
Riemann-LebesgueùÜDÿY¹

Šœþ

‡k:

BbÊ¥¹dıø* Riemann -

Lebesgue ùÜ}–,¥Ê¡H}&2rÆ7

”½b5iH	 7(}D…óÉí3æ¨�


�ìó¶(method of stationary phase)

DÿY¹Ô�u Young’s¿5–1	

Riemann - Lebesgue ùÜ5–Ä@ç

u Fourier �b5Y¹4½æD Fourier �

}t�, ²Æuzÿu�ƒ Fourier |�‚

à}×‰b¶jÏfûj˙, |(Ûbû˝

íL½æ (inverse problem), Ä¤ªcw½

b4	Bbø#�_
òh<2í„p,7(

} semi - classical í–1, |(†ùªÿY

¹D Young’s¿�Ê¡H}&«wuÝ(

4R�}j˙2”½bí–1	

1. Riemann - Lebesgue ùÜ

} Riemann-Lebesgue ùÜJ.*U

˚u“bç2íË¹”—Fourier �bOGÿ

.øwŸá<2	 #ìøƒb f ∈C[−π, π]
ø5[Ñ Fourier �b

f(x) ∼ a0

2
+

∞∑
n=1

(an cos
nπ

L
x+bn sin

nπ

L
x)

(1.1)


an =
1
L

∫ L
−L f(ξ) cos

nπ
L
ξdξ

bn =
1
L

∫ L
−L f(ξ) sin

nπ
L
ξdξ

(1.2)

‚àúiƒbí¸Ï“�†,�ª[Ñ

f(x)=
1

2L

∫ L

−L
f(ξ)dξ

+
∞∑

n=1

1

L

∫ L

−L
f(ξ) cos

nπ

L
(x−ξ)dξ (1.3)

BbÛÊ>E�í½æu: ¦ x �ì7I

L → ∞ † (1.3) �}AÑBóá? çÍ

Ñ7\„�}íæÊ4, Bbílcq f ∈
L1(R) ¹

∫ ∞

−∞
| f(ξ) | dξ < ∞ (1.4)

Ä¤ (1.3) �AÑ (¤v 1
2L

∫ L
−L f(ξ)dξ →

0)

f(x)= lim
L→∞

∞∑
n=1

1

L

·
∫ L

−L
f(ξ) cos

nπ

L
(x− ξ)dξ (1.5)

ÛÊ_" Riemann ¸íj¶I

λn=
nπ

L
∆λ=λn+1 − λn=

π

L

I(λ, L)=
∫ L

−L
f(ξ) cosλ(x−ξ)dξ (1.6)

Ä¤ (1.5) �ªZŸÑ

f(x) = lim
L→∞

1

π

∞∑
n=1

I(λn, L)∆λ (1.7)
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¥£u Riemann ¸5$�	 I∆λ → 0

(L → ∞) †

f(x)= lim
L→∞

1

π

∫ ∞

0
I(λ, L)dλ

= lim
L→∞

1

π

∫ ∞

0
dλ

∫ L

−L
f(ξ) cosλ(x−ξ)dξ

=
1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(ξ) cosλ(x−ξ)dξ (1.8)

¥_ÿu|±íFourier�}t�	 y‚à¸

Ï“�ø (1.8) �ZŸÑ

f(x)=
1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(ξ) cosλ(x−ξ)dξ

=
1

π

∫ ∞

0
[a(λ) cosλx+b(λ) sinλx]dλ

(1.9)

w2




a(λ) =
∫ ∞
−∞ f(ξ) cosλξdξ

b(λ) =
∫ ∞
−∞ f(ξ) sinλξdξ

(1.10)

¥£u Fourier ìý (£ý) ‰² wõÿu

Fourier�b5R2	çÍBbª‚à Euler

t�øs6¯9Êø–

f(x)=
1

π

∫ ∞

0
dλ

∫ ∞

−∞
f(ξ) cosλ(x−ξ)dξ

=
1

2π

∫ ∞

0
dλ

∫ ∞

−∞
f(ξ)eiλ(x−ξ)dξ

+
1

2π

∫ ∞

0
dλ

∫ ∞

−∞
f(ξ)e−iλ(x−ξ)dξ

=
1

2π

∫ ∞

−∞
dλ

∫ ∞

−∞
f(ξ)eiλ(x−ξ)dξ

=
∫ ∞

−∞
f̂(λ)eiλxdλ (1.11)

w2

f̂(λ) =
1

2π

∫ ∞

−∞
f(ξ)e−iλξdξ (1.12)

ÿuƒb f 5 Fourier ‰²	 Ä¤ Fourier

�}t�5…”ÿuø/L‰²— Fourier

L‰²7¥£ujR�}j˙, Ô�u(4

4[bR�}j˙|½bí5x	

,Þ¥<Rû¬˙2
_u°íÛïÿ

u·|Û6-é
5�}

∫ b

a
f(x)


 cos nx
sinnx


 dx,

∫ b

a
f(x)eiλxdx a.b ∈ R

Ä¤Ã7í„p5‡âln6¥é
�}í

4”, ¥ÿu Riemenn - Lebesgue ùÜ:

Riemann - Lebesgue ùÜ:

�� I:(�ä–È)

J f ∈ L1([0, 2π]) †

lim
n→±∞

1

2π

∫ 2π

0
f(x) cosnxdx

= lim
n→±∞

1

2π

∫ 2π

0
f(x) sinnxdx = 0

C[Ñµb5$�

lim
n→±∞ f̂(n)

= lim
n→±∞

1

2π

∫ 2π

0
f(x)e−inxdx=0 (1.13)

�� II:(Ìä–È)Jf ∈ L1(R) †

lim
λ→±∞

f̂(λ)

= lim
λ→±∞

1

2π

∫ ∞

−∞
f(x)e−iλxdx = 0 (1.14)

â�}5©/4Bbyª!6

f ∈ L1(R)⇒ f̂ ∈ C0(R) (1.15)

C0(R): [ýF
©/ƒbÅ—ÊÌ¤õÑ 0

5Õ¯	



Riemann-Lebesgue ùÜDÿY¹ 19

Ék Riemann - Lebesgue ùÜ|o

uâ Riemann k 1876-„p, 7øOí8

$¹ f ∈ L1 †uâ Lebesgue k 1903 -

F#í	Ék¥ìÜí„p
rÖ/,OBb

1Ì<J¥/j�ú&¥1(/½b5ìÜ	

ÄÑƒb f 5¸ˇØ2 (Bý©/) FJb

}&í.u¥á7u cosnx, ÑBóá? B

bõõwÇ$, *�SíiVpëw<2

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

.......

......................................................................................................................................................................................................................................................................................................................................................................

−1

1

2π

.................................................................................................................................................................................................................................................................................
..............
............
............
............
..........
...........
...........
..........
...........
...........
...........
...........
............
.............
..............
................

.......................

cosx (1_š)

Ç ø
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cos 3x (3_š)

Ç ù

âÇ$ªø cosnx Ñ n _ìýšÑÊ

[0, 2π] ¥_–È, Ä¤ç n → ∞ v

ª;díu cosnx Ê 1 D −1 5

È ( ÄÑ | cosnx| ≤ 1) 0§PÓ	
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cosnx(n _š)

2π

· · ·

7Ékw�}
∫ 2π
0 cosxdx = 0, †ÄÑ

cosx ÑøU‚ 2π íƒb, w�}
ø

¶MÊ x W5,j, Çø¶M†Ê x W

5-j	 ¥s¶Mø£øŠ�óJ¾, Ä¤∫ 2π
0 cosxdx = 0	 °Üúƒb cosnxø£

øŠÉuÛÊ�)òø<,˛¤�óJ¾, ]∫ 2π
0 cosnxdx = 0	 “0”¥_Mu
<2í,

…ÿu cosx íMÌM

1

2π

∫ 2π

0
cosxdx = 0

*Ç$,Võ cosnx ¥<ƒbJ x WÑ2

-7,-PÓ, ]w�}¹MÌMÑ0, °Ü

úk�}

∫ 2π

0
f(x) cosnxdx

5n6D‡Þêró°, ñøÏ�íuPÙ

Z‰Ñ |f(x)| (Ÿlu1)	
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2π

f(x)

−f(x)

Ç ú

¤v�}
∫ 2π
0 f(x) cosnxdx .c)bÑ 0	

Oç n → ∞ v£íDŠí¶M�˛˛¤J

¾, Ä¤¯Üí“¿u

lim
n→∞

∫ 2π

0
f(x) cosnxdx = 0

à‹ cos x H²Ñ sin x, 6
ó°í!‹

lim
n→∞

∫ 2π

0
f(x) sinnxdx = 0

¥ÿu Riemann - Lebesgue ùÜ	
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ìÜ„p:

Ék¤ìÜí„p
�/j¶·
wg

M	 Bbø}�J|1zpwÊbç2&,

í½b4	

(1) Riemann ¸:

Ê‡Þín62Bb˛%ø−Ê–È

[0, 2π], cosnx â n _ìýšF A, Ä¤

Bbø [0, 2π] }A n �} (¥_–1ÿu

Riemann ¸)

...............................................................................................................................................................................................................................................................................................................................................................................................................................................................

........

........

........

........

........

.......

0
........
........
........
........
........
.......

2π

........

........

...

2π
n

........

........

...

4π
n

........

........

...

2(n−1)π
n

Ç û

∫ 2π

0
→

n∑
k=1

∫ 2k
n

π

2(k−1)
n

π
(1.16)

Ä¤�}ª[Ñ∫ 2π

0
f(x) cosnxdx

=
n∑

k=1

∫ 2k
n

π

2(k−1)
n

π
f(x) cosnxdx

=
n∑

k=1

∫ 2kπ

2(k−1)π
f(

y

n
)(cos y)

1

n
dy

(x =
y

n
)

=
1

n

n∑
k=1

∫ 2π

0
f
(ξ + 2(k − 1)π

n
) cos ξdξ

(y = ξ + 2(k − 1)π)
=
1

2π

∫ 2π

0
cos ξ

·(
n∑

k=1

f(
ξ + 2(k − 1)π

n
).
2π

n
)dξ

O f Ñ©/ƒb, w Riemann Å—

n∑
k=1

f(
ξ + 2(k − 1)π

n
)
2π

n

→
∫ 2π

0
f(x)dx, n → ∞

]ø

∫ 2π

0
f(x) cosnxdx

→ ( 1
2π

∫ 2π

0
cos ξdξ)(

∫ 2π

0
f(x)dx)

= 0 (1.17)

Ê„pí¬˙2ªJüìíu�}í”

ÌM�kÉ1Ý.Íí (44Bb}¥ó“),

7uÄ Ñ cos ξ 5MÌM (mean) ÑÉíí

]	 à‹J cos2 x H� cosx ª)

∫ 2π

0
f(x) cos2 nxdx

→ ( 1
2π

∫ 2π

0
cos2 ξdξ)(

∫ 2π

0
f(x)dx)

=
1

2

∫ 2π

0
f(x)dx (1.18)

çÍ6ª‚àìÜí!‹V„p

∫ 2π

0
f(x) cos2 nxdx

=
∫ 2π

0
f(x)

1 + cos 2nx

2
dx

=
1

2

∫ 2π

0
f(x)dx+

1

2

∫ 2π

0
f(x) cos 2nxdx

1

2

∫ 2π

0
f(x)dx+ 0=

1

2

∫ 2π

0
f(x)dx

BbêÛøK
�í9õ:

( lim
n→∞

∫ 2π

0
f(x) cosnxdx)2


= lim
n→∞

∫ 2π

0
f(x) cos2 nxdx (1.19)

BbÊ|(øJy‚àÿY¹ (weak con-

vergence) íh1V}¤Ûï	
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Ê,Hí„p¬˙2,Bbcàƒ cosx

ÑøU‚Ñ 2π íƒb, Ä¤ªòQR2BL

<U‚°Ñ 2π í©/ƒb g(x) :

lim
n→∞

∫ 2π

0
f(x)g(nx)dx

=
( 1
2π

∫ 2π

0
g(x)dx

)( ∫ 2π

0
f(x)dx

)
(1.20)

¤v cosx â g(x) ¦H; cos nx †â

g(nx) ≡ gn(x) ¦H∫ 2π

0
f(x)gn(x)dx

=
∫ 2π

0
f(x)g(nx)dx

=
n∑

k=1

∫ 2k
n

π

2(k−1)
n

π
f(x)g(nx)dx

=
1

n

n∑
k=1

∫ 2π

0
f(
ξ+2(k−1)π

n
)g(ξ)dξ

=
1

2π

∫ 2π

0
g(ξ)(

n∑
k=1

f(
ξ+2(k−1)π

n
)
2π

n
)dξ

→ 1

2π

∫ 2π

0
g(ξ)dξ ·

∫ 2π

0
f(x)dx

(2) Weierstrass V¡ìÜ:

¥_ìÜµsBb“ì2Ê'K–Èí

©/ƒbÏ.ÖÿuÖá�ƒb”, Ä¤Bb

ªJltt

f(x) = xk k ∈ N

∫ 2π

0
xk cosnxdx

=
1

n
(xk sinnx

∣∣∣2π

0
−

∫ 2π

0
kxk−1 sinnxdx

=−k

n

∫ 2π

0
xk−1 sin nxdx

O

|
∫ 2π

0
xk cosnxdx|

≤ 2k
n
(2π)k−1 → 0 çn → ∞

]ª)

∫ 2π

0
xk cosnxdx → 0 çn → ∞	

úL<í©/ƒb f(x) , ª¦Öá� Pk(x)

VV¡

max
x∈[0,2π]

|f(x)− Pk(x)| → 0 k → ∞

Ä¤

∫ 2π

0
f(x) cosnxdx

=
∫ 2π

0
(f(x)− Pk(x)) cosnxdx

+
∫ 2π

0
Pk(x) cosnxdx

=
∫ 2π

0
(f(x)− Pk(x)) cosnx+ 0

¦"úM

|
∫ 2π

0
f(x) cosnxdx|

≤
∫ 2π

0
|f(x)− Pk(x)| | cosnx|dx

≤ max
x∈[0,2π]

|f(x)− Pk(x)|

·
∫ 2π

0
| cosnx|dx → 0 ç k → ∞

¥_„pj¶.dOø_„pj¶µó

!…6.ñqõ|, J cosx ¦HÑL<U

‚Ñ 2π í©/ g(x) w”ÌMÑS?Oºz

bç2}& (analysis) íxÍ—V¡ (den-

sity) í–1[®ËóçÀU	 Êõ‰ƒb2
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ú�í–1:

Ô
ƒb

(characteristic function)

⇓
ÀÓƒb

(simple function)

⇓
ª¿ƒb

(measurable function)

⇓
ª�ƒb

(integrable function)

BbÿG#è6 25	

(3) Fourier �b:

Bbø f WÇÑ Fourier�b (ªJl

cq f ÑøU‚ƒb7/ f 5 Fourier �

bY¹)

f(x) ∼ a0

2
+

∞∑
k=1

(ak cos kx+ bk sin kx)

(1.21)

si°v� cosnx 7(�}1‚àúiƒ

bí£>4)

1

2π

∫ 2π

0
f(x) cosnxdx=an,

n = 0,±1,±2 · · ·
O�bY¹, Ä¤

an=
1

2π

∫ 2π

0
f(x) cosnxdx →0 n → ∞

J cosx ²ÑL<U‚ 2π 5ƒb g(x) ø

š‚à Fourier �b

g(x)∼ a0

2
+

∞∑
j=1

aj cos jx+
∞∑

j=1

bj sin jx

g(nx)∼ a0

2
+

∞∑
j=1

aj cos jnx+
∞∑

j=1

bj sin jnx

FJ

∫ 2π

0
f(x)g(nx)dx

=
a0

2

∫ 2π

0
f(x)dx+

∞∑
j=1

(ajcjn + bjdjn)

w2




cjn =
∫ 2π
0 f(x) cos jnxdx

djn =
∫ 2π
0 f(x) sin jnxdx

‚à Cauchy - Schwartz .��ø

∣∣∣
∞∑

j=1

ajcjn

∣∣∣≤ (
∞∑

j=1

a2
j )

1
2 (

∞∑
j=1

c2jn)
1
2

O

∞∑
j=1

c2jn ≤
∞∑

k=n

c2k → 0 ç n → ∞

]
∞∑

j=1

ajcjn → 0 ç n → ∞

°Üª)

∞∑
j=1

bjdjn → 0 ç n → ∞

FJ

lim
n→∞

∫ 2π

0
f(x)gn(x)dx

=
∫ 2π

0
f(x)

a0

2
dx

=
( 1
2π

∫ 2π

0
g(x)dx

)( ∫ 2π

0
f(x)dx

)
(1.22)
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²Æuz (àÿY¹íxk)

gn(·)→ g(·),
g =

a0

2
=
1

2π

∫ 2π

0
g(x)dx

(4) Ìä–È:

ÄÑ Fourier �}Ñø_Y¹/ e−iλx

Ñ©/, Ä¤ª) f̂(λ) ú λ 7kuø_©

/, J f ∈ L2(R) †â Parseval ìÜø
∫ ∞

−∞
|f̂(λ)|2dλ < ∞

O f̂(λ) Ñø_©/, ]ª!6

f̂(λ)→ 0 ç λ → ±∞

à‹ f 
∈ L2(R) , BbªJ5? f 5~M

ƒb (truncated function)

fn(x) =




f(x) |f(x)| ≤ n

0 |f(x)| > n

†
∫ ∞

−∞
|fn(x)|2dx≤n

∫ ∞

−∞
|fn(x)|dx

≤n
∫ ∞

−∞
|f(x)|dx < ∞

] fn ∈ L2(R), Ä¤â‡Þ5!‹ø

f̂n(λ)→ 0 ç λ → ±∞

Oâ~Mƒb5ì2ø
∫ ∞

−∞
|f(x)− fn(x)|dx → 0, ç n → ∞	

FJ

|f̂(λ)− f̂n(λ)|
=

∣∣∣
∫ ∞

−∞
(f(x)− fn(x))e

−iλxdx
∣∣∣

≤
∫ ∞

−∞
|f(x)− fn(x)|dx → 0	

Ä¤J¦ |λ| óç×U) |f̂n(λ)| → 0, †

|f̂(λ)| → 0 ç |λ| → ∞

Å: â Fourier �bíhõ7k, Rie-

mann - Lebesgue ùÜõÒ,ÿuƒb f

5O n á Fourier [b	 O Fourier �b1

³
Ììuâ cosnx, sinnx, einx �F 

A	 â Sturm-Liouville ½æ7õÉbuø

 £>ƒb (orthogonal functions) ¹ª

u′′ + λu = 0↔ {eiλnx}

[pu′]′ + [λρ(x)− q(x)]u = 0↔ {ϕn(x)}

Ä¤ª“¿íu¤ví Riemann-

Lebesgue ùÜÑ

lim
n→∞

< f, ϕn >√
< ϕn, ϕn >

= lim
n→∞

∫ b
a fϕnρdx√∫ b

a ϕ
2
nρdx

= 0 (1.23)

2. �ìó¶ (method of sta-

tionary phase)

Ên6šíóà (dispersion) ½æv,

Bb44bû˝6-5�}

I(a, b, λ) =
∫ b

a
f(x)eiλg(x)dx, λ � 1

(2.1)

¥�}Ê;ç (Acoustics) , �Smç

(Geometric Optics) íÏm06”ò	

Riemann- Lebesgue ùÜTX7¥�}í

ÎhWÑ (macroscopic behavoir)	 Ob
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nj;ßDmš5f]†âúw‰Y (fluc-

tuation) C�hWÑ (microscopic behav-

ior) 
y¿…5w…, 7¥ÿ
˝k�ìó

¶ (method of stationary phase)	

�[ø-«…t� (Euler formula)

eiθ = cos θ + i sin θ

Ä¤Bbªln6�} I(a, b, λ) 5õ¶

ReI(a, b, λ)

=
∫ b

a
f(x) cos(λg(x))dx, λ � 1 (2.2)

¥�}õÒ,ÿuRiemann - Lebesgue ù

Ü5R2

∫ b

a
f(x) cosλxdx ↔

∫ b

a
f(x) cosλg(x)dx

ŸluÀPƒb I(x) = x, ÛÊ†²Ñ

g(x), O!…, cosλg(x) EÍu cosλx

5$�	 Ä¤Jƒb f 5Z‰¾±ük

cos(λg(x)) íu (àÇFý)

Ç ü

†yàÊ Riemann-Lebesgue ùÜ2F

n6, ƒb cosλg(x) £í¶MDŠí¶

M˛¤M©�óJ¾, Ä¤¥¶Mú�}

ReI(a, b, λ)7kªz³
�à,ñøb5?

íuÅ— d
dx
cos λg(x) = 0 íµ<õ x, Ä

Ñ¤v1.ßÞPÓ (oscillation) 6ÿ³


J¾ (cancellation) Tà (ÄÑ cos λg(x)

¤vÑ4b)

Ç ý

âk¤ŸÄBb˚Å— g′(xi) = 0 íõ xi

Ñ�ìõ (point of stationary phase), ÿ

uç λ óç× vú�}
õ.íõ	

Ç þ

(1) g′(x) 
= 0, α < x < β

I(α, β, λ)=
∫ β

α
f(x) exp[iλg(x)]dx

=
∫ β

α

f(x)

iλg′(x)
d[eiλg(x)]
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â}¶�})

iλI(α, β, λ)=
f

g′
exp(iλg)

∣∣∣β
α

−
∫ β

α

f ′g′−fg′′

(g′)2
exp(iλg)dx

‚àúi.��

|x+ y|≤ |x|+ |y|,
|
∫ β

α
F (x)dx| ≤

∫ β

α
|F (x)|dx

ø

∣∣∣λI(α, β, λ)∣∣∣
≤

∣∣∣ f(β)
g′(β)

∣∣∣+∣∣∣ f(α)
g′(α)

∣∣∣+
∫ β

α

∣∣∣f
′g′−fg′′

(g′)2
∣∣∣dx

Ä¤ª!6

∫ β

α
f(x) exp[iλg(x)]dx = O(

1

λ
), λ � 1
(2.3)

¥u³
�ìóõ (point of stationary

phase) v5!‹, wŸBbn6
�ìóõ

58$, çÍ´u*ø_õÇá:

(2) g′(xi) = 0, g′′(xi) 
= 0
â©/4Bbcâ5?–È[xi−δ, xi+

δ]

Ii =
∫ xi+δ

xi−δ
f(x) exp[iλg(x)]dx

�â Taylor WÇ�ø

Ii ≈
∫ xi+δ

xi−δ
f(x)

· exp{iλ[g(xi)+
1

2
g′′(xi)(x−xi)

2}dx
=2f(xi) exp[iλg(xi)]

·
∫ xi+δ

xi

exp[iλA(x− xi)
2]dx

w2 A = 1
2
g′′(xi) > 0 ÛÊ5?‰b‰²

λA(x− xi)
2 = ξ2

†,�5�}Ñ
∫ xi+δ

xi

exp[iλA(x− xi)
2]dx

=
1√
λA

∫ √
λAδ

0
exp iξ2dξ

¥�}ÿu|±í Fresnel �}
∫ ∞

0
exp(iξ2)dξ

=
∫ ∞

0
cos ξ2dξ + i

∫ ∞

0
sin ξ2dξ

=
1

2

√
πei π

4 =

√
π

8
(1 + i) (2.4)

Ä¤ª!6

Ii ≈ 2f(xi) exp[iλg(xi)]
1√
λA

1

2

√
πei π

4

= (
2π

λg′′(xi)
)

1
2 eiλg(xi)ei π

4 f(xi)

à‹ g′′(xi) < 0 ,�?ö, cÏ_¯U

Ii ≈ ( 2π

λ|g′′(xi)|)
1
2 eiλg(xi)e−i π

4 f(xi)

¥uø_õí8$; øO†Ñ

I(a, b, λ)

=
∫ b

a
f(x)eiλg(x)dx

=
∑

j:g′′(xj)>0

[
2π

λg′′(xj)
]
1
2 eiλg(xj)ei π

4 f(xj)

+
∑

j:g′′(xj)<0

[
2π

λ|g′′(xj)| ]
1
2 eiλg(xj)

·e−i π
4 f(xj) +O(

1

λ
) (2.5)

¥ÿu (method of stationary phase), …

µsBb�} I(a, b, λ) ú λ ¦Ú¡WÇ
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�, wOøá3bu§�ìóõ (stationary

point) F�à	

úk n ½�}Bb6
ó°í!‹:

g′′(x0)(ùŸ�})

�
∂2g
∂x2 (x0) (Hessian ä³)

I(λ)≡
∫

· · ·
∫
f(x)eiλg(x)dx1 · · · dxn

∼ (2π
λ
)

n
2 | det ∂

2g(x0)

∂x2

∣∣∣−
1
2 f(x0)

· exp[iλg(x0)+
iπ

4
sgn

∂2g(x0)

∂x2
]

(2.6)

w2

sgn x ≡ x

|x|
/

∂g(x0)

∂x
= 0, det(

∂2g(x0)

∂2x2
) 
= 0	

¥_!‹ª@àƒFeynman ˜��}

(Feynman path integral),Ä¤BbªJz

Riemann - Lebesgue ùÜ6TX7 Feyn-

man ˜��}5|Ÿá$�,¤v¡b λ ²

Ñ	
s4b (Plank constant) � 	 û˝ç

� → 0 v¾ä‰çD©t‰ç5É[	 ¥ÿ

uF‚“semi-classical limit”	

3. ÿY¹ — Y¹h1íTô

ÊOøJÉk Riemann - Lebesgue

ùÜ2, øéÍƒbbJ {cosnx} C

{sinnx}(gn(x) = g(nx)) 5”Ì1.æ

Ê, wŸÄÿu¡H}&2Fû˝í3æ5

ø — PÓ (oscillation)	 7 Riemann

- Lebesgue ùÜ†TX7û˝¤ø3æ

íOø_5x, °v6µsBb¥<ƒb

(cosnx)5Y¹b
<2†.â�Œk�},

¥£uÿY¹ (weak convergence) íŸá

<2	7w”Ì†˚Ñÿ”Ì (weak limit)	

Wà:

cosnx
w
⇀ 0

sinnx
w
⇀ 0

gn(x) = g(nx) (3.1)

w
⇀q=

1

2π

∫ 2π

0
g(x)dx

≡w − lim gn(·)

øO7k

gn(·) w
⇀ g g2

n(·)
w
⇀ (g)2

¥µsBbÿY¹íÌ„D˚Ø

w− lim
n→∞(qn(·))2 
= (w−lim qn(·))2 (3.2)

«wÊÝ(45½æ	 ªJ“¿íƒu

(w−lim gn(·))2 ≤ w−lim(gn)(.))
2 (3.3)

Bbø½æ[Ñy22:

gn(·) w
⇀ g ⇒ F (gn)

w
⇀F (g) (3.4)

F ÑL<ƒb	 Ék¥½æ
ªœêcí

bçÜ6ÿT6Føÿu— compensated

compactness j¶	 ¥u‚à Young’s ¿

V·HPÓ (oscillation) 7w–Äÿu

Riemann-Lebesgue ùÜ:

cosnx
w
⇀
1

2π

∫ 2π

0
cosxdx
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BbTø-‰b‰² (λ = cosx) ª)

cos nx
w
⇀

∫ 1

−1
λ

1

π
√
1− λ2

dλ

≡ < λ, ν(x) > (3.5)

7 ν(x) ÿu Young’s ¿	 â\�}ƒb

ÑøJƒbÄ¤éÍ

cosnx
w
⇀

∫ 1

−1
λ

1

π
√
1− λ2

dλ = 0 (3.6)

O Young’s ¿µsBbíyÖk¤

cos2 nx
w
⇀

∫ 1

−1
λ2 1

π
√
1− λ2

dλ

= < λ2, ν(x) > (3.7)

Y¤éR

cosk nx
w
⇀

∫ 1

−1
λk 1

π
√
1− λ2

dλ

= < λk, ν(λ) > (3.8)

mÍÖá�·Ah7, µóª‚&íuúk

L<í©/ƒb f(x) @


f(cosnx)
w
⇀ < f(λ), ν(λ) > (3.9)

°ÜúL<ÿY¹åJ {gn} 6
ó°5!
‹

f(gn)
w
⇀ < f(λ), ν(λ) > (3.10)

çÍ¤v5 Young’s ¿ ν(λ) uÓ {gn}
7ìí	 ¥ÿu Young’s ¿í!…ìÜ

(fundamental theorem of Young’s mea-

sure)	

ìÜ: I K ⊂ R
m,Ω ⊂ R

n Ñ
ä5

ÇÕ¯, 7/

uε : Ω→ R
m

Ñª¿ƒbí/Å— uε(y) ∈ K a.e. †

æÊøíœ0¿ (probability measure)

νy ∈ Prob(Rm), y ∈ Ω U)

suppνy ⊂ K, y ∈ Ω

/úL<©/ƒb f : R
m → R, ájæÊ

äbJ uε Å—

w∗ − lim f(uε)=< f(λ), νy(λ) >

≡
∫
f(λ)dνy(λ) (3.11)

Ék¤ìÜ5„p~¡5 [1] [3] [4],

BbøÊÇÕOd«n Young’s ¿D

^k'K¶ (compensated compactness

method) £w@à	 vìÜõÒ,ÿuø/

[ÛìÜ (representation theorem) µs

Bb‚à Young’s ¿Dƒb f [ý|V	

7/6sg7Ý(4áíÿY¹½æ, 6Ä

¤ÑS¥ìÜÊÝ(4}&2rÆO½bi

H	 ßZM)øTíu Young’s ¿yuû

˝ Homogenization(ÌG“) í½b5x	

N¬¥<½æíû˝, éBbyÀUÊ©t

}& (classical analystic) 2F�IíJæ

¶M(singular part) õÒ,u½bí, 7.

?µóÖiËz“�˛TTÑÉ”	 BbøÊ

„Vídı2n6 Young ¿, H-¿´


FbÊÝ(4j˙D Homogenization,

5@à	
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