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Þ��	}Ã�“5(,ÖÍUbçc_íÞò–7'×í‰“, O°vºéÛ|…íø<ÿ¸,

3b�J-ûõ�

(1) �	}!…ìÜz: Jƒb f(x) Ê [a, b] ª�, f ′(x) Ê [a, b] ,-� (Riemann) ª	,

†
∫ b

a

f ′(x)dx = f(b) − f(a)

A
� ¥³b° f(x) Ê [a, b] ª�, f ′(x) Ê [a, b] ,-�ª	, ¥u'#íb°� Wà:

¹Ud f(x) =
√

x ¥ší�Àƒb, à‹ a = 0, b = 1, f(x) Ê a = 0 Ê¦�<2-

u.ª�, 7ƒb f(x) = 1
2
√

x
Ê [0, 1] ,, Ê¦�<2-.u-�ª	, ],Ht�ú¥

š�ÀíWäÿ.?_à�7/¹U f(x) Ê [a, b] ª�, 6.?\„ f ′(x) Ê [a, b] ,-

�ª	� ,HWäDú f(x) íb°, zpŸ�í�}� 	}–1í�Ì4� b;�	}ª

ø¥ê�, .âˆ��}D	}í–1� U,Ht�ÊyÑ�˜í<2-A
�

(2) Lebesgue {„p¬à-½bìÜ:ø_Ê£–È,�äíƒbu-�ª	J/ñJ¥_ƒ

bíÈiõÕ¯í¿�ÑÉ� 6ÿuz: -�ª	ƒb, !…,u©/ƒb, D5óÏí.

¬Êø_¿�ÑÉíÕ¯7˛�¥šíƒbíçÍuØü7, «wÊ�ûƒ�ú�2˛%ø

−: æÊTT.ª�í©/ƒb, U)Abw…ƒ: ©/ƒbíDª�ƒbíó�Ý±! ¥

6µsBb: .âˆ�Ÿ�	}í–1, ´†�	}Øk‡ª�

(3) ÊŸ��	}í�--, 'ÖìÜ·b°'#í‘K� Wà:(a) Jfn(x), n = 1, 2, . . .,

Ê[a, b],©/, /ø_Y¹k f(x), † f(x) Ê [a, b] ,©/, /

lim
n→∞

∫ b

a

fn(x)dx =

∫ b

a

f(x)dx

à‹“ø_Y¹”í‘K.Å—, †æÊ¥Wzp,H!�.A
� (b) J D Ñä$ [a, b]×
[c, d] , f(x, y) Ê D ,©/, †

∫ ∫

D

f(x, y)dxdy =

∫ b

a

dx

∫ d

c

f(x, y)dy =

∫ d

c

dy

∫ b

a

f(x, y)dx

(4) -�ª	ƒb˛Èu.êeí, ¹.uø_Ñ“� (S. Banach, 1892-1945) ˛È� ¥ÿ×

×Ì„7	}Ü�íªø¥ê�� xñíªÅHÑ: Jì2–È [a, b] ,í-�ª	ƒb˛

Èís_ƒb f(x) D g(x) �×Ñ (çÍ´ªJì2�í�×)

d(f, g) =

∫ b

a

|f(x) − g(x)|dx

J |fn| u [a, b] ,íø_-�ª	ƒbå�, /

lim
m,n→∞

d(fn, fm) = 0

†.?\„øìæÊ-�ª	ƒbf(x), U)limn→∞ d(fn, f) = 0�



�	}üƒ 19

J,û_½æ, éý7ŸV�	}íÿ¸D�Ì4, =UAb5?Dê�y¿p� y�˜

�}D	}í–1DÜ�, Vs�¥<ÿ¸, ˆ �Ì4� â Cantor, Lebesgue � A%¬T

Kí›‰�
7øcPÜ�, U�	}íÞò�Íøh, w�-¶}u Lebesgue 	}Ü��¥

cPÜ�ÛD˚Ñõ‰ƒb�Cõ}&, AÑÛHbç2í˝á5ø, /AÑø�½bíbç

xk (ÇÕ½bíbçxk´�: Hbxk� ˆbxk��)� 6ÿuz, çAbbÅHC�„

ø<bç·æ� ìÜ� cqCÜ�v, .âbà¥<bçxkVÅHC„p� õ}&Ê–0��

bÜ$l� |¸}&� R�}j˙��®�ç�2íTà«ÑéO� Cantor �ÉÕ¯�í�ø

¹Õ·4dı [1] ê[k 1874 �; 7 Lebesgue †Ê1902 �, ílÊFí²=�d [2]³Å

H7Fíh	}Ü��

J-Bb�}�ÀË�Üø- Lebesgue 	}� Ñ7�
	}, lbì2àSV�¾ø_

Õ¯í“Å�”, ¥ÿu Lebesgue ¿�� q E Ñ�ä–È [a, b] íø_äÕ¯, Õ¯2íõ\

�Ì_CÌÌ_�.½LíÇ–ÈÕ d1, d2, . . . F¨Ö, ¥<–ÈíÅ�}�Ñ δ1, δ2, . . ., ì

2
∑

j δj í-äÑÕ¯ E íÕ¿� me(E) � b − a Á  E Ê [a, b] 2íìÕíÕ¿�ì2

Ñ E íq¿� mi(E) � J me(E) = mi(E), †˚ E ª¿, p¿�Ñ m(E) �

J f(x) uì2Ê E ,íõƒb, JúL<õb λ, Õ¯ {x ∈ E : f(x) > λ} ª¿, †

˚ f(x) u E ,ª¿ƒb�

J f(x) uª¿Õ¯ E ,�äª¿ƒb, /ç x ∈ E, α ≤ f(x) ≤ β, Ê [α, β] ¦õ

y1, y2, . . . , yn−1, U)

α = y0 < y1 < y2 < · · · < yn−1 < yn = β

er = {X ∈ E yr−1 ≤ f(x) ≤ yr−1}, r = 1, 2, . . . , n,

S =

n
∑

r=1

yrm(er), s =

n
∑

r=1

yr−1m(er)

J S í|×-äÑ J , s í|ü,äÑ I, à‹ I = J , †˚ f(x) Ê E , Lebesgue ª	,

/p

I = J =

∫

E

f(x)dx,

˚Ñ f(x) ÊÕ¯ E ,í Lebesgue 	}�

*¥_�Àíì2ªJõ| Lebesgue 	}D-�	}�…”,í.°� w.°5T6r

à Lebesgue AÐíz¶Vzpu|Ñ/çí7; Fz: càBi7Að'ÖÂ, ÛÊb´, ¤

v, lOˆ�ÞMí×ü}é, Í(l�©øéíÞç ,M, yó‹, ¥ÿuBí	};¶� à

.OÞM×ü}é, 7uO*Â°2Ã|íl(ŸåVl�,b, µÿu-�	}í;¶�âk
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¥PÜ�í�
, U�	}?Êø_yÑ�ðíÙË2êµ…íTà� 7ú�	}…™íÜj,

DŸ�íw…óª, 6®ƒ7yÑ¿…íË¥, ¥PÜ�ø�	}R²ø_yòíµŸ�

*,Hì22ªJõ|: ª¿Õuâ–ÈVì2í, /u–ÈíR�; ª¿ƒb.øì©

/, u©/ƒbíØk; Lebesgue 	}u-�	}íR�, -�ª	ƒbøì Lebesgue ª	,

O¥5.ö�|�ÀíWäu Dirichlet ƒb φ(x), …ì2Ê–È [0, 1], ç x ∈ [0, 1] Ñ�Ü

bv, φ(x) = 1; ç x ∈ [0, 1], ÑÌÜbv, φ(x) = 0, ¥uø_TT.©/íƒb, éÍ.u

-�ª	ƒb, Oqc¥u Lebesgue ª	ƒb� /

∫ 1

0

f(x)dx = 0.

FJ Lebesgue 	}íüR�7Ÿ�í-�	}� �7¥_R�, ,HTƒŸ��	}íÿ¸

D�Ì4, «wu‡Þzƒíû_½æ, ·)ƒ7Z¾Cj²�

(A) Ê Lebesgue 	}<2-, Jƒb f(x) uÊ–È [a, b] ,"ú©/, (cÅ1) †
∫ x

a

f ′(x)dx = f(x) − f(a), x ∈ [a, b]

A
� à‡ÞTƒíWä, f(x) =
√

x u [0, 1] ,"ú©/ƒb, ]Ê Lebesgue 	}

<2-, �	}!…ìÜA
, ´ªJ)ƒø<U�	}!…ìÜA
íœÑ 
í‘K,

à: J f(x) Ê [a, b] TTª	, / f ′(x) Ê [a, b] , Lebesgue ª	, †�	}!…ì

ÜA
���

(B) -�	}<2-, 5ôíƒbé�˛u©/ƒbí; 7Ê Lebesgue 	}<2-, 5ôí

ƒbéÿªJØkÑª¿ƒbé, ¥uø_'×íØk�

(C) ø<ÊŸ�-Z-, b°'#íìÜ, Ê Lebesgue 	}<2-, ªJ[
� WàŸ�	

}<2-í 3(a) ª[
Ñ: un(x), n = 1, 2, . . ., uª¿Õ¯ E ,íª¿ƒb, /Ê E

,�˛TTY¹ƒ u(x), † u(x) 6u E ,íª¿ƒb� .Oà¤, à‹Ê E ,´æÊ

ø_ Lebesgue ª	ƒb g(x), U)ú©ø_ n ≥ 1, Ê E ,� |un(x)| ≤ g(x) �˛

TTA
, †

lim
n→∞

∫

E

un(x)dx =

∫

E

lim
n→∞

un(x)dx =

∫

E

u(x)dx

¥uO±í Lebesgue −„Y¹ìÜ (Lebesgue Dominated Convergence Theorem),

ª–Ÿ�íY¹ìÜ‘Kb[
Ö7� °š, ‡Þzƒí (3)(b) ªJ[
ÑO±í Fubini

ìÜ: J f Ê Rn ,u Lebesgue ª	, (x, y) ∈ Rn, ¥³ x ∈ Rp, y ∈ Rq, p+ q = n,

p ≥ 0, q ≥ 0, †

1. úk�˛F�íx ∈ Rp, f(x, y)uRq,í Lebesgue ª	ƒb;
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2. 	}
∫

Rq f(x, y)dyuR
p,í Lebesgue ª	ƒb;

3.
∫

Rn

f(x, y)dxdy =

∫

Rp

dx

∫

Rq

f(x, y)dy =

∫

Rq

dy

∫

Rp

f(x, y)dx

éÍ Fubini ìÜí‘KªŸ�ìÜí‘K[
Ö7�

(D) Bb6zƒ-�ª	ƒb˛Èu.êeí, ¹.u Banach ˛È, O Lebesgue p Ÿª

	ƒb˛È Lp, (p ≥ 1), (cÅ2) ºuêe˛È, ¹ Banach ˛È, «wuL2˛Èu

Hilbert ˛È, x�7yÖyßí4”, ¥ÿs�7Ÿ�-�	}íø_½×ÿ¸�

‡Þzƒ¬ª¿Õ¯D–È� ª¿ƒbD©/ƒb�íÉ[, 1944�, J. E. Littlewood

(1885-1977) {Ÿ¬ø…Ê �ƒb�ƒ2�íz [3]� Êz2ÅH7ú_Ÿ†, ×_ª[®Ñ: ©

_ (ª¿) Õ¯�˛u�Ì_–Èí:Õ, ©_ (ª¿) ƒb�˛u©/í; ©_ (ª¿) ƒb

íY¹å��˛uø_4Y¹í� “õ‰ƒb�”2×Öb!‹u¥<òh–1í@à, 7çÞ

b¦³7¥<–1, �k¦³7×Öb8”-õ‰bÜ�Fb°í� JªJõƒâø_Ÿ†ª

J“'ß”Ë„õø_½æí£ü4, µóAÍb½F‚“�˛”@vk}Q¡ƒ5ší˙�, ¦

³7¥_½æÿªJü~Ëj²7� Littlewoodí¥øJuu¡ý��‡zí, ÛÊèVYÍ

>ƒ'�<2, uå÷õj5°, Ý�5½b� F''|R7õ‰ƒb�2ú_|½bí–1:

ª¿ÕD�Ì_–È5:Õ, ª¿ƒbD©/ƒb; ª¿ƒbå�íY¹Dø_Y¹5Èí–

�D:û� ¥.ccN|7j²hÜ�2í½æ5¤�, 7/´N|7 híÜ�DŸ�Ü�j

��…”,í.°, Os�7Ÿ�Ü�2í��ÿ¸, 7¢�DŸ�íÜ�*/�<2,Vƒ

uóÏ.±í, �}fòí¦íÉ[� Êõ}&2, íü.i|ÛJñÛ Littlewood ú_Ÿ†

$�íìÜ� Ô-�ú_Wä�

W1: (ñÛŸ†1)J E ÑÕ, /Õ¿� me(E) �Ì, † E Ñª¿ÕJ/ñJ: L# ε >

0, æÊø_�ÌÇ–È5:Õ V , U)¥³ me(V ∇E) < ε,¥³ A∇B = (A\B)∪(B\A),

¥³ A \B = {x : x ∈ A, x /∈ B}� ÄIËz: Õ¯ E D�ÌÇ–È5:Õ5ÏªJL<ü�

W2: (ñÛŸ†2)J f(x) uì2k [a, b] ,íª¿ƒb, f(x) ¦ ±∞ íÕ¯í¿�Ñ

É, †L# ε > 0, ªJvƒø_¼Gƒb g(x) £ø_©/ƒb h(x), U) |f(x)−g(x)| < ε

£ |f(x) − h(x)| < ε Êø_¿�ük ε íÕ¯5Õ·A
� ÄIËz: ª¿ƒbD©/ƒb

£¼Gƒb5Ï ¥ø_L<üíÕ¯(, ªJL<ü�

W3: (ñÛŸ†3) (Egoroff ìÜ) J {fn(x)} Ñx��Ì¿�íª¿Õ¯ E ,íª

¿ƒbå�, �˛TTY¹k f(x), †L# ε > 0, � E íø_äÕ A, m(A) < ε U)

{fn(x)} Ê E \A ,ø_Y¹k f(x)� ÄIËz: Ê E ,�˛TTY¹íª¿ƒbå�, Ê

E , ¥ø_L<üíÕ¯(, uø_Y¹í�
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çÍ, �ÉñÛ Littlewood ú_Ÿ†íìÜ, Bb´ªJÔ|'ÖíWä�,5, Little-

wood íú_ŸÜk}zpõ}&DŸ��	}5Èí–�D¦íÉ[� *J,í�H2, ª

Jõ|õ}&íßÞ, íüu “bç2ö£íª�”, …u “y�^í	x¸y�Ýíj¶5ê

Û”, 1/ “�ŒkÜj˛�íÜ�”� ¹ªJzŸ��}¸	}íø<Ü�¦7H5, *7øµ

<HÜ� “�ƒøi”�

Å1: J f(x) u [a, b] ,íõMƒb, /úL< ε > 0, øì� δ > 0, Uú [a, b] 2L

<�Ì_ss.ó>íÇ–È {(ak, bk)}1≤k≤n, Éb
∑n

k=1(bk − ak) < δ, ÿ�

n
∑

k=1

∣

∣f(bk) − f(ak)
∣

∣ < ε

†˚Ñ f(x) Ñ [a, b] ,í"ú©/ƒb�

Å2: q f(x) uª¿Õ¯ E ,íª¿ƒb, p

‖f‖p =
(

∫

E

|f(x)|pdx
)

1

p

, 1 ≤ p ≤ ∞

U‖f‖p < ∞írñª¿ƒbpT Lp(E), ˚Ñ p Ÿ Lebesgue ª	ƒb˛È� J 1 ≤ p ≤
∞, Lp(E) Ñ Banach ˛È�

ù. µb�,í�	}

Êõb�,�
7�	}(, TÑ�	}A™íÜ�, tÇø…ˆ�ƒµb�,uÜFç

Íí9� úµbíw…o˛�5, àúj˙ x2 +1 = 0íj£úwFHbj˙íj�, Owö 

Üj…, ¥jÞíû˝u*�ÿ0�nÇá,7ƒ7��0�, µb�,í�	}, µ‰ƒb�,

Cµ}&, AÑ¡H|�	àíbç}X5ø, ªJzu¡H¦Ê$µËPíbç}X5ø� J

B Gauss {z¬¥šíu:
√
−1 Fx�íö£í�Ûõ4uØJšÃí�

µ}&mÍuµb�,í�	}, µó…íqñ@�s_¶M� ø¶}u*õb�,í�

	}òQ�WR�¬Ví, ¥¶Mí�
%%ÌÖ×˚Ø� Çø¶}uõb�,í�	}F³

�í, .?òQËR�¬Ví� ‡ø¶}çÍ½b, O(ø¶}%%yÑùA·<� £à‡ÞÖ

Ÿƒ¬, Ÿ��	}uâú_¶} A, ¹�}� 	}� N|�}D	}uø ú
«�í�	

}!…ìÜ,¥<·³�Bó˚ØËªJòQR�ƒµb�V� M)øTíu, �	}!…ìÜ

ƒ7µb�,øAÑ5š? Êµ�ÞC,, ¥AÑ7µ$�í Green t�: J

ω = ω1dz + ω2dz̄
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Ñ–� Ω ⊂ C íøŸÕ�}$�, ¥³

ω1 = ω1(z, z̄), ω2 = ω2(z, z̄)

ÌÑz, z̄íª�ƒb, d ÑÕ�}�ä, ¹ d = ∂ + ∂̄, 7 ∂ = ∂
∂z

, ∂̄ = ∂
∂z̄

, p Ω íiäÑ

∂Ω, †
∫

∂Ω

dω =

∫ ∫

Ω

dω

¥ÿu�ùƒ�ú�2 Stokes t�Êµ�Þ,í$�� â¤|ê, ÿªJ)ƒO±í Cauchy

	}t�D Cauchy 	}ìÜ� Cauchy 	}t�z: J L uø‘M¨mËí¥£ Jordan

�(, f(z) Ê�(,£â�(¨ˇíq¶©/, /Êwq¶j&, †Ê–�qíLøõ z, -Þ

��

f(z) =
1

2πi

∫

L

f(ζ)

ζ − z
dζ

A
� Cauchy 	}ìÜz: cqà,, †
∫

L

f(z)dz = 0

Cauchy	}ìÜuFÊ1825�„pí, Oƒ71874�nê[ [4]� çÍ, Cauchy ŸVí„

p.uàÕ�}$�, F´cq7f ′(z)ÊL,©/� Cauchy 	}t�uFÊ 1831 �„pí

[5], F´cq f(z) Ê L ,j&, (V Goursat  ¥7¥<‘K [6], .Ø„p: Cauchy 	

}ìÜD Cauchy 	}t�uó��gí�

1825 �£ 1831 � Cauchy s_ìÜí�
, ™ÐOµ}&TÑøÆÖ
ç�íÒÞ,

6™ÐOµ}&2ú_3bqñ5ø, ¥Zu Cauchy Ü�íÇá� *¥s_ìÜ|ê, ªJ

)ƒøÍ�½bí!!, BVBéý|µ}&DŸ��	}5ÈÊ…”,í.°� OÇøjÞ,

*,ÞíÅH2, Bb6ªJõ| Cauchy Ü�DŸ��	}í¦íÉ[�

ÿÊ Cauchy Ñ�
µ}&7›‰ív`, ÇÕ´�sP×bçð6£Ê*.°íi�

Ñ�
¥_bç,íhä�7G,Fbí-‰�

w2øPu Weierstrass� FµçÃã, j4Ãò, F*4�b|ê� úø_4�b7k,

…ÿ�Y¹Æ, ÊY¹Æ2©øõ, yâ4�b�Ç, ku¢�Y¹Æ, à‹(ø_Y¹Æ�|

ŸVíY¹Æ, ¥ÿuj&ôˆ, ¥š¥	øòªW- , òƒ.?j&ôˆÑ¢, ¥šFÿì

27ø_êrj&ƒb�¥uF�
µ}&í|êõ5ø�

ÊŸ��	}í�bÜ�2í Taylor �b�·ªJ.'˚ØËR�ƒµb�2� OÊµ

b�,í�	}2, ´� Laurent �b, ¥uŸ��	}í�bÜ�2F³�í� Laurent �

bVÄk 1843 � P. A. Laurent (1813-1854) �
íìÜ: Æ=

D =
{

0 ≤ r < |z − a| < R ≤ +∞
}
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qL<ÀMj&ƒb f(z) Ê D qªâø_Y¹í Laurent �b
∑∞

k=−∞ ck(z − a)k [

ý� 9õ, Weierstrass k1841�˛%û˝7x�£�Š4í�b, ¹ Laurent �b, Oòƒ

1894�n…éFí!‹k [7], * Laurent �b|ê�
7øcPÜ�, àcƒb� =Óƒb�

Jæõ� M}0Ü����

7ÇøPbçð Riemann, F*�SíhõV5ôµ}&, ¹øƒbõT*ø_–�ƒ

Çø_–�íø¦� Ñ7û˝ÖMƒbÜ�, F´ùp7ø_rhí�S–1, ¹-�Þ� ¥P

Ü�uŸ��	}2F³�í� 1851�, -�í²=�dubçÍ,ø¹½bíd. [8]� £

àO±bçð L. V. Ahlfors (1907-2004) Fzí, ¥¹�d.c¨Ö7µ‰ƒb�3b¶

}íÀZ, 7/Çó7ˆbçíÍ$û˝, Õh7Hb�S, 1Ñ-�AÐÊ�}�S,íû˝

S�7−˜� Ê¤d2, .cùp7-�Þ, ´„p7à-íO±í-�ø¦ìÜ (Riemann

Mapping Theorem): J D Ñµ�Þ C ,íÀ©¦–�, wiäõBý�sõ, †æÊ D

,íÀsrÓƒb, ø D ø¦ÑÀPÆ ∆ = {z ∈ C : |z| < 1}, ¦ a ∈ D, b ∈ ∆,

0 ≤ a ≤ 2π, †Å— f(a) = b, arg(f ′)(a) = α í f(z) uñøí� ¥_ìÜz: ˆb�g

û|rÓ�g� ¥Êbç2'ý�¥ší!‹, çv-�uà Dirichlet ŸÜV„p¤ìÜí�

O¥_ŸÜ(V\õ|7„è, JBbçðÕÕ_‰k©°ø_£üí„p� �kÊ 1870 �,

â C. G. Neumann D Schwarz vƒ7�

-�ø¦ìÜuµ‰b�Sƒb�í|êõ, â¤ê�–øcPi17½bíÜ�� -�

ÞõÒ,ÿuø&µ¼$, yu'Ö¡Hbç½bÜ�í|êõ�

1825�� 1831 �Çáí Cauchy Ü�, 1841 �Çáí Weierstrass �bÜ�, 1851 �

Çáí-��SÜ�£-�ÞÜ�, ¥úPóúÖ
¢'ò:ûOíÜ�, ZA7µb�,í

�	}, AÑµ}&í3b¶}� Ê¥úPÜ�2, Cauchy	}Ü�í;uÊŸ�í�	}2,

¥õu�}ÀUí (j�(Vê�íÜ�˛DŸ��	}ó�Ý±) ; 7 Weierstrass �bÜ

�íVÄ5øu�	}2í�bÜ�, ¥õ6uªœÀUí; Bk-��SÜ�£-�ÞÜ�,

†urhíÜ�, DŸ�í�	}³�BóÉ[�

ÇøjÞ, Cauchy 	}Ü�2×¶}í!‹, ªJR�ƒò&˛È, -�ÞR�Aò&

µ¼$, 7Ê Weierstrass �bÜ�2TÑ|êõí Laurent �b£-��SÜ�í|êõ

í-�ø¦ìÜ, †.?R�ƒò&˛È�

1906�, F. M. Hartogs „p7à-íìÜ [9]: J Ω ⊂ Cn (n ≥ 2) Ñ�, KÑΩ2'

KäÕ, / Ω \ K ©¦, J f Ê Ω \ K ,rÓ, † f ªJrÓÇˆƒ Ω� Ä¤, ;z C 2

íÆ=R�A Cn (n ≥ 2) 2í7’ ø_ü7(í7�, øÊ7�,ì2írÓø¦�ÇA

x�£� ŠŸ4�b˛AÑ…Ì<2í97� Ä5, TÑ Weierstrass �bÜ�2íTÑ|ê

õí Laurent �b, ÊŸlí�	}2u³�í, Êò&˛È26u³�í, É�µ�Þ,n

��Ä¤, µ}&2í Weierstrass Ü�6ÿAÑ7�}ÖÔíÜ�7�
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1907 �, Poincaré „p7¥šíìÜ [10]: ÊC
n (n ≥ 2) 2íÀP7 B = {z ∈ C

n :

|z1|2 + |z2|2 + · · ·+ |zn|2 < 1} DÖÆ6 P = {z ∈ Cn : |z1| < 1, |z2| < 1, · · · , |zn| < 1}
5È.æÊrø¦, ø B ø¦Ñ P , ¥³ z = (z1, . . . , zn)� 6ÿuz, ƒ7ò&µr«˛È

Cn (n ≥ 2), –�5Èíˆb�g.?û|rÓ�g� Ä¤, TÑÀµ‰ƒb�Sƒb�í!

ùí-�ø¦ìÜ, 6u‡Ì©A, (ÌV6í�ªJz, -�ø¦ìÜubç2ø_Ô�íì

Ü, â¤7ùêí�SƒbÜ�6u�}i1íÜ��

ã,FH, ¥<qñ$A7µb�,í�	}, 6ÿuµ}&, ubç2Ö�íÜ�, AÑ

���2|�	àíbç}X5ø�

øõb�,í�	}ˆ�ƒµb�,, A7qñîóíµ}&, µóu´ªJøµb�y

ˆ�, AÑyÑøOí�, Ê¥<�,V�
�	}íÜ�á?

Frobenius „p7à-½bíìÜ: õb�,F��Ì&!¯ªÎHb (Associative di-

vision algebra ) É�ú_, ¹: õb�� µb�� ûjb (Quaternion) Hb; à‹ ¥!¯

4b°, †õb�,´�Çø_ªÎHb, Caylay-Dickson Hb, ¹ Octonion Hb, !Êõ

b�,í&bÑÿ� çÍ6ªÊûjbHb¸ Octonion Hb,�
�	}Ü�, Ouâkû

jbHbu.ª>²í, Octonion Hbu.ª>²¢.ª!¯í, Ê¥,Þ�
�	}?•Ö

±ÿª;7ø, JBòƒDnwª�Ý��

à°øj�	}ˆ�ƒÖj�	}µš, Àµ‰bƒb�ªJˆ�ƒÖµ‰ƒb��Öj

�	}Døj�	}í;…Ï�Êk�Õ�	}$�, *¥õ,Võ, ¥s6�…”,íÏæ�

°šÖµ‰ƒb�, CÖjµ}&, DÀµ‰ƒb�, Cøjµ}&óª�…”,íÏæ, …"

.uøjµ}&í�WR�,7u×Öbíqñ·uDøjµ}&�…”,í.°í�à‡ÞT

ƒí Hartogs ìÜD Poincaré ìÜÿus_péíWä� úÖµ‰ƒbíÌ��ÜÊ¥ss

íüŸÆƒ52.ª?dƒ, �E�íè6ª¡©�ÉízÀ, Wà [11]�

ú. ¼$,í�	}

Ê,ø�2�}�ÀË�Ü7øõb�,í�	}ˆ�ƒµb�,� 6ªJ¥šz, øõ

r«˛È,í�	}ˆ�ƒµr«˛È,� *�Síi�Vz, Çø_½bíˆ�uøõr«

˛Èˆ�ƒ�}¼$,, ¹�
–�}¼$,í�	}, �}¼$uÛHbç2|Ñ½bí!

…–15ø� ×¾íÛHbç·uÊ¥,ÞÇ�í� ObÃ�ËzÀUBóu�}¼$,í�

	}bI'×í‰−, 6õÊØ‘¹Ù, Ê¥ssíüŸÆƒ52m.ª?6..bd¥K9,

É?�}ÄIË� .Ã�Ëz_×<�

Bóu�}¼$? ¥uø_x��}!Zí�¶r«˛È� ¥³bj„íu: Bóu�¶

r«˛È? Bóu�}!Z?
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ø_ n &í�¶r«˛È M uø_ F. Hausdorff (1868-1942) ˆb˛È, …íL<

øõx�ø_¹�°�k n &r«˛È Rn íø_ÇÕ¯�Bóuˆb˛È, ×_,Vƒ,¥u

ø_ùpˆbíÕ¯ X� BóÊùp7ˆb, ÄIËƒ, ÿuÊ X ,ì27ÇÕ¯í, …Å—

7¦�ÇÕ¯íFb°í‘K�ø_ˆb˛È˚Ñu Hausdorff ˆb˛È, à‹ x, y ∈ X, /

x 6= y, †�¨� x íÇÕ¯ G, ¨� y íÇÕ¯ H, 7 G ∩ H = ∅� ÄIËƒ, Hausdorff

ˆb˛È2L<s_.°íõuªJ}Çí�

J X, Y us_ˆb˛È, f uø X øƒ Y í©/ø¦, / f(X) = Y , f−1 6u©

/ø¦/ f Ñøúøø¦, †˚ f Ñ°�ø¦ (homeomorphism), X D Y u°�í�J φ

u¥ší°�, ø M 2ø_©¦ÇÕ¯ U øƒ Rn 2íø_ÇäÕ¯� Ê Rn 2, rj [ý¦

Rn 2øõí� j _�™, p xj = rj ◦ φ, ˚ φ Ñ�™ø¦, xj Ñ�™ƒb, j = 1, 2, . . . , n,

˚ (U, φ) (CpT (U, x1, . . . , xn)) Ñ�™Í�

Êø_�¶r«˛ÈM ,íø_ Ck, 1 ≤ k ≤ n, é�}!Z, u�™Ííø_Õ¯

{(Uα, φα) : α ∈ A} = F , …Å—-�ú_‘K:

(i) ∪α∈AUα = M;

(ii) úF�íα, β ∈ A, φα ◦ φ−1
β ∈ Ck;

(iii) óú (ii) Vƒ, F u|×í, ¹à‹ (U, φ) uø�™Í, /úF� α ∈ A, φ ◦ φ−1
α £

φα ◦ φ−1 ·˘k Ck, † (U, φ) ∈ F �

¥³Auø_N™Õ¯�Jf = (f1, . . . , fn) u Rn 2ø_–� D ,íø¦, ˚ f ∈ Ck

í<2u, f í©_}¾ fj, j = 1, 2, . . . , n, Ê D ,·u k Ÿª�í, / f (k) Ê D ,©

/�

Ç 5.1

*,H¥<ì22ªJõ|: ÄIËz, ø_

�¶r«˛ÈÿuâDr«˛È°�í©_õí¹

�Êø–F Aí, 7�}!Zuz¥�ò¶uà

�}ó:û–Ví [12], [13] (cÇ 5.1)� 7¥u�

}¼$í×<, øOn�í�}¼$·u k = ∞
í8$, 6ÿumËí$��

Ç5.12µ	¶}[ý Uα ∩Uβ, φα £ φβ }

�ø¤øBÇ$-jíµ	¶}, 7ø-Ç¬ií

µ	¶}øÑ-Ç˝iíµ	¶}íø¦ φα ◦ φ−1
β u Ck, k ≥ 1� à‹úF� α, β ∈ A ·

A
, ¥ÿu�}¼$�

½bíu: ÛHbç2n�íúï%%u�}¼$� à: õr«˛È Rn, µr«˛È Cn,

�Ì&õ²¾˛È, �Ì&µ²¾˛È, n &7Þ�·u�}¼$; ‡ÞTƒí-�Þuù&
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�}¼$� â n × n Ýæõä³írñ AíøO(4ˇ GL(n, R) 6u�}¼$� 7ÛH

bç2”Ñ½bí† (Lie) ˇ, Wà½R&ˇ (Heisenberg group) [14]¸ûjb H $ˇ

(Quaternion H-type group) [15] ÿus_x� C∞ ˇ!Zí�}¼$� �}¼$íWä.

�(Ô, O*,Þzƒí¥<, —Jõ|w½b47�

Ê�}¼$,�
�	}, ÿbÊ¥,Þì2�}D	}� bÃ�íVì2¥<õÊØ‘

¨I, Ou*�}¼$íì22, ªJ;ƒ, Ê�}¼$,ì2�}D	}øìu¦¬�™ø¦

φ, øøõË¡í¹�øƒr«˛È2ªW�¥³J.Ã�íì2�¼D	}ÑWVzp¥�j

¶�

JM uø_ n&�}¼$, (U, φ)u…í�™Í, �™ƒbÑ x1, . . . , xn, à‹ G ⊂ M
uø_ÇÕ¯, f : G → R u G ,íø_õMƒb, J p ∈ G ∩ Uα, † f ◦ φ−1

α uì2ÊÇ

Õ¯ φα(G ∩ Uα) ,� Bb˚ f Ê p õª�, à‹ f ◦ φ−1
α Ê φα(p) ,ª�; Bb˚ f Ê

G∩Uα ,ª�, à‹ f ◦φ−1
α Ê φα(G∩Uα) ,ª�; Bb˚ f Ê G∩Uα ,u Ck, k ≥ 1,

à‹ f ◦ φ−1
α Ê φα(G ∩ Uα) ,u Ck� Ä¤, úÊ�}¼$,ì2íø_ƒb°ûb, u¦

¬φ−1, úÊr«˛È,ùû|Víƒb°ûbVì2í�

àóNíd¶, â�}¼$,ƒbí�¼|ê, ªJì2ó@í�}� Õ	}� Õ�}$

�� Õ�}�ä��� °š, ªJú�}¼$ªWì²,JUα∩Uβ Ý˛, / φα ◦φ−1
β í Jacobi

W��u£ìí, †#8 Uα D Uβ Jó°íì², ´†#…bJó¥íì²� ì2ø_¼$u

ªì²í, à‹úL<s_ α, β ∈ A, / Uα ∩Uβ Ý˛Õ¯, † φα ◦φ−1
β í Jacobi W��u

£ìí� ´†¼$Ñ.ªì²� Bbn�í·uªì²í¼$�¦¬ φ, úªì²í�}¼$,

í_çí–�,ì2íÕ�}$�Vì2	}� Ñ7�À–c, cq¼$u 'K (Compact)

í� F‚'KuNø_Õ¯ K í©ø_ÌÌäÕ·ÊK2�”Ìõ, †˚ K u'Kí�JM
uø_ n &'Kªì²í¼$� âk M u'Kí, â Heine-Borel ìÜø−, ú M �ø_

�Ì_�™¹�íºQJÑ U1, . . . , Um� úk¥_ºQªJ„p, æÊJ-íD5óú@í 1

í}j F1, . . . , Fm, Å—

(1) Fj(p) ≥ 0, p ∈ M, j = 1, 2, . . . , m;

(2) Fj(p) = 0, p /∈ Uj, j = 1, 2, . . . , m;

(3)
∑m

j=1 Fj(p) ≡ 1, p ∈ M�

J ω u M ,íø_ n ¼Õ�}$�, à‹ Uj í�¶�™Ñ (x1, x2, . . . , xn), †Ê Uj ,,

ω = aj(x1, . . . , xn)dx1 ∧ dx2 ∧ · · · ∧ dxn

òhË, ÄIËõ, â,H (3),
∫

M
ω =

∫

M
ω · 1 =

∫

M
ω

m
∑

j=1

Fj =
m

∑

j=1

∫

M
ωFj,
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â,H (2),
∫

M
ωFj =

∫

∑m
k=1

Uk

ωFj =

∫

Uj

ωFj,

]@vø
∫

M ω ì2Ñ
∑m

j=1

∫

Uj
ωFj, 7

∫

Uj
ωFj ì2Ñ

∫

φj(Uj)

Fj(x1, . . . , xn)aj(x1, . . . , xn)dx1 ∧ · · · ∧ dxn.

¥u n &r«˛È2Õ�}$�í	}�¥šÿì2ß7'Kªì²í¼$ M ,Õ�}$�

í	}�

,Hí��ì2·.u�}Ã�í� âkbÃ�#|¥<ì2, Ø‘¹Ù, Éß.�}Ã

�Ë�Ü_×–� Ê�}¼$,í�	}2||½bíìÜEÍu Stokes ìÜ,¥³u�ùƒ

�ú�2 Stokes ìÜíR�� ¥v`, Stokes ìÜ×<Ñ, JM u n &ì²�}¼$, D

uw2íø_–�, ω Ñø_mËí (n − 1) ¼Õ�}$�, †
∫

D

dω =

∫

∂D

ω

A
� Bb5FJz¥_ìÜí“×<u¥š”, 3bÄÑ¥vú D, ∂D D ω ´b‹,ø<¯

Üíb°, ¥<b°ÿ.xñzp7� ¥_�}¼$,í Stokes ìÜ, zp7Ê�}¼$,,

�}D	}¥ ú
«�u5šñÛí�

*‡ÞÔ|í�}¼$íµ<Wä2ªJõ|, �}¼$uø_�}�˜í–1, r«˛

È.¬u…|Ñ�ÀíWä, FJø�	}*õr«˛Èˆ�ƒ�}¼$u…”,íø<ˆ�,

zp�	}˛*©t•²7ÛH, …í	à±±�¬7}&í¸ˇ� ¥íüu “bç2ö£í

ª�”� …u “‘y�^í	x¸y�Ýíj¶5êÛ”, .OªJú˛�í}&Ü��y¿…í

Üj, 7/â¤ßÞ7'Ö.°}Xíi1íÜ�, U)bç�Ç7ìhíøÜ� �É�}¼$

,í�	}ÿ�}ÄIË�Ü¥<, �'ÖŸ)'ßízªX¡©, à [16], [17] , [18], [19] ,

[20]� Ê�	}Ã�“5(, TÑ�	}A™Ü�íê�6ÿ�Üƒ¥³Ñ¢; âk¥<qñ·

˛.˘k¦�Üjí�	}í¸ˇ,7u}�AÑøÆÆÖ
íç�, Ä¤, …b·.?TÑ�

	}ê�íø_¼¨Võ&� Ê�	}Ã�“5(,´�ø_½bíˆ�Ê¥³³�ƒƒí,µ

ÿu�Ì&õr«˛È,í�	}ˆ�ƒÌ¤&˛È, , ¥u˘k˜ƒ}&íqñ, ¥ø¶

}6ÿÉßG&øV7�
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