ U(λ) ∩ An, we have the following

f ′(z) =
1 + λw(z)

(

1 − λ

∫ 1

0

w(tz)

t2
dt

)2
=

1 + λw(z)

(1 − λw(z) ∗ F1(z))2

where w ∈ Bn. By Lemma 1.2, given a ψ, ϕ in R, there exists a sequence of
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finite Blaschke products such that

wk(1) = eiψ and wk(z) → eiϕzn in H(∆).

Thus, from the above representation for U(λ), Lemma 1.4 and maximum

modulus principle, we see that

Arg(f ′(z)) ≤ Arg

(

1 + λeiψ

(1 − λeiϕ/(n − 1))2

)

. (2.8)

Here, we observe that the above relation is possible because of the fact that

I(w) is continuous on Bn (from Lemma 1.4). Defining fk’s in U(λ) such that

lim
k→∞

f ′k(1) =
1 + λeiψ

(1 − λeiϕ/(n − 1))2
.

In fact, from the above equation, we have equality in 2.8. Now, since λ ≤ 1,

we have

Arg

(

1 + λeiψ

(1 − λeiϕ/(n− 1))2

)

≤ arcsin(λ) + 2 arcsin(λ/(n − 1)) ≤ γπ

2
.

From the above relation, we get the required sharp result for functions to be

in Rγ . �

Repeating the above proof for f ∈ Un(λ, µ), we have the sharpness of

the following

Theorem 2.9.[9, Theorem 3.1] Let γ ∈ (0, 1], n ≥ 1, µ ∈ (0, n) and

λ∗(γ, µ, n) =
(n− µ) sin(γπ/2)

√

(n− µ)2 + µ2 + 2µ(n− µ) cos(γπ/2)
.

If f ∈ Un(λ, µ), then f ∈ Sγ for 0 < λ ≤ λ∗(γ, µ, n). This result is sharp.

Our next result is to find sharpness of the result for functions in Un(λ, n)

to be starlike of order δ.

Theorem 2.10.[10, Theorem 5.1] If f(z) ∈ Un(λ, n) and b = |an+1| ≤
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1/n, then f ∈ S∗(δ) if and only if 0 < λ ≤ λ0(δ), where

λ0(δ)=



















√

(1−2δ)(1+n2(1−2δ−b2))−n2b(1−2δ)

1+n2(1−2δ)
for 0≤δ≤ n(b+1)

n(b+2)+1

1 − δ(1 + nb)

1 + nδ
for

n(b+1)

n(b+2)+1
<δ<1.

Proof. Since we know that

zf ′(z)

f(z)
=

1 + λw(z)

1 − nan+1z − nλ

∫ 1

0

w(tz)

tn+1
dt

,

where w ∈ Bn+1, we can easily see that

1

1 − δ

(

zf ′(z)

f(z)
− δ

)

=

1 +
λw(z)

1 − δ
+

nδ

1 − δ

[

an+1z
n + λ

∫ 1

0

w(tz)

tn+1
dt

]

1 − nan+1zn − nλ

∫ 1

0

w(tz)

tn+1
dt

.

Now, we have to show that Re
(zf ′(z)

f(z)

)

> δ. To do this, according to a

well-known result [14] and the last equation, it suffices to show that

1 +
λw(z)

1 − δ
+

nδ

1 − δ

[

an+1z
n + λ

∫ 1

0

w(tz)

tn+1
dt

]

1 − nan+1zn − nλ

∫ 1

0

w(tz)

tn+1
dt

6= −iT, T ∈ R,

which is easily seen to be equivalent to

λ

[ w(z) + n(δ − i(1 − δ)T )

∫ 1

0

w(tz)

tn+1
dt

(1 − δ)(1 + iT ) + nan+1z(δ − iT (1 − δ))

]

6= −1, T ∈ R.

If we let

M = sup
z∈∆,w∈Bn+1,T∈R

∣

∣

∣

∣

∣

w(z) + n(δ − i(1 − δ)T )

∫ 1

0

w(tz)

tn+1
dt

(1 − δ)(1 + iT ) + nan+1z(δ − iT (1 − δ))

∣

∣

∣

∣

∣
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then, in view of the rotation invariance property of the space Bn+1, we obtain

that

Re

(

zf ′(z)

f(z)

)

> δ if λM ≤ 1.

This observation shows that it suffices to find M . First we notice that

M ≤ sup
T∈R

{

1 + n
√

δ2 + (1 − δ)2T 2

|(1 − δ)
√

1 + T 2 − nb
√

δ2 + (1 − δ)2T 2|

}

,

where, for convenience, we use the notation b = |an+1|. In fact, in the sequel,

we prove that equality holds in the above relation, hence the sharpness is

exhibited.

From Lemma 1.3, for ψ, ϕ in R, there exists a sequence of finite Blaschke

products {wk} such that

wk(e
iθ) = eiψ and wk(z) → eiϕzn+1 in H(∆).

Here

θ = −Arg[(δ − (1 − δ)iT )an+1] + Arg(1 + iT ).

Therefore, as in the proof of the previous theorem, we have the following

relation for each T ∈ R

sup
w∈Bn+1

z∈∆

∣

∣

∣

∣

∣

w(z) + n(δ − i(1 − δ)T )

∫ 1

0

w(tz)

tn+1
dt

(1 − δ)(1 + iT ) + nan+1z(δ − iT (1 − δ))

∣

∣

∣

∣

∣

≤ sup
ψ,ϕ∈R

∣

∣

∣
eiψ + n

√

δ2 + (1 − δ)2T 2ei(ϕ+(n+1)θ+θ1)
∣

∣

∣

|(1 − δ)
√

1 + T 2 − nb
√

δ2 + (1 − δ)2T 2|

where θ1 = Arg(δ− (1− δ)iT ). Fixing ϕ and choosing ψ = ϕ+(n+1)θ+ θ1,

we get the required equality. Thus the bound for M is sharp as a function

of T . Bound for M is then obtained as in [10, Theorem 5.1]. �

Taking n = 1 in the above theorem, we have the following

Theorem 2.11.[12, Theorem 1.2] If f ∈ U(λ) and a = |f ′′(0)|/2 ≤ 1,
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then f ∈ S∗(δ) if and only if 0 < λ ≤ λ(δ), where

λ(δ) =



















√

(1 − 2δ)(2 − a2 − 2δ) − a(1 − 2δ)

2(1 − δ)
if 0 ≤ δ <

1 + a

3 + a
,

1 − δ(1 + a)

1 + δ
if

1 + a

3 + a
≤ δ <

1

1 + a
.

Finally we prove the sharpness result for functions with missing Taylor

coefficients to be starlike of order α.

Theorem 2.12.[9, Theorem 3.3] Let α ∈ [0, 1), n ≥ 1 and µ ∈ (0, n).

If f(z) ∈ Un(λ, µ), then f ∈ S∗(α) for 0 < λ ≤ λ∗(α, µ, n), where

λ∗(α, µ, n) =



















(n− µ)
√

1 − 2α
√

(n − µ)2 + µ2(1 − 2α)
for 0 ≤ α ≤ µ

n+ µ

(n− µ)(1 − α)

n− µ+ µα
for

µ

n+ µ
< α < 1.

The bounds for λ∗(α, µ, n) is the best possible. That is, we cannot improve

the bound for λ∗(α, µ, n) without violating the hypothesis.

Proof. Suppose that f(z) = z + an+1z
n+1 + · · · ∈ Un(λ, µ). Then, it is

a simple exercise to see that

zf ′(z)

f(z)
=

1 + λw(z)

1 − λ
∫ 1
0
w(t1/µz)

t2
dt

and therefore,

1

1 − α

(

zf ′(z)

f(z)
− α

)

=
1 + λw(z)

1−α + αλ
1−α

∫ 1
0
w(t1/µz)

t2
dt

1 − λ
∫ 1
0
w(t1/µz)

t2 dt
.

We need to show that f ∈ S∗(α).

1 +
λw(z)

1 − α
+

αλ

1 − α

∫ 1

0

w(t1/µz)

t2
dt

1 − λ
∫ 1
0
w(t1/µz)

t2
dt

6= −iT, T ∈ R,
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which is equivalent to

λ

[w(z) + (α− i(1 − α)T )

∫ 1

0

w(t1/µz)

t2
dt

(1 − α)(1 + iT )

]

6= −1, T ∈ R.

If we let

M = sup
z∈∆,w∈Bn,T∈R

∣

∣

∣

∣

∣

w(z) + (α− i(1 − α)T )

∫ 1

0

w(t1/µz)

t2
dt

(1 − α)(1 + iT )

∣

∣

∣

∣

∣

then, in view of the rotation invariance property of the space Bn, we obtain

that

Re

(

zf ′(z)

f(z)

)

> α if λM ≤ 1.

This observation shows that it suffices to find M . First we notice that

M ≤ sup
T∈R

{

(n− µ) + µ
√

α2 + (1 − α)2T 2

(n− µ)(1 − α)
√

1 + T 2

}

.

Here we prove that this inequality is sharp, in particular, the bound for M

is the best possible.

From Lemma 1.2, ψ, ϕ in R, there exists a sequence of finite Blaschke

products {wk} such that wk(1) = eiψ and wk(z) → eiϕzn in H(∆). There-

fore, we have the following relation for each T ∈ R

sup
w∈Bn+1

z∈∆

∣

∣

∣

∣

∣

w(z) + (α− i(1 − α)T )

∫ 1

0

w(t1/µz)

t2
dt

(1 − α)(1 + iT )

∣

∣

∣

∣

∣

≤ sup
ψ,ϕ∈R

∣

∣

∣
eiψ +

µ

n− µ

√

α2 + (1 − α)2T 2ei(ϕ+θ1)
∣

∣

∣

(1 − α)
√

1 + T 2

where θ1 = Arg(α − (1 − α)iT ). Fixing ϕ and choosing ψ = ϕ+ θ1, we get

the required relation. Thus the bound for M is sharp as a function of T . �

Taking µ = 1 in the above theorem, we have the following
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Theorem 2.13.[11] If f(z) = z + an+1z
n+1 + · · · belongs to U(λ) for

some n ≥ 2, then f ∈ S∗(α) if and only if 0 < λ ≤ λ(α, n), where

λ(α, n) =



















(n− 1)
√

(1 − 2α)[(n − 1)2 + 1 − 2α]

(n − 1)2 + 1 − 2α
if 0 ≤ α ≤ 1/(n + 1)

(n− 1)(1 − α)

n+ α− 1
if 1/(n + 1) < α < 1.

3. Conclusion

Geometric properties of a class of functions U(λ) were discussed in [8,

11, 12] where the question of sharpness of the result was left open. Also,

sufficient conditions for starlikeness of U(λ, µ) ∩ An for µ ≤ n obtained in

[9, 10] where the not sharp. In this paper, sharpness of those results are

proved using finite Blaschke product.

In conclusion, we have the following

Remark.

(1) In all the above discussions on Un(λ, µ), µ is considered to be real. Similar

results on sharpness of the bounds can be obtained when µ is complex.

For example, when n = 1 and µ a complex number in Un(λ, µ), we have

the following interesting lemma by R. Fournier and S. Ponnusamy [5] in

which the sharpness for this special case is obtained.

Lemma 3.1. Let µ ∈ C with Reµ < 1. Then

U(λ, µ) ⊂ S∗ if and only if 0 ≤ λ ≤ |1 − µ|
√

|1 − µ|2 + |µ|2
.

Further, from the above lemma, it is clear that U(1, µ) ⊂ S∗ if and only

if µ = 0.

(2) Moreover, from the discussion on sufficient conditions for starlikeness of

Un(λ, µ) for µ ≤ n in the previous section (Theorems 2.10 and 2.12),

we can observe that λ as a function of µ is discontinuous at the point

µ = n. More precisely, we can see that in Theorem 2.12 taking α = 0,

λ∗(α, µ, n) → 0 as µ → n whereas in Theorem 2.10 taking δ = 0, we see
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that λ0(δ) = (
√

1 + n2 − n2b2 − n2b)/(1 + n2) which is nonzero unless

b = 1/n.
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