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EMERR  EREERMEEERHFEE
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Il fx EiE EBIRYHCE ( Mac [[ fx EYEER
—#% 386/387 PC RER KB ) ,

Binary DQF RpgEER , 1 Binary
QF e Wi EEM KA EH , Binary DQF
FEYEEH B R -

(1)Reduced Forms (d), dRHFK ,

G EFIBIR I — 184 BEFH FrE B4k
o,
(2)Class No (d),# A3 d 9REE
(3)Reduction ({a,b,c}) B -ZKA
{a,b, c} LAERSENEMLA ,
(4) Principal (d) , faFI5I\d B EH ,
Wl E HIER R B TR .
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B E KRG BER , KRFAWEZ
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(6)Sqa F({@a,b,c}]), M_KEFT5E (1)Class Reduced [d),87EIEEH415

B, SEWEERELE Kd> 0, FIHPIEHELH - &, b
(DPrin Root ({a,b,c}]) , HHE-X BEFI BT A% -
HBRRTE LR T EA R o (2)Adjacent [ {a, b,c}) , EHIR
(8Fund SL2 (2], HEEE4TFHEN L, B HEBEEE .
B, TR 1 RGBS (5F 3)Feycles ({a, b, ¢}, SRR
B&RTR ) HIAEARRE (25 L6 REHOMECE , Bl TR
1), & ,
(9)Ambiguous (d) , FIHPTRFIIA d 4)Principal (d), BRIEEHHRIR
B R SEE , HEHREH . bl >0, Mg B AL R T ER R .
B HERERY 2-torsion F A o e , FeRBrmEEmeaEQEs,

#—%Binary QF EARREELER e T A A (LB PR E YRR RSB o

BEAER , Hh AR SR H a5 :

<<NumberTheory  BinaryDQF"

ReducedForms[-383]//Timing
(8.55 Second, ({1, 1, 96}, {2, 1, 48}, (2, -1, 48}, (3, 1, 32},

{3: —ll 32}1 {41 ll 24}1 {41 -11 24}1 {61 ll 16}! {61 —11 16}1
{81 lr 12}1 {81 _11 12}: {71 3! 14}1 {7: -3, 14}, (6, 5, 17},

{6, -5, 17}, {9, 7, 12}, {9, -7, 12}}}
ClassNo[-383]
17
Reduction[{15, 20, 391}]1//Timing
{0.366667 Second, {15, -10, 386}}
PrinRoot [{15, 20, 391}]

2
-(-) + 5.06184 I
3

FundSL2 [PrinRoot [ {15, 20, 391}1]//Timing

1
{0.316667 Second, - + 5.06184 I}
3

PrinRoot [{15, -10, 386}]
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-

1
- +5.06184 1
3

Table[{- i 4, Length[ReducedForms[- i 4]],
ReducedForms[- i 4]}, (i, 1, 55}]//Timing

Table[{-3 - i 4, Length[ReducedForms[-3 - i 4]],
ReducedForms[-3 - i 41}, (i, 0, 40}]//Timing

Map[ClassNo [#]&,
{-3, -4, -7, -8, -11, -19, -43, -67, -163}1//Timing

{2.13333"8econd,; " {1, 'L, 1,1, 1, 1, 1, 1, 1))

ReducedForms [-1520]//Timing
{10.55 Second, {{1, 0, 380}, {4, 0, 95}, {5, 0, 76}, {19, 0, 20},

{3, 2, 127}, {3, '21 127}1 {91 81 44}: {91 _81 44}1 {111 8: 36}1
(11, -8, 36}, {12, 8, 33}, (12, -8, 33}, {15, 10, 27},

(15, -10, 27}, {13, 12, 32}, {13, -12, 32}}}

Ambiguous[-1520]//Timing
{2.75 Second, ({1, 0, 380}, {4, 0, 95}, {5, 0, 76}, {19, 0, 20}}}

(*The following cell counts the number of distict
prime factors for even fundamental discriminants.*)

Table[If [Mod[m, 4] == 1 || Mod[m, 4] == 2,
{- 4 m, 24(Length[FactorInteger[4 m]] - 1)},
{}]I {ml 11 55}]//Timing

(*The following cell computes the 2-torsion part
of the class groups for fundamental discriminants,
according to a theorem of Gauss this agrees with
the output of the previous cell.*)

Table[If [Mod[m, 4] == 1 || Mod[m, 4] == 2,
{- m 4, Length[Ambiguous[- m 4]]}, {}],
{m, 1, 55}]//Timing

{31.7167 Second, {{_4, l}, {_8, l}: {)I {}I {'201 2}1 {_241 2}1 {}I
{}l {m361 2}! {_401 2}! {}I (}1 {_521 2}1 {-561 2)! {}I {}I

(-681 2}1 {‘721 2}! {}I {}l {-841 4}1 {-881 2}1 (}I {}l
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{"100, 2}, {"104, 2)1 {}l {}I {_1161 2}1 {_1201 4}r {}I {}I
{—1321 4}1 {_1361 2}1 {}l {}l {_1481 2}! (—1521 2}’ {}I {}l
{‘164, 2}, {"168, 4}, {}r {}l {'180, 4}1 {_184, 2}: {}I {}l

{—196'1 2}! {—2001 2}1 {}l {}I {-212' 2}1 (—2161 2}1 {}}}
Principal[-7]
{1, 1, 2}

Comp[{9, 8, 44}, {5, 0, 76}]1//Timing

{0.433333 Second, {9, -8, 44}}

<<NumberTheory BinaryQF"

ReducedForms [4*513]//Timing

{47.6833 Second, {{-32, 30, 9}, (-32, 34, 7}, {-29, 14, 16},

{-29, 44, 1}, {-27, 18, 16}, {-27, 36, 7}, (-19, 38, 8},
(-16, 14, 29}, {-16, 18, 27}, {-9, 30, 32}, (-9, 42, 8},
(-8, 38, 19}, (-8, 42, 9}, (-7, 34, 32}, (-7, 36, 27},
(-1, 44, 29}, (1, 44, -29}, (7, 34, -32}, (7, 36, -2} i
(8, 38, -19}, (8, 42, -9}, {9, 30, -32}, {9, 42, -8},

(16, 14, -29}, {16, 18, -27}, (19, 38, -8}, {27, 18, -16},
(27, 36, -7}, (29, 14, -16}, {29, 44, -1}, {32, 30, -9},

(32, 34, -7)))
Principal[1173]//Timing
(1.03333 second, {({-21, 9, 13}, (13, 17, -17}, (-17, 17, 13},

(13, 9, -21}, {-21, 33, 1}, (1, 33, -21}})
Reduction[{1l, 1, -293}]
{1, 33, =21}
Table[{ i 4, ClassReduced[ i 41}, {i, 1, 55}1//Timing

Table[{l + i 4, ClassReduced[l + 4 i]}, (i, 1, 55}1//Timing

ZnRE
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ClassReduced[1173]//Timing

{18.15 Second, {4, {{7, 33, -3}, (-3, 33, 7}, {7, a3, =23},

{-23, 23, 73}, ({13, 17, -17}, (-17, 17, 13}, (13, 9, -21},
{(-21, 33, 1}, (1, 33, -21}, {-21, 9, 13}},
{{21, 33, -1}, (-1, 33, 21}, (21, 9, =13}, {-13, 1%, 17},
{17, 17, -13}, (-13, 9, 21}),
({23, 23, -7}, {-7, 33, 3}, (3, 33, -7}, (-7, 23, 23}}}}

ClassReduced[1313]//Timing

Fcycle([{1, 4, -3}]//Timing
{0.283333 Second, {{_3, 2, 2}, {2; 21 —3}: {"31 41 l}l {lr 4/ "3}}}
Ambiguous [1313]//Timing

{23.3833 Second, ({(14, 19, -17}, (-17, 15, 16}, {16, 17, =186},
{-16, 15, 17}, {17, 19, -14}, {(-14, 9, 22}, (22, 35 -1},
{-1, 35, 22}, (22, 9, -14}, {-14, 19, 17}, {17, 15, =16},
{-16, 17, 16}, {16, 15, -17}, (-17, ‘19, 14}, {14, 9, -22},
{-22, 35, 1}, (1, 35, -22)}, {-22, 9, 14}},

{413, 13, -22), (-22, 31, 4} {4, 33, -1d}, {-14, 23, 14},
{14, 33, -4}, (-4, 31, 22}, (22, 13, -13}, {13,713, 23}
{22, 31, -4}, (-4, 33, 14}, (14, 23, -14}, (-14, 33 43},

{4, 31, -22}, (-22, 13, 131}

Mathematica is a trademark of Wolfram Research Inc.

BeginPackage ["BinaryDQF "]

ReducedForms: :usage ="List all reduced forms of a
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given discriminant.”

Euc2::usage ="a division algorithm"

Reduction: :usage ="reduction of forms."

disc::usage ="discriminant"

Principal::usage ="principal form of given discriminant™”
Comp: :usage ="Composition of forms"

SqaF::usage ="Self composition™”

Ambig::usage ="Self composition of all reduced forms™"
Ambiguous::usage ="List all ambiguous classes."
PrinGenus::usage ="List all reduced forms in the same
genus as the principal form."

GenusF::usage ="List all reduced forms in the same
genus."

ClassNo::usage ="class number of given discriminant”
PrinRoot::usage ="Root in the upper half plane of the
quadratic equation"

FundSL2: :usage ="Non-euclidean motion by SL2Z mapping
points in the upper half into the fundamental domain"

Begin([" Private "]

Clear [ReducedForms, Reduction, disc, Comp, SqgaF,
GenusF, FundSL2, ClassNo, PrinRoot, PrinGenus, Ambiguous,
Principal, Ambig, Euc2]

ReducedForms [d_Integer?Negative /; (Mod[d, 4]
Mod([d, 4] == 1)] := ReducedForms[d] =
Module[{Answer, n, L, i, a, b, c}, Answer = {};
For[n = Ceiling[-d/4]1, n <= -d/3 + 1, n++,
L = Divisors[n];
For[i = 1, 2i <= Length[L] + 1, i++,
a = L[[i]]; ¢ =n/a; b = Sqrtl[d + 4 a cl;
If[IntegerQ[b],
If(c > a, If[b == a & GCD[c, a] ==1,
Answer = Append[Answer, {a, b, c}l];
If[b < a && GCD[a, b, c] ==1,
Answer = Append[Answer, {a, b, c}l;
If[b != 0 && GCD[a, b, c] ==1,
Answer = Append[Answer, {a,-b, c}ll11];

n
n
o

If[c == a, If[b <= a &% GCD[a, b] ==1 ,
Answer = Append[Answer, {a, b, c}]111l:
Answer]

ClassNo[d_Integer?Negative] := ClassNo[d]=

Length [ReducedForms [d] ]

Euc2[a_Integer, c_Integer] := Euc2la, cl =
If [Mod[a, 2 c] <= Abs[c], {(a - Mod[a, 2 ¢])/(2 c),
Mod[a, 2 cl}, If[lc > 0, {(a - Mod[a, 2 cl)/(2¢c) + 1,
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Mod[a, 2 ¢] - 2 ¢},
{(a - Mod[a, 2 c])/(2 ¢c) - 1, Mod[a, 2 c] + 2 c}]]

Reduction[f_List] := Reduction[f] =
Module[{s = £},
While[s[[1]] > s[[3]] || Abs([s[[2]]] > s[[1]],
8 ={s[[3]], -Buc2[s([[2]], s([31)1([2]1], s[[1]] -
8[[2]11*(Buc2[s[[2]], s[[3]1]11[[1]1]) +
8[[3]]1*(Buc2(s[[2]], s[[3]11[[1]1])42}];
If[(s[[1]] == s[[3]1] || s[[1]] == Abs[s[[2]]]),
{s[[1]], Abs[s[[2]]), 8[[3]]}, 8]]

disc[f_List] := disc[f] = £[[2]]42 - 4 £[[1]] £[[3]]

Principal[d_Integer /; (Mod[d, 4] == 0 ||
Mod[d, 4] == 1)] := Principalld] =
If[EvenQ[d], (1, 0, -d/4}, {1, 1, (1 - d)/4}]

Comp[fl_List, £2_List] := Comp(fl, £2] =
Module([{bb = (f1[[2]] + £2[[2]])/2, m, n, z, zz, A},

m = ExtendedGCD[£1[[1]], bb];

n = GCD[m([[1]], £2[[1]]];

z = (m[[2, 1]]*(£2([2]] - £1[[2]])/2 -

£1([3]]1*m[[2, 2]])* PowerMod[m[[1]]1/n, -1, £2[[1]]/n];

zz = Mod([z, £2[[1]]1/n];

A =(f1[[1]] £2[[1]]/(n*2), f1[[2]] + 2 £1[[1]]* zz/n};
Reduction({A[[1]], A[[2]], (A[[2]]42 - disc[£1])/(4 A[[1]]1)}]]

San[f_List] ¢= SqaF[f] = Comp[f, £f]

Ambig[d_Integer] := Ambig[d] =

Map[{#, SqaF[#]}&, ReducedForms[d]]

Ambiguous[d_Integer] := Ambiguous[d] =
Flatten([Table[If[Ambig[d][[i, 2, 1]] ==1,
{Ambig[d][[i, 111}, {}], {i, 1, Length[Ambig[d]]}], 1]

PrinGenus (d_Integer] := PrinGenus([d] =
Union@Map[SqaF [#]&, ReducedForms[d]]

GenusF[f_List] :=
Prepend [Map [Comp [£, #]&, Rest [PrinGenus[disc[£f]]]], f]

PrinRoot [f_List /; disc[f] < 0] := PrinRoot[f] =
(-£0[2]] + I*N[sqrt[-disc[£]]])/(2*£[[1]])

FundSL2[z_] := FundSL2[z] =
Module[{s = z - Round[Re[z]]},

While[N[Abs[s]] < 1, 8 = -1/8 - Round[Re[-1/8]]1];
8]
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End[]
EndPackagel]

Mathematica is a trademark of Wolfram Research Inc.

BeginPackage[“BinaryQF‘“]

ReducedForms: :usage ="List all reduced forms of a
given discriminant.”

Euc2::usage ="a division algorithm"

Reduction::usage ="reduction of forms."

disc::usage ="discriminant”

principal::usage ="principal form of given discriminant"
Comp: :usage ="Composition of forms"

SqaF::usage ="Self composition”

Ambig::usage ="Self composition of all reduced forms"
Ambiguous::usage ="List all ambiguous classes."
PrinGenus::usage ="List all reduced forms in the same
genus as the principal form."

GenusF::usage ="List all reduced forms in the same
genus."

ClassNo: :usage ="class number of given discriminant"
Fcycle: :usage="Find the cycle containing the reduction
of given form"

del::usage=""

ClassReduced: :usage="List all redeuced forms arranged
in cycles"

Adjacent::usage ="Give the reduced form adjacent to the given
reduced form"

Begin[" Private "]

Clear [ReducedForms, Reduction, disc, Comp, SgaF, GenusF, ClassNo,
PrinGenus, Ambiguous, Principal, Ambig, Euc2, ClassReduced,
Adjacent, del, Fcyclel]

ReducedForms [d_Integer/; (Mod[d, 41 == 0 ||
Mod[d, 4] == 1)] := ReducedForms [d] =If[d > 0,
Module[{Answer, n, L, i, a, b, c}, Answer = {}:
For[n = 1, n <=Floor[d/4] - 1, n++,
L = Divisors[n];
For[i = 1, 2 1 <= Length[L] + 1, i++,
a =L[[i]]; ¢ =-n/a; b =Sqrt(d + 4 a c];
If[IntegerQ[bl,
If [N[Sqrt[d]] + b > 2 Abs[a],
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If[N[Sqrt[d]] - b < 2 Abs[a] && GCD[a, b, c] ==1,
Answer = Union[Answer, {{a, b, ¢}, {-a, b, -c}, {c, b, a},
{-¢, b, -a}}]11111; Answer],

Euc2[a_Integer, c_Integer] := Euc2[a, c] =
If[Mod[a, 2 c] <= Abs[c], {(a - Mod[a, 2 c])/(2 c),
Mod[a, 2 cl}, If[c > 0, {(a - Mod[a, 2 ¢])/(2 c) + 1,
Mod[a, 2 ¢] - 2 c},
{(a - Mod[a, 2 c])/(2 c) - 1, Mod[a, 2 c] + 2 c}]]

Reduction[f_List] := Reduction[f] =
If[disc([f] < 0, Module[{s = f},
While[s[[11] > s[[3]] || Abs[s[[2]]] > s[[1]],
s ={8[[3]], -Buc2(s[[2]1], s[[311]1[[211, s[[1]] -
s[[2]]1*(Buc2(s[[2]], s[[3111[[1]1]) +
s[[3]11*(Euc2[s([[2]1], s[[3]111[[1]1]1)42}];
If[(s[[1]] == s[[31] Il s[[1]] == Abs[s[[2]111),
{s[[1]]1, Abs[s[[2]]], s[[311}, sl1,
Module[{s = £},
While[((s[[2]] >= N[Sqrt[disc[s]]]) || (2Abs[s[[1]]] >=
8[[2]] + N[sqrt[disc([s]]]) || (2abs[s[[1]]] <=
N[Sqrt[disc[s]]] - s[[21])),
8 ={(8[[3]]1, -8[[2]] + 2 s[[3]]* dells], s[[1]] -
8[[2]]* del[s] +
8[[3]]*(del[s])42}]; s]]

Comp([fl_List, £2_List] := Comp([fl, £2] =
Module[{bb = (£1([[2]] + £2[[2]11)/2, m, n, z, zz, A},

m = ExtendedGCD[f1[[1]], bb];

n = GCD[m([[1]], £2([[1]]1];

z (m[[2, 1]11*(£f2[[2]] - fi[r2jnrs2 -

£1[[3]1]1*m[[2, 2]])* PowerMod[m[[1]]/n, -1, £2[[1]]/n];

zz = Mod[z, £f2[[1]]/n];

A ={f1[[1]] £2[[1]]/(n*2), £1[[2]] + 2 f1[[1]]* zz/n};
Reduction[{A[[1]], A[[2]], (A[[2]]42 - disc[£f1])/(4 A[[1]11)}]1]

SqaF[f_List] := SqaF[f] = Comp([f, f]

Principal[d_Integer /; (Mod[d, 4] == 0 ||
Mod[d, 4] == 1)] := Principall[d] =
If[d >0, Fcycle[Reduction]|
If[EvenQ[d], {1' 0’ 'd/4}: {11 11 (1
If[EvenQ[d], {1, 0, -d/4}, (1, 1, (1

d)/4}111,
d)/4}]]

PrinGenus[d_Integer] := PrinGenus[d] =
Union[Map[Sort[#]&, Map[Fcycle[SqaF[#]]&,
Table[ClassReduced[d] [[i, 111,

{i, 2, Length[ClassReduced[d]]}]]]1]
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Module[{Answer, n, L, i, a, b, ¢}, Answer = {};
For[n = Ceiling[-d/4], n <= -d/3 + 1, n++,
L = Divisors[n];
For[i = 1, 2i <= Length[L] + 1, i++,
a =L[[i]]; c =n/a; b = Sqrt[d + 4 a cl;
If[IntegerQ[b],
If[c > a, If[b == a && GCD[c, a] ==1,
Answer = Append[Answer, {a, b, cl}l];
If[b < a && GCD[a, b, c] ==1,
Answer = Append[Answer, {a, b, c}l;
If[b != 0 & GCD[a, b, c] ==1, ‘
Answer = Append[Answer, {a,-b, c}11]1];
If[c == a, If[b <= a && GCD[a, b] ==1,
Answer = Append[Answer, {a, b, c}1]11];
Answer] ]

ClassNo[d_Integer] := ClassNo[d]=
If[d < 0, Length[ReducedForms[d]], ClassReduced[[1]]]

del[f_List] := dell[f] =
IfF[f[[3]] > 0, Floor[(N[Sqrtldisc[£f]]] +
£L0211)/(2 £[[31])]1,
Ceiling[(N[Sqrtldisc[£f]l]] + £[[2]1])/(2 £[[3]1]1)]]

Adjacent [£_List] := Adjacent[f] =

{(disc[£] -(-£[[2]] +

2 £[[111* del[{£[[31], £0[[2]1], £[[111}])*2)/(-4 £[[1]]),
-£[[2]1] + 2 £[[1]]1* del([{£[[3]], £[[2]], £[[1]1}], £[([1]1]}

Fcycle[f_List /; !IntegerQ[Sqrt([disc[f]]]] := Fcycle[f] =
Module[{Answer = {£f}},

While[!MemberQ [Answer,Adjacent [Answer[[1]]1]],

Answer = Prepend[Answer, Adjacent [Answer[[1]]1]];

Answer]
ClassReduced[d_Integer?Positive /; (Mod[d, 4] == 0 ||
Mod[d, 4] == 1)] := ClassReduced[d] =

If [IntegerQ[Sqrt[d]] || ReducedForms[d] == {} , {},

Module[{Answer = {Fcycle[ReducedForms[d] [[1]1]]}},
While[Length[ReducedForms[d]] > Length[Flatten/|

Answer, 1]1],

Answer = Append[Answer, Fcycle[(Complement [ReducedForms[d],
Flatten[Answer, 1]]1)[[1]1111;

Prepend [Answer, Length[Answer]]]]

disc[f_List] := disc[£f] = £[[2]]42 - 4 £[[1]] £[([3]]

R
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GenugF([f_List] := GenusF[f] =
Map [Fcycle [Comp[f, #]]&,
Table[PrinGenus[disc[£]]1[[i, 111,
{i, 1, Length[PrinGenus([disc[f]]1]1}]]

Ambig([d_Integer] := Ambig[d] =
Map[{#, SqaF[#]}&, ReducedForms[d]]

Ambiguous[d_Integer] := Ambiguous([d] =
If[d < 0, Flatten[Table[If[Ambig[d][([i, 2, 1]] ==1,
{ambig[d] [[i, 111}, {}], (i, 1, Length[ambig[d]]}], 1],
Flatten([Table[If [Length[Intersection[Map[Reverse[#]&,
ClassReduced[d] [[1]]], ClassReduced([d][[1]]1]1] == 0, {},
{ClassReduced[d] [[1i]]1}],
{i, 2, Length[ClassReduced[d]]1}], 1]]

End[]
EndPackage[]






