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Abstract

Let φ ∈ C∞(Cn) be a given real valued function. We assume that ∂∂φ is non-

degenerate of constant signature (n−, n+) on C
n. When q = n−, it is well-known that the

Bergman kernel for (0, q) forms with respect to the k-th weight e−2kφ, k > 0, admits a full

asymptotic expansion in k. In this paper, we compute the trace of the second coefficient

of the asymptotic expansion on the diagonal.

1. Introduction and Statement of the Main Result

Let L be a holomorphic line bundle over a Hermitian manifold (M,Θ),

where Θ is a smooth positive (1, 1)-form onM , and let Lk be the k-th tensor

power of L. Let �
(q)
k be the Gaffney extension of the Kodaira Laplacian act-

ing on (0, q) forms with values in Lk. The Bergman kernel is the distribution

kernel of the orthogonal projection onto Ker�
(q)
k in the L2 space. We assume

that the curvature of L is non-degenerate of constant signature (n−, n+) on

M and let q = n−. When M is compact, Catlin [2] and Zelditch [18] es-

tablished the asymptotic expansion of the diagonal of the Bergman kernel
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for q = n− = 0 and Berman-Sjöstrand [1], Ma-Marinescu [13] established

the asymptotic expansion of the Bergman kernel for q = n− ≥ 0. When

M is complete and L is uniformly positive on M with
√
−1RK

∗
M and ∂Θ

bounded below, where RK
∗
M is the curvature of the bundle of (n, 0) forms,

Ma-Marinescu [15] obtained the asymptotic expansion of the Bergman kernel

for q = n− = 0. More generally, if M is any complex manifold and �
(q)
k has

O(k−n0) small spectral gap on an open set D ⋐M (see Definition 1.5 in [9],

for the precise meaning of O(k−n0) small spectral gap), then it is known by

a recent result (see Theorem 1.6 in [9]) that the Bergman kernel admits a

full asymptotic expansion in k on D. The coefficients of these expansions

turned out to be deeply related to various problem in complex geometry (see

e.g. [3], [4], [5]).

The first four coefficients of the expansion of the Bergman kernel for

q = n− = 0 on the diagonal were computed by Lu [12]. The method of

Lu is to construct appropriate peak sections as in [17], using Hörmander’s

L2-method. Ma-Marinescu [16] calculated the first three coefficients of the

expansion of the kernel of Berezin-Toeplitz quantization on the diagonal

by using kernel calculations on C
n. The author [8] gave a new method to

calculated the first three coefficients of the expansion of the kernel of Berezin-

Toeplitz quantization on the diagonal by using microlocal analysis. All these

results are concern q = n− = 0.

In this paper, we give for the first time a formula of the second coefficient

of the expansion of the Bergman kernel for q = n− > 0 on C
n. We calculate

the trace of the second coefficient of the expansion of the Bergman kernel

for q = n− > 0 when M = C
n and L is the trivial line bundle C endowed

with the metric |1|2 = e−2φ, where φ ∈ C∞(Cn) is a given real valued

function with ∂∂φ is non-degenerate of constant signature (n−, n+) on C
n.

There are two ingredients of our approach: the phase function version of the

asymptotic expansion of the Bergman kernel and the method of stationary

phase. Even through the calculation is quite complicate, the arguments in

this paper are simple.

After the paper was completed Wen Lu [11] informed the author that

he also obtained the formula for the coefficient b1 by using the method of

Ma-Marinescu [14]. Moreover, Wen Lu [11] obtained the formula for b1 on

general compact complex manifolds.
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1.1. Notations

Let Ω be a C∞ paracompact manifold equipped with a smooth density

of integration. We let T (Ω) and T ∗(Ω) denote the tangent bundle of Ω and

the cotangent bundle of Ω respectively. The complexified tangent bundle of

Ω and the complexified cotangent bundle of Ω will be denoted by CT (Ω)

and CT ∗(Ω) respectively. We write < , > to denote the pointwise duality

between T (Ω) and T ∗(Ω). We extend < , > bilinearly to CT (Ω)×CT ∗(Ω).

Let E be a C∞ vector bundle over Ω. The fiber of E at x ∈ Ω will be

denoted by Ex. Let Y ⊂⊂ Ω be an open set. From now on, the spaces

of smooth sections of E over Y and distribution sections of E over Y will

be denoted by C∞(Y ; E) and D ′(Y ; E) respectively. Let E ′(Y ; E) be the

subspace of D ′(Y ; E) whose elements have compact support in Y . Put

C∞
0 (Y ; E) = C∞(Y ; E)

⋂
E ′(Y ; E). We let L2(Y ; E) denote the L2 space

of sections of E over Y .

We shall denote the real coordinates by xj , j = 1, . . . , 2n, and the

complex coordinates by z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n.

Let Λ1,0T (Cn) and Λ0,1T (Cn) denote the holomorphic tangent bundle and

the anti-holomorphic tangent bundle of Cn respectively. We take the Her-

mitian metric ( | ) on CT (Cn) such that ( ∂
∂zj

| ∂
∂zk

) = ( ∂
∂zj

| ∂
∂zk

) =

δj,k, j, k = 1, . . . , n, Λ1,0T (Cn)⊥Λ0,1T (Cn), where ∂
∂zj

= 1
2(

∂
∂x2j−1

− i ∂
∂x2j

),
∂
∂zj

= 1
2(

∂
∂x2j−1

+ i ∂
∂x2j

), j = 1, . . . , n, and δj,k = 1 if j = k, δj,k = 0

if j 6= k. For p, q ≥ 0, p, q ∈ Z, let Λp,qT ∗(Cn) be the bundle of (p, q)

forms of Cn. We say that a multiindex J = (j1, . . . , jq) ∈ {1, . . . , n − 1}q

has length q and write |J | = q. We say that J is strictly increasing if

1 6 j1 < j2 < · · · < jq 6 n − 1. For multiindices J = (j1, . . . , jq),

K = (k1, . . . , kp), we define dzK ∧ dzJ := dzk1 ∧ · · · ∧ dzkp ∧ dzj1 ∧ · · · ∧ dzjq .
We take the Hermitian metric ( | ) on Λp,qT ∗(Cn) so that {dzK ∧ dzJ :

|K| = p, |J | = q, K, J are strictly increasing} is an orthonormal frame for

Λp,qT ∗(Cn). Let T ∈ L (Λp,qT ∗(Cn),Λp,qT ∗(Cn)). Then the trace of T is

given by

TrT =
∑′

|K|=p,|J |=q

(T (dzK ∧ dzJ) | dzK ∧ dzJ), (1.1)
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where
∑′ means that the summation is performed only over strictly increas-

ing multiindices. Thus TrT = 0 if

(T (dzK ∧ dzJ) | dzK ∧ dzJ) = 0 (1.2)

for all strictly increasing multiinindices K, J , |K| = p, |J | = q.

If w ∈ Λ0,1T ∗
z (C

n), let w∧,∗ : Λ0,q+1T ∗
z (C

n) → Λ0,qT ∗
z (C

n) be the adjoint

of left exterior multiplication w∧ : Λ0,qT ∗
z (C

n) → Λ0,q+1T ∗
z (C

n). That is,

(w∧u | v) = (u | w∧,∗v), (1.3)

for all u ∈ Λ0,qT ∗
z (C

n), v ∈ Λ0,q+1T ∗
z (C

n). Notice that w∧,∗ depends anti-

linearly on w.

Let E, F be C∞ vector bundles over a smooth manifoldM . We say that

a k-dependent function f(x, y, k) ∈ C∞(M ×M ; L (Ey, Fx)) is negligible if

for every compact set K ⊂ M × M and for all N > 0 and multiindice

α, β, there is a constant cN,α,β,K > 0 independent of k such that for k

sufficiently large,
∣∣∣∂αx ∂

β
y f(x, y, k)

∣∣∣ ≤ cα,β,Kk
−N , (x, y) ∈ K. Let b(x, y, k) ∈

C∞(M ×M ; L (Ey, Fx)) be a k-dependent smooth function. We write

b ∼
∞∑

0

bj(x, y)k
−N0−j

in C∞(M×M ; L (Ey, Fx)), bj(x, y) ∈ C∞(M×M ; L (Ey, Fx)), j = 0, 1, . . .,

if for all M0 ∈ N, every compact set K ⊂ M ×M and for all multiindice

α, β, there is a constant cM0,α,β,K > 0 independent of k such that for k

sufficiently large,

∣∣∣∣∣∂
α
x ∂

β
y (b−

M0∑

0

bj(x, y)k
−N0−j)

∣∣∣∣∣ ≤ cM0,α,β,Kk
−N0−M0−1,

(x, y) ∈ K.

1.2. The asymptotic expansion of the Bergman kernel

Let φ(z) ∈ C∞(Cn;R). In this work we assume that
(

∂2φ
∂zj∂zk

)n
j,k=1

is non-degenerate of constant signatute (n−, n+). That is, the number of
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negative eigenvalues of
(

∂2φ
∂zj∂zk

)n
j,k=1

is n− and n− + n+ = n.

We take dm = 2ndx1dx2 · · · dx2n as the volume form on C
n. Let ( | ) be

the inner product on C∞
0 (Cn; Λ0,qT ∗(Cn)) defined by

(f | g) =
∫

Cn

(f(z) | g(z))(dm), f, g ∈ C∞
0 (Cn; Λ0,qT ∗(Cn)). (1.4)

For k > 0, let ( | )k be the inner product on C∞
0 (Cn; Λ0,qT ∗(Cn)) defined by

(f | g)k=
∫

Cn

(f(z) | g(z))e−2kφ(z)(dm), f, g∈C∞
0 (Cn; Λ0,qT ∗(Cn)). (1.5)

Let L2
q(C

n) and L2
q,k(C

n) be the completions of C∞
0 (Cn; Λ0,qT ∗(Cn)) with

respect to ( | ) and ( | )k respectively. We extend the L2 inner products ( | )
and ( | )k to L2

q(C
n) and L2

q,k(C
n) respectively.

Let ∂ : C∞(Cn; Λ0,qT ∗(Cn)) → C∞(Cn; Λ0,q+1T ∗(Cn)) be the part of

the exterior differential operator which maps forms of type (0, q) to forms of

type (0, q + 1). We extend ∂ to L2
q,k(C

n) by

∂k : Dom ∂k ⊂ L2
q,k(C

n) → L2
q+1,k(C

n) , (1.6)

where Dom ∂k := {u ∈ L2
q,k(C

n); ∂u ∈ L2
q+1,k(C

n)}, where ∂u is defined in

the sense of distributions. We write

∂
∗
k : Dom ∂

∗
k ⊂ L2

q+1,k(C
n) → L2

q,k(C
n) (1.7)

to denote the Hilbert space adjoint of ∂k in the L2 space with respect to

( | )k. Let �(q)
k denote the Gaffney extension of the Kodaira Laplacian given

by

�
(q)
k = ∂k∂

∗
k + ∂

∗
k∂k : Dom�

(q)
k ⊂ L2

q,k(C
n) → L2

q,k(C
n), (1.8)

where

Dom�
(q)
k =

{
s ∈ L2

q,k(C
n); s ∈ Dom ∂k ∩Dom ∂

∗
k , ∂ku ∈ Dom ∂

∗
k ,

∂
∗
ku ∈ Dom ∂k

}
.

By a result of Gaffney [14, Prop. 3.1.2], �
(q)
k is a positive self-adjoint operator.
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Let

Π
(q)
k : L2

q,k(C
n) → Ker�

(q)
k (1.9)

be the Bergman projection, i.e. the orthogonal projection onto Ker�
(q)
k

with respect to ( | )k and let Π
(q)
k (z, w) be the distribution kernel of Π

(q)
k

with respect to the volume form dm. Since �
(q)
k is elliptic, it is not difficult

to see that

Π
(q)
k (z, w) ∈ C∞

(
C
n × C

n; L (Λ0,qT ∗(Cn),Λ0,qT ∗(Cn)
)
.

We write

Π
(q)
k u(z) =

∫

Cn

Π
(q)
k (z, w)u(w)dm(w),

u ∈ C∞
0 (Cn; Λ0,qT ∗(Cn)).

It is well-known that �
(q)
k has O(k−n0) small spectral gap on every open

set D ⋐ M (see Definition 1.5 in [9], for the precise meaning of O(k−n0)

small spectral gap). From this observation and Theorem 4.12, Theorem 4.14

in [9], we deduce the following

Theorem 1.1. Let D ⋐ C
n be an open set and let 0 ≤ q ≤ n. If q 6= n−,

then e−kφ(z)Π
(q)
k (z, w)ekφ(w) is negligible on D ×D. If q = n−, then

Π
(q)
k u(z) =

∫

Cn

eikψ(z,w)ek(φ(z)−φ(w))b(z, w, k)u(w)dm(w) +Ru, (1.10)

for z ∈ D, u ∈ C∞
0 (D,Λ0,qT ∗(Cn)), where

b ∼
∞∑

0

bj(z, w)k
n−j

in C∞(D ×D;L (Λ0,qT ∗
w(C

n),Λ0,qT ∗
z (C

n))),

bj ∈ C∞(D ×D;L (Λ0,qT ∗
w(C

n),Λ0,qT ∗
z (C

n))),

j = 0, 1, . . .,

Ru =

∫

Cn

ek(φ(z)−φ(w))r(z, w, k)u(w)dm(w),
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r(z, w, k) is negligible and

ψ ∈ C∞(Cn × C
n), ψ(z, z) = 0, ψ(z, w) = −ψ(w, z),

Imψ(z, w) ≥ c |z − w|2, c > 0.
(1.11)

For z = w, we have

∂ψ

∂z
= i

∂φ

∂z
,

∂ψ

∂z
= −i∂φ

∂z
,

∂ψ

∂w
= −i∂φ

∂z
,

∂ψ

∂w
= i

∂φ

∂z
. (1.12)

Moreover,

n∑

j=1

(
i
∂ψ(z, w)

∂zj
+
∂φ(z)

∂zj

)(
− i

∂ψ(z, w)

∂zj
+
∂φ(z)

∂zj

)
(1.13)

vanishes to infinity order on z = w. Furthermore, the Taylor expansion of

the phase ψ(z, w) is uniquely determined at each point of z = w.

In particular,

Π
(q)
k (z, z) ∼ knb0(z, z) + kn−1b1(z, z) + kn−2b2(z, z) + · · ·

locally uniformly on C
n. (1.14)

The leading term b0(z, z) is essentially well-known (see formula (1.24)

in Ma-Marinescu [13]).

Theorem 1.2. Let q = n−. For p ∈ C
n, we assume that λj(p), j = 1, . . . , n,

are the eigenvalues of
(

∂2φ
∂zj∂zk

(p)
)n
j,k=1

with respect to ( | ) and that λj(p) < 0

if 1 ≤ j ≤ n−. Let U1(p), . . . , Un(p) be an orthonormal basis of Λ1,0Tp(C
n)

such that < ∂∂φ(p), Us(p) ∧ U t(p) >= δs,tλs(p), s, t = 1, . . . , n. Let U
∗
j(p),

j = 1, . . . , n, denote the orthonormal basis of Λ0,1T ∗
p (C

n), which is dual to

U j(p), j = 1, . . . , n. Then,

b0(p, p) = |λ1(p)| |λ2(p)| · · · |λn(p)| π−n
j=n−∏

j=1

U
∗
j (p)

∧U
∗
j (p)

∧,∗. (1.15)
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1.3. The main result

In order to state our result precisely, we have to introduce some notations

and definitions. Let

F : Λ1,0T (Cn) → Λ1,0T (Cn)⊗ Λp,qT ∗(Cn)

be a linear operaor, where p, q ∈ Z, p, q ≥ 0. We write F = (Fj,k)
n
j,k=1,

Fj,k ∈ Λp,qT ∗(Cn), 1 ≤ j, k ≤ n,

F
∂

∂zk
=

n∑

j=1

∂

∂zj
⊗ Fj,k, (1.16)

k = 1, . . . , n. We have

(FU | V ) =

n∑

j,k=1

ukvjFj,k ∈ Λp,qT ∗(Cn), (1.17)

where U =
∑n

k=1 uk
∂
∂zk

, V =
∑n

j=1 vj
∂
∂zj

∈ Λ1,0T (Cn).

Let T : Λ1,0T (Cn)) → Λ1,0T (Cn) ⊗ Λr,tT ∗(Cn) be another linear oper-

ator, where r, t ∈ Z, r, s ≥ 0. We write T = (Tj,k)
n
j,k=1, Tj,k ∈ Λr,tT ∗(Cn),

j, k = 1, . . . , n, as in (1.17). Then

TF : Λ1,0T (Cn) → Λ1,0T (Cn)⊗ Λp+r,q+tT ∗(Cn)

is the linear operator defined by TF ∂
∂zk

=
∑n

s,j=1
∂
∂zs

⊗ (Ts,j ∧ Fj,k), k =

1, . . . , n.

We assume that F is smooth. That is,

F : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)⊗ Λp,qT ∗(Cn)).

Let

∂F : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)⊗ Λp,q+1T ∗(Cn)) (1.18)

be the smooth linear operator defined by ∂F ∂
∂zk

=
∑n

j=1
∂
∂zj

⊗ (∂Fj,k), k =

1, . . . , n. Similarly,

∂F : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)⊗ Λp+1,qT ∗(Cn)) (1.19)
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is the smooth linear operator defined by ∂F ∂
∂zk

=
∑n

j=1
∂
∂zj

⊗ (∂Fj,k), k =

1, . . . , n.

Let

Mφ : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)) (1.20)

be the smooth linear map defined by

(MφU | V ) =< ∂∂φ,U ∧ V >, (1.21)

U, V ∈ C∞(Cn; Λ1,0T (Cn)). Note that Mφ =
(

∂2φ
∂zj∂zk

)n
j,k=1

in the sense

of (1.16). We write M−1
φ : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)) to

denote the inverse of Mφ.

We recall that we work with the assumption that Mφ is non-degenerate

of constant signature (n−, n+). For z ∈ C
n, we can diagonalize Mφ(z),

i.e. we can find an orthonormal basis {Uj}nj=1 of Λ1,0T (Cn) such that

Mφ(z)Uj(z) = λj(z)Uj(z), j = 1, . . . , n, λj(z) ∈ R, j = 1, . . . , n. From

now on, we assume that

Mφ(z)Uj(z) = λj(z)Uj(z), Uj(z) ∈ Λ1,0Tz(C
n), (Uj | Uj) = 1, j = 1, . . . , n,

λj(z) < 0, j = 1, . . . , n−, λj(z) > 0, j = n− + 1, . . . , n. (1.22)

Let W+ be the subbundle of Λ1,0T (Cn) spanned by
{
Un−+1, . . . , Un

}
and

let W− be the subbundle of Λ1,0T (Cn) spanned by
{
U1, . . . , Un−

}
. We take

the Hermitian metric ( | )|φ| on Λ1,0T (Cn) such that W+⊥W−, (U | V )|φ| =

(MφU | V ) if U, V ∈W+, (U | V )|φ| = −(MφU | V ) if U, V ∈W−. The Her-

mitian metric ( | )|φ| on CT (Cn) induces a Hermitian metric on Λp,qT ∗(Cn)

also denoted by ( | )|φ|. We take the Hermitian metric ( | )|φ| on Λ1,0T (Cn)

CT (Cn).

The two form ∂∂φ induces a connection Dφ on the bundle Λ1,0T (Cn):

Dφ = d+ θ : C∞(Cn; Λ1,0(Cn)) → C∞(Cn; CT ∗(Cn)⊗ Λ1,0T (Cn)),

Dφ(ξ) =

n∑

j=1

(dξj)⊗
∂

∂zj
+

∑

1≤j,k≤n

θj,kξk ⊗
∂

∂zj
,

(1.23)

where ξ =
∑n

j=1 ξj
∂
∂zj

and θ = h−1∂h = (θj,k)
n
j,k=1, h =

(
∂2φ

∂zj∂zk

)n
j,k=1

. We

call θ the connection matrix for ∂∂φ. The curvature of the connection Dφ is
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given by

Θφ = ∂θ =
(
∂θj,k

)n
j,k=1

= (Θj,k)
n
j,k=1 ,

Θφ : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,1T ∗(Cn)⊗ Λ1,0T (Cn)),

ξ =

n∑

j=1

ξj
∂

∂zj
→

n∑

j,k=1

Θj,kξk ⊗
∂

∂zj
.

(1.24)

For j = 1, . . . , n, define

δj(k) = 0 if {j, k} ⊂ {1, . . . , q} or {j, k} ⊂ {q + 1, . . . , n}
δj(k) = 1 otherwise. (1.25)

Define

Q : Λ1,0T (Cn) → Λ1,0T ∗(Cn)⊗ Λ1,0T (Cn),

< (QUj | Uk), Us >=
( |λj| δk(j) + |λs| δk(s)
|λk|+ |λj | δk(j) + |λs| δk(s)

− δk(j)δk(s)×

|λj |2 |λs|2
(|λj |+ |λk|+ |λs|)2

( 1

|λj |+ |λk|
+

1

|λk|+ |λs|
)2)

< (∂MφUj | Uk), Us > .

(1.26)

It is not difficult to see that the definition (1.26) is independent of the choices

of eigenvectors U1, . . . , Un.

Define

R = Θφ − (∂M−1
φ )Q : Λ1,0T (Cn) → Λ1,1T ∗(Cn)⊗ Λ1,0T (Cn). (1.27)

Put ej =
1√
|λj |

Uj , j = 1, . . . , n, where Uj, j = 1, . . . , n, are as in (1.22).

The main result of this work is the following

Theorem 1.3. Under the assumptions and notations above, let q = n−. For

p ∈ C
n and for b1 in (1.14), we have

Tr b1(p, p) = 2n |λ1(p)| |λ2(p)| · · · |λn(p)| π−n

×
( ∑

1≤k≤q,q+1≤j≤n,1≤s≤n

aj,k,s(p) < (∂MφUj | Uk), Us >2 (p)
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+
1

4

n∑

j,k=1

(1 + δj(k)
|λj | − |λk|
|λj |+ |λk|

) < (Rej | ek)|φ|, ej ∧ ek > (p)

−
n∑

j,k=1

δj(k)
|λj|

|λj |+ |λk|
Re ((Qej | ej) | (∂Mφek | ek))|φ|(p)

+
1

2

∣∣∣
n∑

j=1

(Qej | ej)
∣∣∣
2

|φ|
(p)

)
, (1.28)

where for j, k, s = 1, . . . , n,

aj,k,s(p) =
δk(j)δk(s) |λs(p)|

2(|λj(p)|+ |λk(p)|)2(|λj(p)|+ |λk(p)|+ |λs(p)|)2
, (1.29)

Remark 1.4. It is straight forward to see that the right side of (1.28) is

real (see (5.20)) and is independent of the choices of eigenvectors U1, . . . , Un.

2. The Taylor Expansion of ψ(z, w) at z = w

From now on, we assume that q = n−. The goal of this work is to

compute Tr b1(p, p), for p ∈ Cn. We may assume that p = 0 and by taking

unitary transformation, we can assume that near 0,

φ(z) = a0 +
n∑

j=1

(ajzj + ajzj) +
n∑

j=1

λj |zj |2 +O(|z|3),

where λ1, . . . , λn are eigenvalues of Mφ, a0 ∈ R, aj ∈ C, j = 1, . . . , n. Put

φ̃ = φ−a0−
∑n

j=1(ajzj+ajzj) and let Π̃
(q)
k be the Bergman projection with

respect to e−2kφ̃ as in (1.9). It is easy to see that

Π
(q)
k = eka0+k

∑n
j=1

ajzj ◦ Π̃(q)
k ◦ e−ka0−k

∑n
j=1

ajzj .

Thus, the coefficients of the asymptotic expansion of the kernel of Π
(q)
k on

the diagonal are the same as the coefficients of the asymptotic expansion of

the kernel of Π̃
(q)
k .

From the discussion above, we may assume that

φ(z) = λ1 |z1|2 + λ2 |z2|2 + · · · + λn |zn|2 +O(|z|3) (2.1)
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near z = 0. Suppose that λj < 0, j = 1, . . . , q, and λj > 0, j = q + 1, . . . , n.

In this section, we are going to compute the Taylor expansion of ψ(z, w)

at z = w = 0. We introduce some notations. For α = (α1, . . . , αn), αj ∈
N
⋃
0, j = 1, . . . , n, we put α′ = (α1, . . . , αq), α

′′ = (αq+1, . . . , αn). We

write < λ′, α′ >:=
∑q

j=1 λjαj , < λ′′, α′′ >:=
∑n

j=q+1 λjαj , < |λ′| , α′ >:=
∑q

j=1 |λj|αj and < |λ′′| , α′′ >:=
∑n

j=q+1 |λj |αj . The main goal of this

section is to prove the following

Theorem 2.1. Under the assumptions and notations before, we have

ψ(z, 0) = i

n∑

j=1

|λj| |zj |2

+i
∑

|α|+|β|=3,(α′′,β′)6=0

< λ′′, α′′ > + < λ′, β′ >

< |λ′′| , α′′ > + < |λ′| , β′ >
∂3φ

∂zα∂zβ
(0)

zαzβ

α!β!

+
i

2

∑

q+1≤j,k≤n,1≤s≤q

1

|λj |+ |λk|+ |λs|
(
− |λj| − |λk| − |λs|

+
2 |λj| |λk|
|λj |+ |λs|

+
2 |λj | |λk|
|λk|+ |λs|

) ∂3φ

∂zj∂zk∂zs
(0)zjzkzs

+
i

2

∑

q+1≤j≤n,1≤t,s≤q

1

|λj |+ |λt|+ |λs|
(
|λj|+ |λt|+ |λs|

− 2 |λt| |λs|
|λj |+ |λt|

− 2 |λt| |λs|
|λj|+ |λs|

) ∂3φ

∂zj∂zt∂zs
(0)zjztzs

− i

3

∑

q+1≤j,k,s≤n

∂3φ

∂zj∂zk∂zs
(0)zjzkzs

+
i

3

∑

1≤j,k,s≤q

∂3φ

∂zj∂zk∂zs
(0)zjzkzs +O(|z|4), (2.2)

in some neighborhood of 0. Moreover, we have

∂4ψ

∂zj∂zj∂zk∂zk
(0, 0)

=

q∑

t=1

( 2i |λj |(
|λj|+ |λk|

)(
|λt|+ |λj|

)
∣∣∣∣

∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2

+
2i |λt| |λk| |λj|(

|λj|+|λk|
)(

|λt|+|λk|+|λj |
)2

( 1

|λj|+|λt|
+

1

|λj|+|λk|
) ∣∣∣∣

∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2
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+
2i |λj |

(|λj |+ |λt|)(|λj |+ |λk|)
∂3φ

∂zt∂zj∂zj
(0)

∂3φ

∂zt∂zk∂zk
(0)

)

+

n∑

t=q+1

( 2i |λk|(
|λj |+ |λk|

)(
|λt|+ |λk|

)
∣∣∣∣

∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2

+
2i |λt| |λk| |λj|(

|λj |+|λk|
)(

|λt|+|λk|+|λj|
)2

( 1

|λj|+|λk|
+

1

|λt|+|λk|
) ∣∣∣∣

∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2

+
2i |λk|

(|λk|+ |λt|)(|λj |+ |λk|)
∂3φ

∂zt∂zj∂zj
(0)

∂3φ

∂zt∂zk∂zk
(0)

)

+i
λj + λk

|λj |+ |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0), (2.3)

where q + 1 ≤ j ≤ n, 1 ≤ k ≤ q,

∂4ψ

∂zj∂zj∂zk∂zk
(0, 0) =

q∑

t=1

( 2i
(
|λt|+ |λj |+ |λk|

)2
(
|λt|+ |λj|+ |λk|

− |λj| |λk|
|λj |+ |λt|

− |λj | |λk|
|λk|+ |λt|

) ∣∣∣∣
∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2)

+i
∂4φ

∂zj∂zj∂zk∂zk
(0), (2.4)

where q + 1 ≤ j, k ≤ n, and

∂4ψ

∂zj∂zj∂zk∂zk
(0, 0) =

n∑

t=q+1

( 2i
(
|λt|+ |λj |+ |λk|

)2
(
|λt|+ |λj|+ |λk|

− |λj| |λk|
|λk|+ |λt|

− |λj | |λk|
|λj|+ |λt|

) ∣∣∣∣
∂3φ

∂zt∂zj∂zk
(0)

∣∣∣∣
2)

−i ∂4φ

∂zj∂zj∂zk∂zk
(0), (2.5)

where 1 ≤ j, k ≤ q.

To prove Theorem 2.1, we first need the following (see [7], for a proof).

Proposition 2.2. Under the assumptions above, we have

ψ(z, w) = i

n∑

j=1

|λj | |zj − wj |2 + i

n∑

j=1

λj(zjwj − wjzj) +O(|(z, w)|3) (2.6)
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near z = w = 0.

From (2.1) and (2.6), we may write

ψ(z, w) = i

n∑

j=1

|λj| |zj − wj|2 + i

n∑

j=1

λj(zjwj −wjzj)

+ψ3(z, w) + ψ4(z, w) + · · · , (2.7)

where ψj(z, w) is a homogeneous polynomial of degree j in (z, w), j =

3, 4, . . ., and

φ(z) =

n∑

j=1

λj |zj |2 + φ3(z) + φ4(z) + · · · , (2.8)

where φj(z) is a homogeneous polynomial of degree j in z, j = 3, 4, . . .. Now,

using (2.7) and (2.8) in (1.13) , we get

q∑

j=1

(
(2λj(zj − wj) + i

∂ψ3

∂zj
+
∂φ3

∂zj
+ i

∂ψ4

∂zj
+
∂φ4

∂zj
)

×(−i∂ψ3

∂zj
+
∂φ3

∂zj
− i

∂ψ4

∂zj
+
∂φ4

∂zj
)
)

+

n∑

j=q+1

(
(i
∂ψ3

∂zj
+
∂φ3

∂zj
+ i

∂ψ4

∂zj
+
∂φ4

∂zj
)

×(2λj(zj − wj)− i
∂ψ3

∂zj
+
∂φ3

∂zj
− i

∂ψ4

∂zj
+
∂φ4

∂zj
)
)
= O(|(z, w)|5). (2.9)

We regroup the terms in (2.9) according to the order. Then, the order

three and order four terms are the following

Tψ3(z, w) −
q∑

j=1

2i |λj |wj
∂ψ3(z, w)

∂zj
−

n∑

j=q+1

2i |λj |wj
∂ψ3(z, w)

∂zj

= −
q∑

j=1

2λj(zj − wj)
∂φ3(z)

∂zj
−

n∑

j=q+1

2λj(zj − wj)
∂φ3(z)

∂zj
, (2.10)

Tψ4(z, w) −
q∑

j=1

2i |λj |wj
∂ψ4(z, w)

∂zj
−

n∑

j=q+1

2i |λj |wj
∂ψ4(z, w)

∂zj
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= −
q∑

j=1

2λj(zj − wj)
∂φ4(z)

∂zj
−

n∑

j=q+1

2λj(zj − wj)
∂φ4(z)

∂zj

−
n∑

j=1

(
i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj

)(
− i

∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj

)
, (2.11)

where

T =

q∑

j=1

2i |λj | zj
∂

∂zj
+

n∑

j=q+1

2i |λj| zj
∂

∂zj
. (2.12)

Let

ψ3 = ψ0
3 + ψ1

3 + ψ2
3 + ψ3

3 , (2.13)

where ψj3 is a homogeneous polynomial of degree j in w, j = 0, 1, 2, 3. Now,

we write (2.10) according to the degree of homogenity in w, we get

Tψ0
3 = −

q∑

j=1

2λjzj
∂φ3

∂zj
−

n∑

j=q+1

2λjzj
∂φ3

∂zj
, (2.14)

Tψ1
3 =

q∑

j=1

2λjwj(−i
∂ψ0

3

∂zj
+
∂φ3

∂zj
) +

n∑

j=q+1

2λjwj(i
∂ψ0

3

∂zj
+
∂φ3

∂zj
), (2.15)

Tψ2
3 =

q∑

j=1

2i |λj |wj
∂ψ1

3

∂zj
+

n∑

j=q+1

2i |λj|wj
∂ψ1

3

∂zj
. (2.16)

We need

Lemma 2.3. We use the same notations as before. Let

g =
∑

α,β,γ,δ

gα,β,γ,δz
αzβwγwδ, h =

∑

α,β,γ,δ

hα,β,γ,δz
αzβwγwδ ,

where α = (α1, . . . , αn), αj ∈ N
⋃

0, j = 1, . . . , n, and similar for β, γ, δ. If

Tg = h, then

hα,β,γ,δ = 0 if (α′′, β′) = 0, (2.17)

gα,β,γ,δ =
1

2i

1

< |λ′′| , α′′ > + < |λ′| , β′ >hα,β,γ,δ if (α′′, β′) 6= 0. (2.18)
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Proof. From the definition of T (see (2.12)), we can compute

T (gα,β,γ,δz
αzβwγwδ) = 0

if (α′′, β′) = 0, and

T (gα,β,γ,δz
αzβwγwδ) = 2i(<

∣∣λ′′
∣∣ , α′′ > + <

∣∣λ′
∣∣ , β′ >)zαzβwγwδgα,β,γ,δ

if (α′′, β′) 6= 0. From this, the lemma follows. ���

From Lemma 2.3, (2.14), (2.15), (2.16) and very complicated computa-

tion, we can determine ψ0
3 , ψ

1
3 and ψ2

3 modulo terms r(z, w) = O(|(z, w)|3)
with ∂|α|+|β|r

∂zα∂zβ
= 0 if (α′′, β′) 6= 0. Moreover, we have the following(see Section

2 in [10] for the details)

Proposition 2.4. Under the assumptions and notations before, we have

ψ(z, w) = i

n∑

j=1

|λj| |zj − wj|2 + i

n∑

j=1

λj(zjwj − wjzj)

+i
∑

|α|+|β|=3,(α′′,β′)6=0

< λ′′, α′′ > + < λ′, β′ >

< |λ′′| , α′′ > + < |λ′| , β′ >
∂3φ

∂zα∂zβ
(0)

zαzβ

α!β!

+i

q∑

j=1

∑

|α|+|β|=2,α′′ 6=0

(zαzβwj
α!β!

∂3φ

∂zα∂zβ∂zj
(0)

× 2 |λj| < |λ′′| , α′′ >

(< |λ′′| , α′′ > + < |λ′| , β′ >)(< |λ′′| , α′′ > + < |λ′| , β′ > + |λj |)
)

−i
n∑

j=q+1

∑

|α|+|β|=2,β′ 6=0

(zαzβwj
α!β!

∂3φ

∂zα∂zβ∂zj
(0)

× 2 |λj| < |λ′| , β′ >
(< |λ′′| , α′′ > + < |λ′| , β′ >)(< |λ′′| , α′′ > + < |λ′| , β′ > + |λj |)

)

+i
∑

q+1≤k≤n,1≤j,s≤q

(
zkwjws

∂3φ

∂zk∂zj∂zs
(0)

|λj | |λs|
|λk|+ |λj |+ |λs|

×
( 1

|λj |+ |λk|
+

1

|λk|+ |λs|
))

−i
∑

1≤k≤q,q+1≤j,s≤n

(
zkwjws

∂3φ

∂zk∂zj∂zs
(0)

|λj | |λs|
|λk|+ |λj |+ |λs|
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×
( 1

|λj |+ |λk|
+

1

|λk|+ |λs|
))

+i
∑

q+1≤s,k≤n,1≤j≤q

zswkwj
2 |λj| |λk|

(|λs|+ |λj|)(|λs|+ |λj |+ |λk|)
∂3φ

∂zs∂zj∂zk
(0)

−i
∑

q+1≤k≤n,1≤j,s≤q

zswkwj
2 |λj| |λk|

(|λs|+ |λk|)(|λs|+ |λj |+ |λk|)
∂3φ

∂zs∂zj∂zk
(0)

+R(z, w) +O(|(z, w)|4), (2.19)

where R(z, w) = O(|(z, w)|3) and ∂|α|+|β|R
∂zα∂zβ

= 0 if (α′′, β′) 6= 0.

Now, we are ready to compute ∂3ψ
∂zα∂zβ

(0, 0), where |α| + |β| = 3 and

(α′′, β′) = 0. We compute ∂3ψ
∂zs0∂zj0∂zk0

(0, 0), 1 ≤ s0 ≤ q, q + 1 ≤ j0, k0 ≤ n.

From ψ(z, w) = −ψ(w, z), we have

∂3ψ(z, w)

∂zs0∂zj0∂zk0
= − ∂3ψ(z, w)

∂ws0∂wj0∂wk0
. (2.20)

To compute ∂3ψ
∂zs0∂zj0∂zk0

(0, 0), it is equivalent to compute ∂3ψ
∂ws0

∂wj0
∂wk0

(0, 0).

From (1.12), we know that

∂ψ(z, z)

∂wj0
= −i∂φ(z)

∂zj0
. (2.21)

Differentiate (2.21) with respect to zk0 , we get

∂2ψ(z, z)

∂wj0∂zk0
+
∂2ψ(z, z)

∂wj0∂wk0
= −i ∂

2φ(z)

∂zk0∂zj0
. (2.22)

Again, differentiate (2.22) with respect to zs0 , we get

∂3ψ

∂wj0∂zk0zs0
(0, 0) +

∂3ψ

∂wj0∂zk0∂ws0
(0, 0)

+
∂3ψ

∂wj0∂wk0∂zs0
(0, 0) +

∂3ψ

∂wj0∂wk0∂ws0
(0, 0) = −i ∂3φ

∂zk0∂zj0∂zs0
(0). (2.23)

From (2.23), we have

∂3ψ

∂wj0∂wk0∂ws0
(0, 0) = −i ∂3φ

∂zk0∂zj0∂zs0
(0)− ∂3ψ

∂wj0∂zk0zs0
(0, 0)
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− ∂3ψ

∂wj0∂zk0∂ws0
(0, 0) − ∂3ψ

∂wj0∂wk0∂zs0
(0, 0). (2.24)

In view of (2.19), we see that

∂3ψ

∂wj0∂zk0zs0
(0, 0) =

−2i |λj0 | |λs0 |(
|λj0 |+|λk0 |+|λs0 |

)(
|λk0 |+|λs0 |

) ∂3φ

∂zk0∂zj0∂zs0
(0)

∂3ψ

∂wj0∂zk0∂ws0
(0, 0) =

2i |λj0 | |λs0 |(
|λj0 |+|λk0 |+|λs0 |

)(
|λk0 |+|λs0 |

) ∂3φ

∂zk0∂zj0∂zs0
(0)

∂3ψ

∂wj0∂wk0∂zs0
(0, 0) =

−2i |λj0 | |λk0 |
|λk0 |+|λs0 |+|λj0 |

×
( 1

|λj0 |+|λs0 |
+

1

|λk0 |+|λs0 |
) ∂3φ

∂zk0∂zj0∂zs0
(0).

Combining this with (2.24), we have

∂3ψ

∂wj0∂wk0∂ws0
(0, 0)

=
(
− i− −2i |λj0 | |λs0 |(

|λj0 |+ |λk0 |+ |λs0 |
)(

|λk0 |+ |λs0 |
)

− 2i |λj0 | |λs0 |(
|λj0 |+ |λk0 |+ |λs0 |

)(
|λk0 |+ |λs0 |

)

− −2i |λj0 | |λk0 |
|λk0 |+ |λs0 |+ |λj0 |

( 1

|λj0 |+ |λs0 |
+

1

|λk0 |+ |λs0 |
)) ∂3φ

∂zk0∂zj0∂zs0
(0)

=
i

|λj0 |+ |λk0 |+ |λs0 |
(
− |λj0 | − |λk0 | − |λs0 |

+
2 |λj0 | |λk0 |
|λj0 |+ |λs0 |

+
2 |λj0 | |λk0 |
|λk0 |+ |λs0 |

) ∂3φ

∂zk0∂zj0∂zs0
(0). (2.25)

From (2.20), we obtain

∂3ψ3

∂zj0∂zk0∂zs0
=

i

|λj0 |+ |λk0 |+ |λs0 |
(
− |λj0 | − |λk0 | − |λs0 |

+
2 |λj0 | |λk0 |
|λj0 |+ |λs0 |

+
2 |λj0 | |λk0 |
|λk0 |+ |λs0 |

) ∂3φ

∂zj0∂zk0∂zs0
(0). (2.26)

We can repeat the method above several times to determine all the terms
∂3ψ3

∂zα∂zβ
, (α′′, β′) = 0. The computation is straight forward. We omit the

process. We state our result
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Proposition 2.5. Under the assumptions and notations before, we have

ψ(z, 0) = i

n∑

j=1

|λj| |zj |2

+i
∑

|α|+|β|=3,(α′′,β′)6=0

< λ′′, α′′ > + < λ′, β′ >

< |λ′′| , α′′ > + < |λ′| , β′ >
∂3φ

∂zα∂zβ
(0)

zαzβ

α!β!

+
i

2

∑

q+1≤j,k≤n,1≤s≤q

1

|λj |+ |λk|+ |λs|
(
− |λj| − |λk| − |λs|

+
2 |λj| |λk|
|λj |+ |λs|

+
2 |λj | |λk|
|λk|+ |λs|

) ∂3φ

∂zj∂zk∂zs
(0)zjzkzs

+
i

2

∑

q+1≤j≤n,1≤k,s≤q

1

|λj |+ |λk|+ |λs|
(
|λj |+ |λk|+ |λs|

− 2 |λk| |λs|
|λj |+ |λk|

− 2 |λk| |λs|
|λj|+ |λs|

) ∂3φ

∂zj∂zk∂zs
(0)zjzkzs

− i

3

∑

q+1≤j,k,s≤n

∂3φ

∂zj∂zk∂zs
(0)zjzkzs

+
i

3

∑

1≤j,k,s≤q

∂3φ

∂zj∂zk∂zs
(0)zjzkzs +O(|z|4), (2.27)

in some neighborhood of 0.

Now, to complete the proof of Theorem 2.1, we only need to compute

the terms ∂4ψ
∂zj∂zj∂zk∂zk

(0, 0), 1 ≤ j, k ≤ n. Take w = 0 in (2.11), we obtain

Tψ4(z, 0) = −
n∑

j=1

(
i
∂ψ3

∂zj
(z, 0) +

∂φ3

∂zj
(z)

)(
− i

∂ψ3

∂zj
(z, 0) +

∂φ3

∂zj
(z)

)

−
q∑

j=1

2λjzj
∂φ4

∂zj
(z)−

n∑

j=q+1

2λjzj
∂φ4

∂zj
(z). (2.28)

From (2.28) and by some direct but very complicated computation, we can

determine the terms ∂4ψ
∂zj∂zj∂zk∂zk

(0, 0), 1 ≤ j, k ≤ n and hence finish the

proof of Theorem 2.1. We refer the reader to Section 2 in [10] for the details.
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3. The Transport Equations for �
(q)
k

3.1.The transport equations

In this section, we will write down the transport equations for �
(q)
k and

we will solve the first transport equation at z = w in some sence. The

main reference for this section is [1]. We first derive representations for ∂,

∂
∗
k in spaces without exponential weights, by using the following unitary

identifications: {
L2
q(C

n) ↔ L2
q,k(C

n)

u↔ û = ekφu.
(3.1)

Using (3.1), we get

∂û = ekφ∂su, (3.2)

where

∂s =

n∑

j=1

(
dz∧j ◦ ( ∂

∂zj
+ k

∂φ

∂zj
)
)
. (3.3)

Now the formal adjoint of ∂s for the inner product ( | ) given by (1.4) is

∂
∗
s =

n∑

j=1

(
dz

∧,∗
j ◦ (− ∂

∂zj
+ k

∂φ

∂zj
)
)
, (3.4)

where in view of the unitarity of the relation (3.1),

∂
∗
û = ekφ∂

∗
su. (3.5)

We can identify the Kodaira Laplacian with

�̂
(q)
k = ∂s∂

∗
s + ∂

∗
s∂s. (3.6)

Put

Π̂
(q)
k : L2

q(C
n) → Ker �̂

(q)
k (3.7)

be the orthogonal projection with respect to ( | ) and let Π̂
(q)
k (z, w) be the

distribution kernel of Π̂
(q)
k . From (3.2) and (3.5), we have

Π̂
(q)
k (z, w) = e−kφ(z)Π

(q)
k (z, w)ekφ(w). (3.8)
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In view of Theorem 1.1, we see that

Π̂
(q)
k (z, w) = eikψ(z,w)b(z, w, k) + S(z, w, k), (3.9)

where b(z.w, k) ∼ ∑∞
o bj(z, w)k

n−j in

C∞(Cn × C
n; L (Λ0,qT ∗

w(C
n),Λ0,qT ∗

z (C
n))) and S(z, w, k) is negligible.

From (3.3) and (3.9), we have

e−ikψ∂sΠ̂
(q)
k (z, w) =

n∑

j=1

k(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧j b+

n∑

j=1

dz∧j
∂b

∂zj
. (3.10)

From this and (3.4), we can compute

e−ikψ∂
∗
s∂sΠ̂

(q)
k (z, w) = k2

n∑

j,t=1

(−i ∂ψ
∂zt

+
∂φ

∂zt
)(i

∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j b

−k
n∑

j,t=1

∂

∂zt
(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j b− k

n∑

j,t=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j

∂b

∂zt

+k
n∑

j,t=1

(−i ∂ψ
∂zt

+
∂φ

∂zt
)dz∧,∗t dz∧j

∂b

∂zj
−

n∑

j,t=1

dz
∧,∗
t dz∧j

∂2b

∂zt∂zj
. (3.11)

Similarly, we have

e−ikψ∂s∂
∗
sΠ̂

(q)
k (z, w) = k2

n∑

j,t=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)(−i ∂ψ

∂zt
+
∂φ

∂zt
)dz∧j dz

∧,∗
t b

+k

n∑

j,t=1

∂

∂zj
(−i ∂ψ

∂zt
+
∂φ

∂zt
)dz∧j dz

∧,∗
t b+ k

n∑

j,t=1

(−i ∂ψ
∂zt

+
∂φ

∂zt
)dz∧j dz

∧,∗
t

∂b

∂zj

−k
n∑

j,t=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧j dz

∧,∗
t

∂b

∂zt
−

n∑

j,t=1

dz∧j dz
∧,∗
t

∂2b

∂zt∂zj
. (3.12)

Combining (3.11), (3.12) with dz∧j ◦ dz∧,∗k + dz
∧,∗
k ◦ dz∧j = δj,k, we get

e−ikψ�̂
(q)
k Π̂

(q)
k (z, w) = k2

n∑

j=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)(−i ∂ψ

∂zj
+
∂φ

∂zj
)b

+k

n∑

j,t=1

∂

∂zj
(−i ∂ψ

∂zt
+
∂φ

∂zt
)dz∧j dz

∧,∗
t b− k

n∑

j,t=1

∂

∂zt
(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j b



542 CHIN-YU HSIAO [September

+k

n∑

j=1

(−i ∂ψ
∂zj

+
∂φ

∂zj
)
∂b

∂zj
− k

n∑

j=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)
∂b

∂zj
−

n∑

j=1

∂2b

∂zj∂zj
. (3.13)

We regroup (3.13) according to the degree of k and notice that the leading

term in (3.13) vanishes to infinite order on z = w and �̂
(q)
k Π̂

(q)
k = 0, we

obtain the following

Proposition 3.1. We have

n∑

j,t=1

∂

∂zj
(−i ∂ψ

∂zt
+
∂φ

∂zt
)dz∧j dz

∧,∗
t b0 −

n∑

j,t=1

∂

∂zt
(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j b0

+
n∑

j=1

(−i ∂ψ
∂zj

+
∂φ

∂zj
)
∂b0

∂zj
−

n∑

j=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)
∂b0

∂zj
(3.14)

vanishes to infinite order on z = w and

n∑

j,t=1

∂

∂zj
(−i ∂ψ

∂zt
+
∂φ

∂zt
)dz∧j dz

∧,∗
t b1 −

n∑

j,t=1

∂

∂zt
(i
∂ψ

∂zj
+
∂φ

∂zj
)dz∧,∗t dz∧j b1

+

n∑

j=1

(−i ∂ψ
∂zj

+
∂φ

∂zj
)
∂b1

∂zj
−

n∑

j=1

(i
∂ψ

∂zj
+
∂φ

∂zj
)
∂b1

∂zj
−

n∑

j=1

∂2b0

∂zj∂zj
(3.15)

vanishes to infinite order on z = w.

3.2. The first order of the Taylor expansion of b0(z, w) at z = w

Now, as in section 2, we assume that φ(z) =
∑n

j=1 λj |zj|
2+O(|z|3) near

0 and that λj < 0, j = 1, . . . , q and λj > 0, j = q + 1, . . . , n. We work in

some neighborhood of (0, 0). Put

b0(z, w) = b00(z, w) + b10(z, w) + b20(z, w) + · · · , (3.16)

where bj0 is a homogeneous polynomialof degree j in (z, w). We recall that

b00 = π−n |λ1| |λ2| · · · |λn|
q∏

j=1

dz∧j dz
∧,∗
j .

(See Theorem 1.2.) For 1 ≤ s ≤ n, put χ1(s) = 1 if 1 ≤ s ≤ q and χ1(s) = 0

if q + 1 ≤ s ≤ n and put χ2(s) = 1− χ1(s). We recall that for any operator
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T ∈ L (Λp,qT ∗(Cn),Λp,qT ∗(Cn)), the trace of T is given by (1.1). The first

goal of this section is to prove the following

Theorem 3.2. Under the notations above, we have

b10(z, 0) =
∑

q+1≤j≤n,1≤k≤q,1≤s≤n

1

|λj |+ |λk|+ |λs|χ1(s)

∂3φ

∂zj∂zk∂zs
(0)zsdz

∧,∗
k dz∧j b

0
0

+
∑

q+1≤j≤n,1≤k≤q,1≤s≤n

1

|λj |+ |λk|+ |λs|χ2(s)

∂3φ

∂zj∂zk∂zs
(0)zsdz

∧,∗
k dz∧j b

0
0

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
(|λj |+|λk|)(|λj|+|λk|+|λs|)

∂3φ

∂zj∂zk∂zs
(0)zsb

0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
(|λj|+|λk|)(|λj|+|λk|+|λs|)

∂3φ

∂zj∂zk∂zs
(0)zsb

0
0dz

∧,∗
j dz∧k

−
∑

q+1≤s≤n,1≤j≤q

1

|λj |+|λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0−

∑

1≤s,j≤q

1

|λj|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

|λs|
|λj | (|λj|+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

1

|λj |+ |λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

−
∑

q+1≤s≤n,1≤j≤q

|λs|
|λj | (|λj|+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

q+1≤s,j≤n

1

|λj |
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0. (3.17)

As in section 2, we write

ψ(z, w) = i

n∑

j=1

|λj| |zj − wj|2 + i

n∑

j=1

λj(zjwj − wjzj)

+ ψ3(z, w) + ψ4(z, w) + · · · ,
(3.18)

and

φ(z) =

n∑

j=1

λj |zj |2 + φ3(z) + φ4(z) + · · · , (3.19)
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where ψj(z, w) is a homogeneous polynomial of degree j in (z, w), j =

3, 4, . . ., φj(z) is a homogeneous polynomial of degree j in z, j = 3, 4, . . ..

Now, using (3.16), (3.18) and (3.19) in (3.14), we get

( n∑

j=q+1

2 |λj| dz∧j dz∧,∗j +

n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, w)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t

+

n∑

j,t=1

∂

∂zj
(−i∂ψ4(z, w)

∂zt
+
∂φ4(z)

∂zt
)dz∧j dz

∧,∗
t

)
(b00 + b10(z, w) + b20(z, w))

+
( q∑

j=1

2 |λj | dz∧,∗j dz∧j −
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

−
n∑

j,t=1

∂

∂zt
(i
∂ψ4(z, w)

∂zj
+
∂φ4(z)

∂zj
)dz∧,∗t dz∧j

)
(b00 + b10(z, w) + b20(z, w))

+
n∑

j=q+1

2 |λj| (zj−wj)(
∂b10(z, w)

∂zj
+
∂b20(z, w)

∂zj
)+

n∑

j=1

(−i∂ψ3

∂zj
+
∂φ3

∂zj
)
∂b10(z, w)

∂zj

+

q∑

j=1

2 |λj| (zj−wj)(
∂b10(z, w)

∂zj
+
∂b20(z, w)

∂zj
)−

n∑

j=1

(i
∂ψ3

∂zj
+
∂φ3

∂zj
)
∂b10(z, w)

∂zj

=O(|(z, w)|3). (3.20)

It is straight forward to see that the order 1 and 2 terms in (3.20) are the

following

Lb10(z, w) = −
( n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, w)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

)
b00

+
n∑

j=q+1

2 |λj |wj
∂b10(z, w)

∂zj
+

q∑

j=1

2 |λj |wj
∂b10(z, w)

∂zj
(3.21)

and

Lb20(z, w) = −
( n∑

j,t=1

∂

∂zj
(−i∂ψ4(z, w)

∂zt
+
∂φ4(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ4(z, w)

∂zj
+
∂φ4(z)

∂zj
)dz∧,∗t dz∧j

)
b00
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−
( n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, w)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

)
b10(z, w)

−
n∑

j=1

(−i∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)
∂b10(z, w)

∂zj

+

n∑

j=1

(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)
∂b10(z, w)

∂zj

+
n∑

j=q+1

2 |λj |wj
∂b20(z, w)

∂zj
+

q∑

j=1

2 |λj |wj
∂b20(z, w)

∂zj
, (3.22)

where

L =

n∑

j=q+1

2 |λj | dz∧j dz∧,∗j +

q∑

j=1

2 |λj | dz∧,∗j dz∧j +

n∑

j=q+1

2 |λj| zj
∂

∂zj

+

q∑

j=1

2 |λj | zj
∂

∂zj
. (3.23)

We rewrite first term of the right side of (3.21):

−
( n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, w)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

)
b00

=−
n∑

j=1

∂

∂zj
(−i∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧j dz

∧,∗
j b00

+
n∑

j=1

∂

∂zj
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗j dz∧j b

0
0

+

n∑

j,t=1,j 6=t

i
∂2ψ3(z, w)

∂zj∂zt
(dz∧j dz

∧,∗
t + dz

∧,∗
t dz∧j )b

0
0

−
n∑

j,t=1.j 6=t

∂2φ3(z)

∂zj∂zt
(dz∧j dz

∧,∗
t − dz

∧,∗
t dz∧j )b

0
0. (3.24)



546 CHIN-YU HSIAO [September

Note that dz∧j dz
∧,∗
t +dz∧,∗t dz∧j = δj,t. From the form of b00 (see Theorem 1.2),

we can check that dz∧j dz
∧,∗
j b00 = 0 if q + 1 ≤ j ≤ n, dz∧j dz

∧,∗
j b00 = b00 if

1 ≤ j ≤ q, dz∧,∗j dz∧j b
0
0 = 0 if 1 ≤ j ≤ q, dz∧,∗j dz∧j b

0
0 = b00 if q+1 ≤ j ≤ n and

when j 6= t, dz∧,∗t dz∧j b
0
0 6= 0 if and only if q+1 ≤ j ≤ n and 1 ≤ t ≤ q. From

this observaton, (3.24) becomes

−
( n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, w)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

)
b00

=−
q∑

j=1

∂

∂zj
(−i∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)b00+

n∑

j=q+1

∂

∂zj
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
)b00

+2

n∑

q+1≤j≤n,1≤t≤q

∂2φ3(z)

∂zj∂zt
dz

∧,∗
t dz∧j b

0
0. (3.25)

From (2.19), it is straight forward to see that

∂

∂zj
(−i∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
) =

∑

q+1≤s≤n

2 |λs|
|λj |+ |λs|

∂3φ

∂zj∂zj∂zs
(0)(zs − ws)

(3.26)

where 1 ≤ j ≤ q and

∂

∂zj
(i
∂ψ3(z, w)

∂zj
+
∂φ3(z)

∂zj
) =

∑

1≤s≤q

2 |λs|
|λj|+ |λs|

∂3φ

∂zj∂zj∂zs
(0)(zs−ws), (3.27)

where q + 1 ≤ j ≤ n. From (3.25), (3.26) and (3.27), (3.21) becomes

Lb10(z, w) = −
∑

q+1≤s≤n,1≤j≤q

2 |λs|
|λj |+ |λs|

∂3φ

∂zj∂zj∂zs
(0)(zs − ws)b

0
0

+
∑

1≤s≤q,q+1≤j≤n

2 |λs|
|λj |+ |λs|

∂3φ

∂zj∂zj∂zs
(0)(zs − ws)b

0
0

+2
n∑

q+1≤j≤n,1≤t≤q,1≤s≤n

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0
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+2

n∑

q+1≤j≤n,1≤t≤q,1≤s≤n

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

+

n∑

j=q+1

2 |λj|wj
∂b10(z, w)

∂zj
+

q∑

j=1

2 |λj|wj
∂b10(z, w)

∂zj
. (3.28)

Now, we write (3.28) according to the degree of homogenity in w, we get

Lb10(z, 0) = −
∑

q+1≤s≤n,1≤j≤q

2 |λs|
|λj|+ |λs|

∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

2 |λs|
|λj|+ |λs|

∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+2

n∑

q+1≤j≤n,1≤t≤q,1≤s≤n

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

+2

n∑

q+1≤j≤n,1≤t≤q,1≤s≤n

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0 (3.29)

and

Lb10(0, w) =
∑

q+1≤s≤n,1≤j≤q

2 |λs|
|λj|+ |λs|

∂3φ

∂zj∂zj∂zs
(0)wsb

0
0

−
∑

1≤s≤q,q+1≤j≤n

2 |λs|
|λj|+ |λs|

∂3φ

∂zj∂zj∂zs
(0)wsb

0
0

+

n∑

j=q+1

2 |λj |wj
∂b10(z, 0)

∂zj
+

q∑

j=1

2 |λj |wj
∂b10(z, 0)

∂zj
. (3.30)

We pause and introduce some notations. For multi-index J , we write

|J | = q, J ր, if J = (j1, . . . , jq), 1 ≤ j1 < j2 < · · · < jq ≤ n. Set

dzJ = dzj1 ∧ · · · ∧ dzjq , J = (j1, . . . , jq). Then, dzJ , |J | = q, J ր, is an

orthonormal basis of Λ0,qT ∗
0 (C

n), where 0 is the origin in C
n. Let MdzJ ,dzK ,

|J | = |K| = q, J,K ր, be the C-linear operator:

MdzJ ,dzK : Λ0,qT ∗
0 (C

n) → Λ0,qT ∗
0 (C

n)

dzJ → dzK

dzI → 0 if I 6= J. (3.31)
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It is clear that MdzJ ,dzK , |J | = |K| = q, J,K ր, is a basis of the vector

space L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n)). For m ∈ N
⋃ {0}, put

Pm(L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n)))

=





∑

|α|+|β|+|γ|+|δ|=m

Aα,βz
αzβwγwδ; Aα,β ∈ L (Λ0,qT ∗

0 (C
n),Λ0,qT ∗

0 (C
n))



 .

For multi-index J , |J | = q, we define

F (J) = 2
∑

j∈J,q+1≤j≤n

|λj |+ 2
∑

j /∈J,1≤j≤q

|λj | . (3.32)

Put I0 = (1, . . . , q). Note that F (J) 6= 0 if and only if J 6= I0. We have the

following

Lemma 3.3. We use the same notations as in the discussion before The-

orem 2.1 and before. If we consider L as the operator (We recall that L is

given by (3.23).)

L : Pm(L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n))) → Pm(L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n))).

Then,

KerL (3.33)

=





∑

|α|+|β|+|γ|+|δ|=m,(α′′,β′)=0,|J |=q,Jր

c
α,β,γ,δ
J,I0

MdzJ,dzI0 z
αzβwγwδ; cα,β,γ,δJ,I0

∈C



 .

Moreover, for A ∈ Pm(L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n))), we write

A =
∑

|α|+|β|+|γ|+|δ|=m,|J |=|K|=q,J,Kր

c
α,β,γ,δ
J,K MdzJ ,dzKz

αzβwγwδ,

c
α,β,γ,δ
J,K ∈ C. If cα,β,γ,δJ,I0

= 0 when (α′′, β′) = 0. Then, we have LB = A,

where

B =
∑

|α|+|β|+|γ|+|δ|=m,|J |=|K|=q,J,Kր,K 6=I0 if (α′′, β′) = 0

c
α,β,γ,δ
J,K MdzJ ,dzK

× 1

F (K) + 2 < |λ′′| , α′′ > +2 < |λ′| , β′ >z
αzβwγwδ + u(z), (3.34)
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where u ∈ KerL.

Proof. We recall that

L =
n∑

j=q+1

2 |λj| dz∧j dz∧,∗j +

q∑

j=1

2 |λj | dz∧,∗j dz∧j +
n∑

j=q+1

2 |λj | zj
∂

∂zj

+

q∑

j=1

2 |λj | zj
∂

∂zj
.

For MdzJ ,dzK , |J | = |K| = q, J,K ր, we have

(
L(MdzJ ,dzKz

αzβwγwδ)
)
dzJ

=
( n∑

j=q+1

2 |λj | dz∧j dz∧,∗j +

q∑

j=1

2 |λj | dz∧,∗j dz∧j

+
n∑

j=q+1

2 |λj | zj
∂

∂zj
+

q∑

j=1

2 |λj | zj
∂

∂zj

)
dzKzαzβ

=
(
2

∑

j∈K,q+1≤j≤n

|λj |+ 2
∑

j /∈K,1≤j≤q

|λj|

+2(<
∣∣λ′′

∣∣ , α′′ > + <
∣∣λ′

∣∣ , β′ >)
)
dzKzαzβwγwδ

=
(
F (K)+2(<

∣∣λ′′
∣∣ , α′′>+<

∣∣λ′
∣∣ , β′ >)

)
dzKzαzβwγwδ

and (
L(MdzJ ,dzKz

αzβwγwδ)
)
dzI = 0

if I 6= J . Thus,

L(MdzJ ,dzK )z
αzβwγwδ

=
(
F (K) + 2(<

∣∣λ′′
∣∣ , α′′ > + <

∣∣λ′
∣∣ , β′ >)

)
MdzJ ,dzKz

αzβwγwδ. (3.35)

From (3.35), the lemma follows. ���

It is not difficult to see that b00 = |λ1| |λ2| · · · |λn| π−nMdzI0 ,dzI0 and

dz∧j dz
∧,∗
t b00 = |λ1| |λ2| · · · |λn|π−nMdzI0 ,dz∧j dz

∧,∗
t dzI0 , (3.36)

where q+1 ≤ j ≤ n, 1 ≤ t ≤ q. Combining this with (3.29) and Lemma 3.3,
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we get the following

Proposition 3.4. We have that

b10(z, 0) =
∑

q+1≤j≤n,1≤t≤q,1≤s≤n

1

|λj |+|λt|+|λs|χ1(s)

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

+
∑

q+1≤j≤n,1≤t≤q,1≤s≤n

1

|λj|+|λt|+|λs|χ2(s)

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

−
∑

q+1≤s≤n,1≤j≤q

1

|λj |+ |λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

1

|λj |+ |λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0 + u(z), (3.37)

where u(z) ∈ KerL.

Now, we compute b10(0, w). From (3.37), we can compute the last two

terms of the right side of (3.30):

n∑

s=q+1

2 |λs|ws
∂b10(z, 0)

∂zs
+

q∑

s=1

2 |λs|ws
∂b10(z, 0)

∂zs

=
∑

q+1≤j≤n,1≤t≤q,1≤s≤q

2 |λs|
|λj |+ |λt|+ |λs|

∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0

+
∑

q+1≤j≤n,1≤t≤q,q+1≤s≤n

2 |λs|
|λj |+ |λt|+ |λs|

∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0

−
∑

q+1≤s≤n,1≤j≤q

2 |λs|
|λj |+ |λs|

∂3φ

∂zj∂zj∂zs
(0)wsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

2 |λs|
|λj |+ |λs|

∂3φ

∂zj∂zj∂zs
(0)wsb

0
0. (3.38)

Combining this with (3.30), we obtain

Lb10(0, w)=
∑

q+1≤j≤n,1≤t≤q,1≤s≤q

2 |λs|
|λj|+ |λt|+ |λs|

∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0

+
∑

q+1≤j≤n,1≤t≤q,q+1≤s≤n

2 |λs|
|λj |+ |λt|+ |λs|

∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0. (3.39)
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From this, (3.36) and Lemma 3.3, we get

Proposition 3.5. We have that

b10(0, w) =
∑

q+1≤j≤n,1≤t≤q,1≤s≤q

|λs|
(|λj|+ |λt|)(|λj|+ |λt|+ |λs|)

× ∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0

+
∑

q+1≤j≤n,1≤t≤q,q+1≤s≤n

|λs|
(|λj |+ |λt|)(|λj |+ |λt|+ |λs|)

× ∂3φ

∂zj∂zt∂zs
(0)wsdz

∧,∗
t dz∧j b

0
0 + v(w), (3.40)

where v(w) ∈ KerL.

In view of Proposition 3.4, we know that to prove Theorem 3.2, we only

need to compute u(z), where u(z) is as in (3.37). Now, we compute u(z).

Note that u(z) ∈ KerL. From Lemma 3.3, we may write

u(z) =
∑

q+1≤s≤n,|J |=q,Jր,J 6=I0

csJ,I0MdzJ ,dzI0zs

+
∑

1≤s≤q,|J |=q,Jր,J 6=I0

csJ,I0MdzJ ,dzI0 zs

+
∑

q+1≤s≤n

zsc
sMdzI0 ,dzI0 +

∑

1≤s≤q

zsc
sMdzI0 ,dzI0 , (3.41)

where csJ,I0 , c
s∈C, for all s=1, . . . , n, |J |=q, J ր, J 6=I0. Let u∗(z) be the

adjoint of u(z) with respect to ( | ) in the space L (Λ0,qT ∗(Cn),Λ0,qT ∗(Cn)).

We can check that

u∗(z) =
∑

q+1≤s≤n,|J |=q,Jր,J 6=I0

csJ,I0MdzI0 ,dzJ zs

+
∑

1≤s≤q,|J |=q,Jր,J 6=I0

csJ,I0MdzI0 ,dzJ zs

+
∑

1≤s≤q

cszsMdzI0 ,dzI0 +
∑

q+1≤s≤n

cszsMdzI0 ,dzI0 . (3.42)

We notice that the Bergman projection Π
(q)
k is self-adjoint. From this obser-
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vation, we deduce that

(b10(w, 0))
∗ = b10(0, w), (3.43)

where (b10(w, 0))
∗ is the adjoint of b10(w, 0) with respect to the inner product

( | ) in the space L (Λ0,qT ∗(Cn),Λ0,qT ∗(Cn)). From (3.37) and (3.42) and

recall that KerL is given by (3.33), we deduce that

(b10(w, 0))
∗ =

∑

q+1≤s≤n,|J |=q,Jր,J 6=I0

csJ,I0MdzI0 ,dzJws

+
∑

1≤s≤q,|J |=q,Jր,J 6=I0

csJ,I0MdzI0 ,dzJws + r(w), (3.44)

where r(w) ∈ KerL. From (3.40) and (3.36), we have

b10(0, w) = |λ1| · · · |λn|π−n

×
( ∑

q+1≤j≤n,1≤t≤q,1≤s≤q

|λs|
(|λj|+ |λt|)(|λj|+ |λt|+ |λs|)

× ∂3φ

∂zj∂zt∂zs
(0)wsMdzI0 ,dz∧,∗

t dz∧j dz
I0

+
∑

q+1≤j≤n,1≤t≤q,q+1≤s≤n

|λs|
(|λj |+ |λt|)(|λj |+ |λt|+ |λs|)

× ∂3φ

∂zj∂zt∂zs
(0)wsMdzI0 ,dz∧,∗

t dz∧j dz
I0

)
+ v(w),(3.45)

where v(w) ∈ KerL. From (3.43), (3.44) and (3.45), we get

csJ,I0 = |λ1| · · · |λn|π−n ×
|λs|

(|λj |+ |λt|)(|λj |+ |λt|+ |λs|)
× ∂3φ

∂zj∂zt∂zs
(0)

if J = dz
∧,∗
t dz∧j dz

I0 , q + 1 ≤ j ≤ n, 1 ≤ t ≤ q, and s = 1, . . . , q, (3.46)

csJ,I0 = |λ1| · · · |λn|π−n ×
|λs|

(|λj |+ |λt|)(|λj |+ |λt|+ |λs|)
× ∂3φ

∂zj∂zt∂zs
(0)

if J = dz
∧,∗
t dz∧j dz

I0 , q + 1 ≤ j ≤ n, 1 ≤ t ≤ q, and s = q + 1, . . . , n, (3.47)

csJ,I0 = 0 otherwise. (3.48)
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Combining above with (3.41) and (3.36), we obtain

b10(z, 0) =
∑

q+1≤j≤n,1≤t≤q,1≤s≤n

1

|λj |+|λt|+|λs|χ1(s)

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

+
∑

q+1≤j≤n,1≤t≤q,1≤s≤n

1

|λj |+|λt|+|λs|χ2(s)

∂3φ

∂zj∂zt∂zs
(0)zsdz

∧,∗
t dz∧j b

0
0

−
∑

q+1≤s≤n,1≤j≤q

1

|λj|+|λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

1≤s≤q,q+1≤j≤n

1

|λj |+|λs|
∂3φ

∂zj∂zj∂zs
(0)zsb

0
0

+
∑

q+1≤j≤n,1≤t≤q,q+1≤s≤n

|λs|
(|λj |+|λt|)(|λj|+|λt|+|λs|)

× ∂3φ

∂zj∂zt∂zs
(0)zsb

0
0dz

∧,∗
j dz∧t

+
∑

q+1≤j≤n,1≤t≤q,1≤s≤q

|λs|
(|λj|+|λt|)(|λj|+|λt|+|λs|)

× ∂3φ

∂zj∂zt∂zs
(0)zsb

0
0dz

∧,∗
j dz∧t

+
∑

q+1≤s≤n

zsc
sMdzI0 ,dzI0+

∑

1≤s≤q

zsc
sMdzI0 ,dzI0 . (3.49)

Now, to complete the proof of Theorem 3.2, we only need to know cs, s =

1, . . . , n. From (3.49), we know that

Tr b10(z, 0) = − |λ1| · · · |λn| π−n
( ∑

q+1≤s≤n,1≤j≤q

1

|λj|+ |λs|
∂3φ

∂zj∂zj∂zs
(0)zs

)

+ |λ1| · · · |λn| π−n
( ∑

1≤s≤q,q+1≤j≤n

1

|λj|+ |λs|
∂3φ

∂zj∂zj∂zs
(0)zs

)

+
∑

q+1≤s≤n

zsc
s +

∑

1≤s≤q

zsc
s. (3.50)

From Theorem 1.2, we know that Tr b0(z, z)=π
−n(−1)qdet

(
∂2φ

∂zj∂zk
(z)

)n
j,k=1

.
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From this, we can compute

∂

∂zs
Tr b0(z, z)

∣∣∣∣
z=0

= π−n(−1)q
∂

∂zs
det

(
∂2φ

∂zj∂zk
(z)

)n

j,k=1

∣∣∣∣
z=0

= π−n |λ1| · · · |λn|
(
−

∑

1≤j≤q

1

|λj |
∂3φ

∂zj∂zj∂zs
(0)

+
∑

q+1≤j≤n

1

|λj|
∂3φ

∂zj∂zj∂zs
(0)

)
. (3.51)

From (3.43), we know that Tr b10(z, 0) = Tr b10(0, z). Note that b10(z, z) =

b10(z, 0) + b10(0, z). From this, we see that

∂

∂zs
Tr b0(z, z)|z=0 =

∂

∂zs
Tr b10(z, 0) +

∂

∂zs
Tr b10(0, z)

=
∂

∂zs
Tr b10(z, 0) +

∂

∂zs
Tr b10(z, 0). (3.52)

Thus, if q + 1 ≤ s ≤ n, from (3.50) and (3.52), we can check that

∂

∂zs
Tr b0(z, z)|z=0

= − |λ1| · · · |λn|π−n
( ∑

1≤j≤q

1

|λj |+ |λs|
∂3φ

∂zj∂zj∂zs
(0)

)
+ cs. (3.53)

From (3.51) and (3.53), we can compute

cs = π−n |λ1| · · · |λn|
(
−

∑

1≤j≤q

1

|λj|
∂3φ

∂zj∂zj∂zs
(0)+

∑

q+1≤j≤n

1

|λj |
∂3φ

∂zj∂zj∂zs
(0)

)

+π−n |λ1| · · · |λn|
( ∑

1≤j≤q

1

|λj|+ |λs|
∂3φ

∂zj∂zj∂zs
(0)

)

= π−n |λ1| · · · |λn|
(
−

∑

1≤j≤q

|λs|
|λj | (|λj|+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)

+
∑

q+1≤j≤n

1

|λj |
∂3φ

∂zj∂zj∂zs
(0)

)
, (3.54)
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q + 1 ≤ s ≤ n. Similarly, we can repeat the procedure above and get

cs = π−n |λ1| · · · |λn|
(
−

∑

1≤j≤q

1

|λj|
∂3φ

∂zj∂zj∂zs
(0)

+
∑

q+1≤j≤n

|λs|
|λj| (|λj |+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)

)
, (3.55)

if 1 ≤ s ≤ q. Combining (3.55), (3.54) with (3.49), Theorem 3.2 follows.

3.3. The second order of the Taylor expansion of b0(z, w) at z = w

and the b1 term

The second goal of this section is to prove the following

Theorem 3.6. Put

Tr b10(z, 0) = π−n |λ1| · · · |λn|
( n∑

s=1

(aszs + bszs)
)
. (3.56)

Then for b20(z, w) in (3.16), we have

b20(z, 0)

=
∑

q+1≤j≤n,1≤k≤q,1≤s≤n

1

|λs| (|λj |+|λk|+|λs|χ1(s))

∣∣∣∣
∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

|zs|2 b00

+
∑

q+1≤j≤n,1≤k≤q,1≤s≤n

1

|λs| (|λj |+|λk|+|λs|χ2(s))

∣∣∣∣
∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

|zs|2 b00

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
(|λj|+ |λk|)(|λj|+ |λk|+ |λs|)2

∣∣∣∣
∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

× |zs|2 dz∧,∗k dz∧j b
0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
(|λj|+ |λk|)(|λj|+ |λk|+ |λs|)2

∣∣∣∣
∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

× |zs|2 dz∧,∗k dz∧j b
0
0dz

∧,∗
j dz∧k

−
∑

q+1≤u≤n,1≤s≤n

1

|λu|+ |λs|χ1(s)
bs

∂3φ

∂zu∂zu∂zs
(0) |zu|2 b00
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+
∑

1≤u≤q,1≤s≤n

1

|λu|+ |λs|χ2(s)
as

∂3φ

∂zu∂zu∂zs
(0) |zu|2 b00

−
∑

1≤j≤q,q+1≤s≤n

1

|λj|+ |λs|
as

∂3φ

∂zj∂zj∂zs
(0) |zs|2 b00

+
∑

q+1≤j≤n,1≤s≤q

1

|λj|+ |λs|
bs

∂3φ

∂zj∂zj∂zs
(0) |zs|2 b00

−
∑

1≤j≤q,1≤k≤n

∂4(−iψ(z, 0) + φ)

∂zj∂zj∂zk∂zk
(0)

|zk|2
2 |λk|

b00

+
∑

q+1≤j≤n,1≤k≤n

∂4(iψ(z, 0) + φ)

∂zj∂zj∂zk∂zk
(0)

|zk|2
2 |λk|

b00 + r(z) + h(z) (3.57)

where Trh = 0 and ∂2r
∂zj∂zj

= 0, j = 1, . . . , n.

Furthermore, we have

b1(0, 0) =
∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
2(|λj|+ |λk|)2(|λj |+ |λk|+ |λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
2(|λj |+ |λk|)2(|λj|+ |λk|+ |λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k + cb00 +R, (3.58)

where c ∈ C, TrR = 0.

Take w = 0 in (3.22), we get

Lb20(z, 0) =−
( n∑

j,t=1

∂

∂zj
(−i∂ψ4(z, 0)

∂zt
+
∂φ4(z)

∂zt
)dz∧j dz

∧,∗
t

−
n∑

j,t=1

∂

∂zt
(i
∂ψ4(z, 0)

∂zj
+
∂φ4(z)

∂zj
)dz∧,∗t dz∧j

)
b00

−
( n∑

j,t=1

∂

∂zj
(−i∂ψ3(z, 0)

∂zt
+
∂φ3(z)

∂zt
)dz∧j dz

∧,∗
t
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−
n∑

j,t=1

∂

∂zt
(i
∂ψ3(z, 0)

∂zj
+
∂φ3(z)

∂zj
)dz∧,∗t dz∧j

)
b10(z, 0)

−
n∑

j=1

(−i∂ψ3(z, 0)

∂zj
+
∂φ3(z)

∂zj
)
∂b10(z, 0)

∂zj

+
n∑

j=1

(i
∂ψ3(z, 0)

∂zj
+
∂φ3(z)

∂zj
)
∂b10(z, 0)

∂zj
. (3.59)

From Lemma 3.3, (3.59) and some very complicated computation (see Sec-

tion 3.3 in [10] for the details), we get (3.57).

Now, to complete the proof of Theorem 3.6, we only need to prove (3.58).

From (3.15) and (2.2), we see that

( q∑

j=1

2 |λj| dz∧j dz∧,∗j +

n∑

j=q+1

2 |λj | dz∧,∗j dz∧j

)
b1(0, 0)=

n∑

j=1

∂2b0

∂zj∂zj
(0, 0).

(3.60)

From (3.57), we see that

n∑

j=1

∂2b0

∂zj∂zj
(0, 0) =

∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
(|λj |+|λk|)(|λj|+ |λk|+|λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
(|λj|+ |λk|)(|λj|+|λk|+|λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k + αb00 + f, (3.61)

where α ∈ C and Tr f = 0. Since we can solve (3.60), we conclude that

α = 0. Thus, (3.60) becomes:

( q∑

j=1

2 |λj| dz∧j dz∧,∗j +

n∑

j=q+1

2 |λj | dz∧,∗j dz∧j

)
b1(0, 0)

=
∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
(|λj|+ |λk|)(|λj|+ |λk|+ |λs|)2
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×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
(|λj|+ |λk|)(|λj|+ |λk|+ |λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k + f. (3.62)

Again, from Lemma 3.3, we get (3.58). Theorem 3.6 follows.

4. The trace of the b1 term

As before, in this section, we assume that φ(z) =
∑n

j=1 λj |zj |
2+O(|z|3)

near 0 and that λj < 0, j = 1, . . . , q, and λj > 0, j = q + 1, . . . , n. We work

in some neighborhood of (0, 0) and we shall use the same notaions as before.

In view of (3.58), we know that

b1(0, 0) =
∑

q+1≤j≤n,1≤k≤q,1≤s≤q

|λs|
2(|λj|+ |λk|)2(|λj |+ |λk|+ |λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k

+
∑

q+1≤j≤n,1≤k≤q,q+1≤s≤n

|λs|
2(|λj |+ |λk|)2(|λj|+ |λk|+ |λs|)2

×
∣∣∣∣

∂3φ

∂zj∂zk∂zs
(0)

∣∣∣∣
2

dz
∧,∗
k dz∧j b

0
0dz

∧,∗
j dz∧k

+cb00 +R, (4.1)

where c ∈ C, TrR = 0. The main goal of this section is to determine the

constant c. We notice that the projection Π̂
(q)
k has the following property:

Π̂
(q)
k ◦ Π̂(q)

k = Π̂
(q)
k . (4.2)

We recall that Π̂
(q)
k is given by (3.7). From (3.9), we have

Π̂
(q)
k ◦ Π̂(q)

k (u,w) =

∫
eikψ(z,u)b(u, z, k)eikψ(z,w)b(z, w, k)dm(z) + F (u,w, k),

(4.3)

where F (u,w, k) is negligible. Take u = w = 0 in (4.3) and from (4.2) and
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(3.9), we get

∫
eik(ψ(0,z)+ψ(z,0))b(0, z, k)b(z, 0, k)dm(z) ∼ knb0(0, 0) + kn−1b1(0, 0) + · · · .

(4.4)

We use zj = x2j−1 + ix2j , j = 1, . . . , n. We write ∂xj to denote the op-

erator ∂
∂xj

, j = 1, . . . , 2n. For multi-indix α = (α1, . . . , α2n), αj ∈ N
⋃

{0},
j = 1, . . . , 2n. We write |α| = N if

∑2n
j=1 αj = N and we write ∂αx to de-

note the operator ∂α1
x1 · · · ∂α2n

x2n . We recall the stationary phase formula of

Hörmander (see Theorem 7.7.5 in Hörmander [6])

Theorem 4.1. Let K ⊂ C
n be a compact set, X an open neighborhood of

K and N a positive integer. If u ∈ C∞
0 (K), f ∈ C∞(X) and Im f ≥ 0 in

X, Im f(x0) = 0, f ′(x0) = 0, det f ′′(x0) 6= 0, f ′ 6= 0 in K \ {x0} then

∣∣∣∣∣∣

∫
u(z)eikf(z)dm− 2neikf(x0)det

(
kf ′′(x0)

2πi

)− 1

2 ∑

j<N

k−jLju

∣∣∣∣∣∣

≤ Ck−N
∑

|α|≤2N

sup |∂αxu|, k > 0, (4.5)

where C is bounded when f stays in a bounded set in C∞(X) and |x−x0|
|f ′(x)| has

a uniform bounded and

Lju =
∑

ν−µ=j

∑

2ν≥3µ

i−j2−ν < f ′′(x0)
−1D,D >ν

(gµx0u)(x0)

ν!µ!
. (4.6)

Here

gx0(x) = f(x)− f(x0)−
1

2
< f ′′(x0)(x− x0), x− x0 > (4.7)

and D =




−i∂x1
...

−i∂x2n


.

Now, we apply (4.5) to the left side of (4.4). From (2.2), we know that

ψ(z, 0) + ψ(0, z) = 2i Imψ(z, 0) = 2i

n∑

j=1

|λj | |zj |2 +O(|z|3). (4.8)
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Since Im (ψ(0, z) + ψ(z, 0)) > 0 when z 6= 0, we may assume that b(0, z, k)

has compact supports in some small neighborhood K of 0 ∈ C
n. From (4.5),

we have

∫
eik(ψ(0,z)+ψ(z,0))b(0, z, k)b(z, 0, k)dm(z)

= |λ1|−1 · · · |λn|−1 πnk−n
(
b(0, 0, k)2 + k−1L1(b(0, z, k)b(z, 0, k))

∣∣∣
z=0

+O(k2n−2)
)
. (4.9)

We can check that

b(0, 0, k)2 = k2nb0(0, 0)
2+k2n−1(b0(0, 0)b1(0, 0)+b1(0, 0)b0(0, 0))+O(k2n−2).

(4.10)

The computation of the term L1(b(0, z, k)b(z, 0, k))|z=0 is straight forward.

We omit the process. We state our result

Proposition 4.2. Under the notations above, we have

k−2nL1(b(0, z, k)b(z, 0, k))

∣∣∣∣
z=0

+O(k−1)

=
1

2

n∑

j=1

1

|λj|
( ∂2b0

∂zj∂zj
(z, 0)

∣∣∣∣
z=0

b0(0, 0) +
∂2b0

∂zj∂zj
(0, z)

∣∣∣∣
z=0

b0(0, 0)

+(
∂b0

∂zj
)(0, z)

∣∣∣∣
z=0

∂b0

∂zj
(z, 0)

∣∣∣∣
z=0

+
∂b0

∂zj
(0, z)

∣∣∣∣
z=0

∂b0

∂zj
(z, 0)

∣∣∣∣
z=0

)

−1

4

n∑

j,t=1

1

|λj | |λt|
∂4Imψ(z, 0)

∂zj∂zj∂zt∂zt

∣∣∣∣
z=0

b0(0, 0)
2

−1

2

n∑

j,s=1

1

|λj | |λs|
∂3Imψ(z, 0)

∂zj∂zj∂zs

∣∣∣∣
z=0

(∂b0
∂zs

(0, z)

∣∣∣∣
z=0

+
∂b0

∂zs
(z, 0)

∣∣∣∣
z=0

)
b0(0, 0)

−1

2

n∑

j,s=1

1

|λj | |λs|
∂3Imψ(z, 0)

∂zj∂zj∂zs

∣∣∣∣
z=0

(∂b0
∂zs

(0, z)

∣∣∣∣
z=0

+
∂b0

∂zs
(z, 0)

∣∣∣∣
z=0

)
b0(0, 0)

+
1

4

n∑

j,t,s=1

1

|λj | |λt| |λs|

∣∣∣∣
∂3Imψ(z, 0)

∂zj∂zt∂zs

∣∣∣∣
z=0

∣∣∣∣
2

b0(0, 0)
2

+
1

2

n∑

j,t,s=1

1

|λj | |λt| |λs|
∂3Imψ(z, 0)

∂zj∂zj∂zs

∣∣∣∣
z=0

∂3Imψ(z, 0)

∂zt∂zt∂zs

∣∣∣∣
z=0

b0(0, 0)
2
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+
1

12

n∑

j,k,s=1

1

|λj| |λt| |λs|

∣∣∣∣
∂3Imψ(z, 0)

∂zj∂zt∂zs

∣∣∣∣
z=0

∣∣∣∣
2

b0(0, 0)
2. (4.11)

From (4.4), (4.9), (4.10) and (4.11), we get the following

Theorem 4.3. We have

b1(0, 0) = |λ1|−1 · · · |λn|−1 πn
(
b1(0, 0)b0(0, 0)+b0(0, 0)b1(0, 0)+C0

)
, (4.12)

where C0 denote the right side of (4.11).

For A,B ∈ L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n)), we write A⊥B if (Au | Bu) = 0

for all u ∈ Λ0,qT ∗
0 (C

n). For F ∈ L (Λ0,qT ∗
0 (C

n),Λ0,qT ∗
0 (C

n)), we werit F̂ to

denote the component of A in the direction dz∧1 dz
∧,∗
1 · · · dz∧q dz∧,∗q . More

precisely, if

F = αdz∧1 dz
∧,∗
1 · · · dz∧q dz∧,∗q +G, α ∈ C, G⊥dz∧1 dz∧,∗1 · · · dz∧q dz∧,∗q , (4.13)

then F̂ = αdz∧1 dz
∧,∗
1 · · · dz∧q dz∧,∗q . Now, we are ready to compute the con-

stant c. We recall that c is given by (4.1). From (4.1), we know that

b̂1(0, 0) = cb0(0, 0). (4.14)

Note that b0(0, 0) = b00. From (4.1), (4.12) and (4.14), we get

−cb0(0, 0) = |λ1|−1 · · · |λn|−1 πnĈ0. (4.15)

From (4.15) and (4.11), we can determine c. The computation is very

straightforward. We omit the detail and we refer the reader to Section 4

in [10] for the details. We state our result

Theorem 4.4. For c in (4.1), we have

c=
1

4

(
−

∑

1≤j,t≤q

1

|λj | |λt|
∂4φ

∂zj∂zj∂zt∂zt
(0)+

∑

q+1≤j,t≤n

1

|λj| |λt|
∂4φ

∂zj∂zj∂zt∂zt
(0)

−2
∑

q+1≤j≤n,1≤t≤q

|λj | − |λt|
|λj | |λt| (|λj |+ |λt|)

∂4φ

∂zj∂zj∂zt∂zt
(0)

)
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−1

2

∑

q+1≤j≤n,1≤t,s≤q

|λj| − |λt|
|λj| |λt| (|λj|+ |λt|)(|λs|+ |λj |)

∣∣∣∣
∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

+
1

2

∑

q+1≤j,s≤n,1≤t≤q

|λj| − |λt|
|λj| |λt| (|λj|+ |λt|)(|λs|+ |λt|)

∣∣∣∣
∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

+
1

4

∑

q+1≤j,t≤n,1≤s≤q

( |λt|2 |λj |2
|λs| |λj| |λt| (|λt|+|λj |+|λs|)2

( 1

|λj|+|λs|
+

1

|λt|+|λs|
)2

+
1

(|λt|+ |λj |+ |λs|) |λj | |λt|
) ∣∣∣∣

∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

+
1

4

∑

q+1≤s≤n,1≤j,t≤q

( |λt|2 |λj |2
|λs| |λj| |λt| (|λt|+|λj |+|λs|)2

( 1

|λj|+|λs|
+

1

|λt|+|λs|
)2

+
1

(|λt|+ |λj |+ |λs|) |λj | |λt|
) ∣∣∣∣

∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

−1

4

∑

1≤j,t,s≤q

1

|λj | |λt| |λs|

∣∣∣∣
∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

−1

4

∑

q+1≤j,t,s≤n

1

|λj| |λt| |λs|

∣∣∣∣
∂3φ

∂zs∂zj∂zt
(0)

∣∣∣∣
2

+
1

2

∑

q+1≤j,t≤n,1≤s≤q

|λs|
|λj||λt|(|λj |+|λs|)(|λt|+|λs|)

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0)

+
1

2

∑

1≤j,t≤q,q+1≤s≤n

|λs|
|λj||λt|(|λj |+|λs|)(|λt|+|λs|)

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0)

−1

2

∑

1≤s,t≤q,q+1≤j≤n

1

(|λj |+ |λt|)(|λj |+ |λs|) |λt|

×
( ∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0) +

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0)

)

−1

2

∑

1≤t≤q,q+1≤j,s≤n

1

(|λj |+ |λt|)(|λt|+ |λs|) |λj |

×
( ∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0) +

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zt∂zt∂zs
(0)

)
. (4.16)
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5. The end of the proof of Theorem 1.3

In this section, we will use the same notations as in section 1. Let

F : Λ1,0T (Cn) → Λ1,0T (Cn)⊗ Λp1,q1T ∗(Cn)

and

T : Λ1,0T (Cn)) → Λ1,0T (Cn)⊗ Λp2,q2T ∗(Cn)

be linear operaors, where p1, q1, p2, q2 ∈ Z, p1, q1, p2, q2 ≥ 0. We write F =

(Fj,k)
n
j,k=1, Fj,k ∈ Λp1,q1T ∗(Cn), 1 ≤ j, k ≤ n, and T = (Tj,k)

n
j,k=1, Tj,k ∈

Λp2,q2T ∗(Cn), j, k = 1, . . . , n, as in (1.17). TF : Λ1,0T (Cn) → Λ1,0T (Cn) ⊗
Λp1+p2,q1+q2T ∗(Cn) is the linear operator defined by TF ∂

∂zk
=

∑n
s,j=1

∂
∂zj

⊗
(Tj,s ∧ Fs,k), k = 1, . . . , n. We have TF = (aj,k)

n
j,k=1. We can compute

aj,k =
n∑

s=1

Tj,s ∧ Fs,k ∈ Λp1+p2,q1+q2T ∗(Cn), j, k = 1, . . . , n. (5.1)

For p ∈ C
n, we may assume that p = 0 and φ(z) =

∑n
j=1 λj |zj |

2+O(|z|3)
near 0 and as before we suppose that λj < 0, j = 1, . . . , q, and λj > 0,

j = q+1, . . . , n. Let Mφ : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,0T (Cn)) be as

in (1.20). We recall that Mφ =
(

∂2φ
∂zj∂zk

)n
j,k=1

. We have

Uj =
∂

∂zj
at 0, j = 1, . . . , n, (5.2)

where Uj , j = 1, . . . , n, are given by (1.22). Moreover, we have

(
∂

∂zj
| ∂

∂zk
)|φ| = (

∂

∂zj
| ∂

∂zk
)|φ| = δj,k |λj| at 0, j, k = 1, . . . , n, (5.3)

(dzj | dzk)|φ| = (dzj | dzk)|φ| = δj,k
1

|λj|
at 0, j, k = 1, . . . , n. (5.4)

Here δj,k = 1 if j = k, δj,k = 0 if j 6= k. For the definition of the Hermitian

metrix ( | )|φ|, see the discussion after (1.22).
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Put M−1
φ (z) = (bj,k(z))

n
j,k=1. We claim that

bj,k(z) =
δj,k

λj
− 1

λjλk

n∑

s=1

( ∂3φ

∂zj∂zk∂zs
(0)zs +

∂3φ

∂zj∂zk∂zs
(0)zs

)
+O(|z|2),

(5.5)

j, k = 1, . . . , n, near 0 ∈ C
n. In fact, if we put B̃ =

(
b̃j,k

)n
j,k=1

, b̃j,k =

δj,k
λj

− 1
λjλk

∑n
s=1

(
∂3φ

∂zj∂zk∂zs
(0)zs +

∂3φ
∂zj∂zk∂zs

(0)zs

)
. Then MφB̃ = C, C =

(cj,k)
n
j,k=1,

cj,k =
n∑

t=1

∂2φ

∂zj∂zt
(z)̃bt,k(z)

=

n∑

t=1

∂2φ

∂zj∂zt
(z)

(δt,k
λt

− 1

λtλk

n∑

s=1

( ∂3φ

∂zt∂zk∂zs
(0)zs +

∂3φ

∂zt∂zk∂zs
(0)zs

))

=
n∑

t=1

(
λtδj,t +

n∑

s=1

( ∂3φ

∂zj∂zt∂zs
(0)zs +

∂3φ

∂zj∂zt∂zs
(0)zs

))

×
(δt,k
λt

− 1

λtλk

n∑

s=1

( ∂3φ

∂zt∂zk∂zs
(0)zs +

∂3φ

∂zt∂zk∂zs
(0)zs

))
+O(|z|2)

= δj,k +O(|z|2). (5.6)

Thus, B̃ =M−1
φ (z) +O(|z|2). (5.5) follows.

Let Q : Λ1,0T (Cn) → Λ1,0T ∗(Cn)⊗Λ1,0T (Cn) be as in (1.26). We write

Q = (Qj,k)
n
j,k=1, Qj,k(z) =

∑n
s=1

∂3φ
∂zj∂zk∂zs

(0)qj,k,sdzs at 0, where

qj,k,s =
|λk| δj(k) + |λs| δj(s)

|λj|+ |λk| δj(k) + |λs| δj(s)
− δj(k)δj(s)

× |λk|2 |λs|2
(|λj|+ |λk|+ |λs|)2

( 1

|λj|+ |λk|
+

1

|λj |+ |λs|
)2
. (5.7)

We recall that the definition of δk(j) is given by (1.25). Put ∂M−1
φ =

(dj,k)
n
j,k=1. From (5.5), we see that

dj,k = −
n∑

s=1

1

λjλk

∂3φ

∂zj∂zk∂zs
(0)dzs (5.8)
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at 0. Put ∂M−1
φ Q = (fj,k)

n
j,k=1. From (5.1), (5.8), we see that

fk,j = −
∑

1≤t,s,u≤n

1

λkλt
qt,j,u

∂3φ

∂zk∂zt∂zs
(0)

∂3φ

∂zt∂zj∂zu
(0)dzs ∧ dzu (5.9)

at 0. As in section 1, put ej =
1√
|λj |

Uj, j = 1, . . . , n. From (5.9), it is not

difficult to see that

< (∂M−1
φ Qej | ek)|φ|, ej ∧ ek > (0) = −

∑

1≤t≤n

1

λkλt |λj |
qt,j,k

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

,

(5.10)

j, k = 1, . . . , n. From (5.10) and (5.7), it is straight forward to see that

Proposition 5.1. We have that

< (∂M−1
φ Qej | ek)|φ|, ej ∧ ek > (0)

=
∑

1≤t≤q

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

×
( |λj |+|λk|
|λj |+|λk|+|λt|

− |λj |2 |λk|2
(|λj|+|λk|+|λt|)2

( 1

|λj |+|λt|
+

1

|λk|+|λt|
)2)

, (5.11)

where q + 1 ≤ j, k ≤ n,

< (∂M−1
φ Qej | ek)|φ|, ej ∧ ek > (0)

=
∑

q+1≤t≤n

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

×
( |λj |+|λk|
|λj |+|λk|+|λt|

− |λj |2 |λk|2
(|λj|+|λk|+|λt|)2

( 1

|λj |+|λt|
+

1

|λk|+|λt|
)2)

, (5.12)

where 1 ≤ j, k ≤ q,

< (∂M−1
φ Qej | ek)|φ|, ej ∧ ek > (0)

= −
∑

1≤t≤q

1

|λt| |λj | |λk|
|λj|

|λt|+ |λj |

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

+
∑

q+1≤t≤n

1

|λt| |λj | |λk|
|λk|

|λt|+ |λk|

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

, (5.13)
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where q + 1 ≤ j ≤ n, 1 ≤ k ≤ q, and

< (∂M−1
φ Qej | ek)|φ|, ej ∧ ek > (0)

=
∑

1≤t≤q

1

|λt| |λj| |λk|
|λk|

|λt|+ |λk|

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

−
∑

q+1≤t≤n

1

|λt| |λj | |λk|
|λj|

|λt|+ |λj |

∣∣∣∣
∂3φ

∂zk∂zt∂zj
(0)

∣∣∣∣
2

, (5.14)

where 1 ≤ j ≤ q, q + 1 ≤ k ≤ n.

Let Θφ : C∞(Cn; Λ1,0T (Cn)) → C∞(Cn; Λ1,1T ∗(Cn) ⊗ Λ1,0T (Cn)) be

as in (1.24). We recall that Θφ =
(
∂θj,k

)n
j,k=1

= (Θj,k)
n
j,k=1, where θ =

h−1∂h = (θj,k)
n
j,k=1, h =

(
∂2φ

∂zj∂zk

)n
j,k=1

. It is not difficult to see that

Θj,k =
1

λj
∂∂(

∂2φ

∂zj∂zk
)−

n∑

t=1

1

λtλj
∂(

∂2φ

∂zj∂zt
) ∧ ∂( ∂2φ

∂zt∂zk
), (5.15)

j, k = 1, . . . , n. From (5.15), it is straight forward to see that

Proposition 5.2. We have that

< (Θφej | ek)|φ|, ej ∧ ek > (0)

=
1

|λj | |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0) +

q∑

t=1

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

−
n∑

t=q+1

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

, (5.16)

where q + 1 ≤ j, k ≤ n,

< (Θφej | ek)|φ|, ej ∧ ek > (0)

= − 1

|λj| |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0) −

q∑

t=1

1

|λt| |λj| |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

+

n∑

t=q+1

1

|λt| |λj| |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

, (5.17)
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where 1 ≤ j, k ≤ q,

< (Θφej | ek)|φ|, ej ∧ ek > (0)

= − 1

|λj| |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0) −

q∑

t=1

1

|λt| |λj| |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

+

n∑

t=q+1

1

|λt| |λj| |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

, (5.18)

where q + 1 ≤ j ≤ n, 1 ≤ k ≤ q, and

< (Θφej | ek)|φ|, ej ∧ ek > (0)

=
1

|λj | |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0) +

q∑

t=1

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

−
n∑

t=q+1

1

|λt| |λj | |λk|

∣∣∣∣
∂3φ

∂zj∂zt∂zk
(0)

∣∣∣∣
2

, (5.19)

where 1 ≤ j ≤ q, q + 1 ≤ k ≤ n.

As in section 1, define

R = Θφ − (∂M−1
φ )Q : Λ1,0T (Cn) → Λ1,1T ∗(Cn)⊗ Λ1,0T (Cn).

From (5.11)–(5.14) and (5.16)–(5.17), it is not difficult to see that

1

4

n∑

j,k=1

(1 + δj(k)
|λj| − |λk|
|λj|+ |λk|

< (Rej | ek)|φ|, ej ∧ ek > (0)

=
1

4

(
−

∑

1≤j,k≤q

1

|λj| |λt|
∂4φ

∂zj∂zj∂zk∂zk
(0)+

∑

q+1≤j,k≤n

1

|λj | |λk|
∂4φ

∂zj∂zj∂zk∂zk
(0)

−2
∑

q+1≤j≤n,1≤k≤q

|λj| − |λk|
|λj | |λk| (|λj |+ |λk|)

∂4φ

∂zj∂zj∂zk∂zk
(0)

)

−1

2

∑

q+1≤j≤n,1≤k,s≤q

|λj | − |λk|
|λj | |λk| (|λj |+ |λk|)(|λs|+ |λj|)

∣∣∣∣
∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2

+
1

2

∑

q+1≤j,s≤n,1≤k≤q

|λj | − |λk|
|λj | |λk| (|λj |+ |λk|)(|λs|+ |λk|)

∣∣∣∣
∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2
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+
1

4

∑

q+1≤j,k≤n,1≤s≤q

( |λk|2 |λj |2
|λs| |λj| |λk| (|λk|+|λj|+ |λs|)2

( 1

|λj|+|λs|

+
1

|λk|+|λs|
)2

+
1

(|λk|+ |λj |+ |λs|) |λj | |λk|
) ∣∣∣∣

∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2

+
1

4

∑

q+1≤s≤n,1≤j,k≤q

( |λk|2 |λj|2
|λs| |λj | |λk| (|λk|+|λj |+|λs|)2

( 1

|λj|+|λs|
+

1

|λk|+|λs|
)2

+
1

(|λk|+ |λj |+ |λs|) |λj | |λk|
) ∣∣∣∣

∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2

−1

4

∑

1≤j,k,s≤q

1

|λj | |λk| |λs|

∣∣∣∣
∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2

−1

4

∑

q+1≤j,k,s≤n

1

|λj| |λk| |λs|

∣∣∣∣
∂3φ

∂zs∂zj∂zk
(0)

∣∣∣∣
2

. (5.20)

From (5.7), we can check that

(Qej | ej) =
n∑

s=1

δj(s)
|λs|

|λj| (|λj |+ |λs|)
∂3φ

∂zj∂zj∂zs
(0)dzs

at 0. From this, it is straight forward to see that

−
n∑

j,k=1

δj(k)
|λj|

|λj |+ |λk|
Re ((Qej | ej) | ∂Mφek | ek)|φ|(0)

= −1

2

∑

1≤s,k≤q,q+1≤j≤n

1

(|λj |+ |λk|)(|λj |+ |λs|) |λk|

×
( ∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zk∂zk∂zs
(0) +

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zk∂zk∂zs
(0)

)

−1

2

∑

1≤k≤q,q+1≤j,s≤n

1

(|λj |+ |λk|)(|λk|+ |λs|) |λj |

×
( ∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zk∂zk∂zs
(0) +

∂3φ

∂zj∂zj∂zs
(0)

∂3φ

∂zk∂zk∂zs
(0)

)
(5.21)

and

1

2

∣∣∣
n∑

j=1

(Qej | ej)
2

|φ|

∣∣∣
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=
1

2

∑

q+1≤j,k≤n,1≤s≤q

|λs|
|λj | |λk| (|λj |+ |λs|)(|λk|+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)

× ∂3φ

∂zk∂zk∂zs
(0)

+
1

2

∑

1≤j,k≤q,q+1≤s≤n

|λs|
|λj| |λk| (|λj|+ |λs|)(|λk|+ |λs|)

∂3φ

∂zj∂zj∂zs
(0)

× ∂3φ

∂zk∂zk∂zs
(0). (5.22)

Combining (5.22), (5.21) and (5.20) with (4.16), Theorem 1.3 follows.
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