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&% X (Combinatorial identity)
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Te9E B, »-FH? (Experiment with a pair of dice, are they fair?)
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, BEKREIMEK (Play a lottery, you may win one or two million dollars)
F#hy % AX@ L (Approximation of continuous functions)

R X +Y = XY #9582 (Solve the following equation X +Y = XY)

AR A — A ST EEA93CF (Buridan’s donkey story. Random walk)

He T Mk F AR (Other problems solvable by Probability)

BRF $t5AR R (Three exercises and one Open problem)

10. &3% (Concluding comments)
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3 Stoyanov BUEREATITISMIME T A MRE (FBh Rk BEH M EEEREHE RN EM) AR AT
FEMRATIFN, FRERATE, L6 EHERMH.
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1. 51§

ERMPET. WE. MOEERERE, ST, RO ATAIEE, HFIHR
FESCER R FIRUATSE, BUA0 N RIEBEHIES, R=(—00, 00) REMBNEEAMHIELSS.
FARRER 2 R AN R B R s ) P R 5 M R Y H Y2 — M A B R I RE AT m] DRI
AR ARG, (BRAR A DIRYEE, ML R EE. S LERSIA. BE L, FHR
1EEA— SRR, B ERHER N BE AR ER Y /5 R A .
ETARBATE AE— LR RS, REEREE. BB B BEDmHE
ERE. BZE (moment) RiTHEAKEIEA] (Law of Large Numbers, LLN). THEZE—
S o
Aoy g BBREH (tv.) X ~U,. X RUEEERBES {1,2,... ,n}, HEREM
n HEHFRNES. F—EEIENRER L, 6,
FAtsRi: TERRESRK, HEBELR 5
WHARRCT . BAREEBATTEE  1,2,3,4,5,6, B—REEBAHERE |

£ (0,1) EagE3ga95H: X ~ U(0,1).  x € (0,1), HEEHE f(z) =1, % ¢ ¢
(0,1), Al f(x) =0. U(0,1) = B(1,1). B(a,b) BEZEWT:

Beta 577 X ~ B(a,b), a>0, b>0. X B EEEEEes, CrmERs

%‘:
o

l’a_l(l _ iL‘)b_l . .

fy =1 By e

0, = o ¢ (0,1).

B(a,b) M I'(a) BAHH 4 KB (RERE) M v W (IFHH):
B(a,b) = %, ['(a) = /000 v e dx, Fn+1)=mn!.

2. 8 FI\
BT LTI 0 8k (1< k < n), FhERRERE:
k
. +1 k
(Z) 2D iy (a) - *)
=0

B EEEFAR—IRE LARGREE, HEWUREE CEN. BURNEERIEES
R EEREERESMER |, URERRRRED, EEERRE 1. BRMEEDE TR
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o BEEH f(r),zcl < f>0, [, f(x)de =1 (I CR', BERIERERH).
o HEBNMME—ENEIES L £, {p; >0, j€ Ly} <= > ., =1l
FEEREH X ~ fn—k+1,k+1). ENEEXREWT:

Jjn_k(l _ l’)k
Bn—k+1,k+1)’

HAEN ZEACHEER (1-o)*, MIAT(n+1) =n!, BH

B B ['(n+2) L. B
1= /f )dx = T —k+ 1T (k+1>/x H(1 - 2)kde

f(z) = xz € (0,1).

_F(n—k(ZBI%)(k+1 /1 " kZ( ) )F et da
" T(n— k;(ZJ{)Q)(/{; ey i (j) (—1)* /01 Iy

j=0

- n+1vk'z ()n—iﬁLl:(*)'

B 1 ANRGEEAEFR (x).

. _EEE[L?H'JEH\ .IL_.\\:FI]%7

BEEMERENANAT (fair) &7, —fl—E. ®FE—HEH EDHER 1, 2, 3, 4, 5,
6, EMHERNBARLR ;. ZEMERT, B X, # X, HHAKRMERTH E—HHHT.
HMEEBRZEMBERFIN S = Xy + Xy TEAEN S, REEE R

2, 3, 4, 5 6, 7, 8 9 10, 11, 12
5 4

1 2 3 4 5 6 3 2 1 ()
367 367 367 36’ 36’ 36’ 36’ 36’ 36’ 36’ 36

PR — BRI R ERERT, S TSR, BREMON S, 22 8 122
RIRVEEE, HIRRIBRARIEAFE] () — E—EBRT—ERATHIIE?

EAER SRR A—TE. RRINT, % R AR AR b

Wi 1 —~ERTF A B, “EEN AH, SELROEER  MRERTEEOETRE
TRy

®/F A 1,2 2,3, 3, 4. ®F B: 1,3,4,5,6,8.
x AH B, BE X, H 1 X, FTEHEM S = X1+ X,
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fRE 2: B S, ETE 2 B 12 ZMHIRAATREMEEE (xx) —8K. (FERE™MME “FRl” &
FERATH,)
B 2: MECEEYE, —~ESNEENRT, B—ESEE,
AT EBNEEASBIE 1, 1, 4, 4, B—-HEHEOERER L.
WAL 18 EHEER RSB TF, 25 LT $FE:
1,2,2,3,3,3,4,4,4,5,5,5,6,6,6,7,7,8 BI&HBHHER - .
HE, NEBRT SR AWESROES, 1 /14, SELROEER ;. @ik %
[ E—EfFEFHRT 18 FEek: —FERKiEL “17, WENREL «27, =FRE L 37, =558k
BE ) ZFEELR 5, ZFEREL 67, ZFEEEL 77, —FEEE L “]7, FFEERk
SRRz 2 %, A DUEA G EHE] 1 8% 8 BEEkAURRERE Hi 2k,
RIEEMEES, srEEmERRNYE, IakEER:
X, = ZMHEBRFAEINETE FEEER),
X, = EEERAEIRET (K EFENTRTE).
RE 3: B S, = X+ Xo BER 2 3 12 MRS, HERAOEERRE («x) FEE—1E—
o HIHRIAS H AP R 7

B

4. #5%, BB KRRERIRR
RS e — RTINS, SESRATORT, AEAE LT 12,3, 4,5, 6,
BB R L
BEEFRA: AT LGERM n ERF K,
n=123456,728910,11,12 13,14,15,16,17, 18,19, 20.
Z n lRF, A X1, Xo,..., X, KEHEEIREE. HEHEM S, HHEFER P,
Sp=Xi+-+X,, P,=X---X,.
UIES

FUBR T, BREY 2 D BRI S i TR (2

WRM n (= 1,2,3,4,6,7,8,9,11,...,19) ERFIUEMELER, FEME Sn AEH,
% S, =P, AlgmE $n’ WER. WRA n (= 5,10,15,20) ERTFIOEEER, FEM
SRR DU B B0 T
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n=>5, ff$100, & $100,000;
n = 10, ff $200, & $200,000;
n = 15, ff $1,000, & $1,000,000;
n = 20, {F $2,000, & $2,000,000.

RIRE: 5, 10, 15 F1 20 BHEREHI?
SRS 9ES A=1{1,2,3,4,56} Hne N, # xy,..., z, 2H A BBk,
EHFA G ER, ABUTHEEETESER (Diophantine equation):

R L TR (%% %)

FRIE: MR AR (¢« x) B, ROBRERERN, A W, = P[S, = P,] £, W2 HEK
GRISHE $n® BES, WRAER (xx x) B, BEEFRNEERZ W, =0, THEHIIHE n
7% 1 F 5 WiER:

B 1l n=1 = trivial, W; =1.

i

W2 n=2 =(2,2) = Wo=2%4.

W3 n=3 =(1,2,3) = W3:%§1,6i3.

Wit 4 n=4 = (1,1,2,4) = Wy=- 4.

Wi 5 n=5 = (1,1,1,2,5), (1,1,1,3,3) & (1,1,2,2,2)

= W5 = (33:1' + 3?;' + 2!3') 6%'
BB 4 HHEE n=06,7,...,20 BEAER (% x x) B
mEBHE W, >0, En=06,7,...,14, G8& n =10. BELEREN n = 10, i

N (koxx) RS \E 1 FIRHE 4 (%Déﬁiﬂ*i@% 16), T Wip = a5 ot , BAR/IMERIE
), (RAIRFREFER n = 11, 12,13, 14, §EEETIIHREE,

HFEHER B n =15, HERX (x + x) WER! FUBHIEER Wi = 0, st H
15 BT IuiE [EE B — i ko

BTR E n=16,17, 18,19, W, > 0, Ti#E n = 20, MAIBEE Wy = 0, 2
F 20 FEEY FI0E [EEER AR B G B

RRE: RSP LIEREZ A 20 @R LB FIuE e, eREREFER? REE n > 20
REAER ().

BB E, BEGRAUER Wy > 0, We =0, Wog > 0, Wy, = 0, T W, > 0,
n=25...,30 % n=318E X588 W; =0%,
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5 AR (x x %) MW n EHBENGTHR, BEEENEREHIRE n =34, 35, 306,
38, 43, 44, 46, 48, 49, W HEEE %,
B8 BERLE n FHEAER (x x ) E#FE,
RERE: WMIBIR W5 >0, Wip >0, Wis =0, Wy = 0. BSEAIE 15 1 20 PN
MR EREEN, BRAMAER: S84 5 f 10 hEAHEBETRR?
B2 BN
o RMRABBEIGBGERIINIY, B R B FZRERE SR 5 R E AR R ik,

o HEWRE: BRATFIES A BUE v; K, TEAER (x + x) GUEILEAE. Flir
B G ERATE, MRE LAEEERR, [BEEE S HEER K.

5. BBV IANER
S — (S R B,

Weierstrass EE (1885)! : EEEREEAHAEM [o,b) HEEHE [, MAILLALERX
P, ¥ HE N,

EE, ER—ERLENER (a qualitative result), M9 H T8 H AR AXGEL f WS HE
Ho T—1ERREEH.

Bernstein F® (1912): 4 f(z), z € [0,1], B—EEEKE. E& Bernstein % AR

.
By (z) = kz:f (%) (Z)x’“(l Co R w01, =12,

E n — oo, B,(x) (£ sup norm ZT) &H5EE f(z), © €0,1].

FIMARE: S. N. Bernstein? (1880~1968) iEh1H L MBEHBERAE 19124, e
—B A, BRTMAOEH, BHABNATELR Chebyshev T

P[|X —a| > ¢] < Var[X]/e?
E[X], € > 0. Bernstein FJAEREE B XK 5| A

EE = € [0,1], & n RMWILH Bernoulli 385 (Bernoulli’s trials)®, HRHE X, =1

LAERIE: [Weierstrass @I EH |, BEBEEE 2285 S, EANAH: B=/% — Weierstrass REHEHR |, BEEREE 348
548,

2Sergei Natanovich Bernstein (1880~1968), MBI BER, BAA, 1904 EEDRAS FRME L HURR THEMRS H12H
ARARE 19 RIRE, BRSO A8, Moy &, BERRILEIERTEER.

SEE R [ Bernoulli ## Bernoulli £ER (k)J, BEBEIEE 16 84 2, [Bernoulli #¥ Bernoulli LE= (T)J, #E2H
%5 16 B 3 #; [Bernoulli ZHEABEERES |, BEEEREE 35 BF 2 #;[FEFE Pascal s Bernoulli HHAK
Euler £, BEEEREE 37TEE 11,

BB HEHRE, EH a
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BOEESHRZ v 81— EFNMS, =X+ + X, —EEHEH, BE U n
B B2 AL (binomial distribution). L5

Sn ~ Bin(n,z), P[S,=k] = <Z)xk(1 —2)"* k=0,1,...,n.

BAEH Bernoulli KE&A|] (Bernoulli LLN) &%

% — 1z, n— oo (Bernoulli LLN) — B,(z) =E [f (%)] — f(2).

MR —4: S5 2013 BRI —5, BiF S EREEEEXNEM 201324 :HF 5+, BRZ
Bl =8 FiARBERIE—REERAE Jacob Bernoullit FrEHE “Ars Conjectandi” i,

6. K X +Y = XY BVER

B, HER X MY? RESGRALIEE], MR XY WERTRLGEETRTRR,
e IR X, V BEE A X =Y =08 X =Y =2, BEWEHZ.
o MR X, Y BEE, A X MY HAERE L HRMEM o # 1, BFIEE

LB, V), AR SR

a —

X=qa Y=

o MR X MY BEH, BB 2 =a+ib WK, Hb 0 #£0, RGERELHEAT:
z > e

o (B X,Y #59).

o [REX X MY ZREMEH (r.v.), AIERISMAER (distributional equation):

X+YLXYy  (EAHEEEETHER).

X=z Y=

KRN TEREL X MY, etk i ENSEENS AR (distribution),
R X HY BDARERECNFE, SIERERAIL, & (A R B A RO A, St
HERB M EERAEIIR X Y QESEER,

B 1 B X MY WRASMKE F 2EBEEEEE, © f(0) = F'(v) BEERE, B
FrEREE my = E[X*] = [2"dF(z) = [2Ff(x)de, k =1,2,..., HZERHE, £E5L
BETEEUTEENSIRRER:

1
i ©

4Jacob Bernoulli (1654~1705), EHENFEP RS BER L —, HHBOIEREREREEH. MRERETS% [HE{R —
HEMEE], BEBEES 4585 28, BERNOULLI M: —(E2&5E], BEEEE 1585 11,

X+YL2XY < flz)= (—=2,2) (RIE¥5(Arc-Sine Law)).
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RAVEEE (W) MREBIOREEY (rv.) X F1Y B, EER (—2,2) LEMHeE
RIERAEES, $REE o — BIXY], by = BYH], k=1,2, .., B3

2
ag—1 = B[X**1] =0, a%:EM%%i/zﬁﬂ@m:-~:<f>
-2

W X # Y f28HE, MERESEEEE (odd order moments) B£%, HHtZ
E[(X +Y)?1 & E[(XY)?!] #2%E, MEHEEZ (even order moments) I F:

EKXYW@z(?)iEKX+YYﬂ:§i<Z>@w%4k:~-:(iﬁ%

k=0

B TR B B LUT Y B R

DHEHBHIME—1E: (Hausdorff I £FA) fER—B R &M MRES HREER —He) Bz
Fe3l, RS Ak BuAa k6,

FRULETIMEAS: ARAEER (—2,2) b, F RRIEZSHEE, 8l X +V £ XY .

WEHEBE: X +Y £ XY DR AR, BT X R Y BRAAEEY F.
LA EHIERE AT A may, = E[X?] = (%), B Stirling AREE limy oo (may) V) =
1/2, Wt#E Carleman & (Carleman’s condition): Y 5o (may) V) = oo, B
ERAEH R LMK E, EEBEREFCEEHRE DM BEIE—1E (Hamburger $
M), BB (39, k=1,2,..., RREZRSHERBHBEBEEEZE, FIUVEEIRR: F 2%
(—2,2) &ML RIEZ SRR E

BE 2 % X MY REEEEEHEEE (discrete r.v.), B AEE [ EREBEE (step-
wise function); WHHEEKRE. HKMAEWNTHIRHR:

HE— n e N, ATLEE—(EBBFERZE (discrete r.v.) X, BUETE n + 1 EHBFATRHE
& {zo, v1, 72, ., 1, }, B oy € [-2,2], HEERKEH Y B X WEIERK B

X+vY2Xxy

BPENRE RMEEER [-2,2) 2H36ES n+ 1 B {vo,21,..., 2.}, BE z + 1
M ozx; HEEE—EHERNESE, E2HEER, FIa:

x; = 2cos(2cmj), c=1/(2n+1), j=0,1,...,n,
R P e

2n+1 2n+1
FEROERE X +Y B XY BHEANEIZEFY, REeEBILLER 5710k B — S 2
BRI R

P[X = 2] i=1,2,....n.
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7 lEESER  MERIBNNE
SE B B A BUR T B AT

BEx% A B—#E, Hi8 UMK, i B 2—BEXEOOBE T Mot 7 REREN
BREE, MEREFENE, Rigiisk, SEETFEER, KRBT, SURRMARE
SRR, EESE (EEBUER) BAEE J. Buridan, FTPUBET UL BD %R, REME
(Buridan) KBS . BAFATESHE AT

Jean Buridan (1300~1367): HBIHE5R, #HRK (EETLEAEREZ), Sorbonne BYZK
&%, TEERERAMALIAY, FRlE LRt ® (high-life circles). £ T2 ERIHRE, &
RIBE T HRth = AZIA RS, EHFRMEEEY, BERMA, Al THDWRE, &
e fAE R PRI EF 258z —

ZHRMEFEEF BD.
M. BT SEERR?
2 EREEES
ek RENATH)!
EEMER E SRR R D B8, e, NEEER, D rL2E T3
BN T B EERREE,

BEMAER (Deterministic Model): &3 D (3BFEREWENT) 7£ [0, 1] &M E¥E) (mo-
tion). 0 F1 1 Z2H5 (% (BB A M1U) . D BB HAREREN, &ffEE D EE—F%
B 75, R EER T MR ALE. REk D B3 2o € [0,1] B E), R 2, =0,D
HE®; MR zo =1, D A%, D §EGRAERE), GIE r-l-r-l-r-l- - (r=A4, [=£).

EE—EHEHF A € (0,1), B A-rule: WRERMH n, D BWER x,, 2% D ¥
BEIHTHIRL v, 0, BAEECE, BEIEERALLAIE A\, thEie, MR D HE%E, MHMER
Tpi1 = T+ A1 —x,); MR D FE%, Al 2,00 = (1 — Nz, . TERMAZLAHE O R
KEEF, FEEAUBHE A HE U, REFEENIEE.

TER: DES {2, n=0,1,...} #d D (988, EEESI. BRENWETEY, ‘&
FOU {wony1} M HBBEN {20, ), WA EBIERE, HEBRATT:

C1- 1
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fEaR: &A%, D g§fEB Ly M3 L, ZH#%E (oscillate). Z41: 1R X = 3, HE L, =
5, Ly = 2. RUEEH, $HE— X € (0,1), BT kEMEETHEES (end points) 0 3 1, 7
By BD!

(0,1) ERIBEHEFSED (random motion): RE D HEL z € (0, 1) FGFEREE)., FEHEIENZ
W#&: D BERISAE, ATLME 0 8t 1, IR LE,
Ho—(EfM, EHIRER (H) fIkE (T) (¥EE2 p M g=1—p. WREH H, D
HEME); MREE T, D H£A£%8, UL, D HEBHEER p, TABHNEER ¢=1—)p.
D K& R —EFE S (AR EERII IS MEE), BRETE (w0, 1) BRETE (0,20).
F—FRHEEFEMERAL MR X, RF D EH n WAE, ZMAE D WEHZEERE

# (random walk),

H: lim X, 2ftE?
n—oo

M

a2 {X,,n=0,1,...} BEERESHEEHRES (limiting distribution) :
p—1<1 — x)q—l
im X, 26, 6~ B(p,q): _ 2
Tim Bp.q) Jfo(@) Bo.q)
EBMERE: FEEFY] (random sequence) {X,,n = 0,1,...} BEBEETRSH (ergodic
Markov chain), X B(p,q) BHEEBES (ergodic distribution), i H BB &AIK#EE,
EREEE [ SmNFENEE G

ERNEEWNEE T, ERREEEZE ZLIE (‘dream’ points) 0 #1 1, AT EAER
G R. B4h, D lEEEEE 0 3 1 WERLZFEN,

8. HE o] AR RAYEE
HRFVRNWEGIT, ESPITHRBELHR,

o % zeta ¥

g

: xz € (0,1).

o0

C(2) = ,lz, Rez > 1.
=17
FHWAR ((2) = n°/6 E—EEPHIART URA Z# e RIS (Cauchy distribu-
tion) HEGE, FHEHMERES X ~ C(0,1) Fith, HEEEEE 15, reR, W

X WmEBIER X, M X, HHFRERE Y =X X, WEERE g. A%R [g(y)dy=1.

e Kolmogorov-Feynman-Kac 23X, (Kolmogorov-Feynman-Kac formulas). 382 H

RS — PR E S YR R0 0 TR A F AR TR AR R] LU S AT K
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B (Markov process) ¥—ZEKHHLERER, 2 1to BATFERMS 72 (stochastic
differential equation) ByME—®#E, FEHAMBEEA M, &L BCE RS TR KEUE
fERFAT IR SR B T R8E % (Monte Carlo Markov Chain methods) HIEEE,
9. HRBEFHERERE

(a) EFAEHEEIEB 1 7] B

/1 /lxir+---+xg e+1
— "y - - - dx, — as n — o0o.
0 0 J}f—f—"'-i-l'e 7T+1

n

(b) &M
! + ! + ! + - —W—3—110g3
1-2-.3 4-5-6 7-8-9 12 4
(c) &M
1 9423
I

(d) BHEEKE: £ 2 WRED, #EE 2, 4, 8, 64, 2048 BHMEHGHKBEFEERNE, HEH
RYEE - HFRT . (HAEZHEIMAE Pernik # Ivan Tiufekchiev Arigft.)

10. #6558

L NE. ERMERTERS R AMEE S Kt E, TaeMNERE
b R BRI BB

b AEMT—EE RS R] AR AE (i, — i B R EI E A L T2 F BRIk 2, —i
2 E 1 SRR ARRE ] USRI SRR A,

ELAR R BN, HERREREE, MELHEREE N RAMES XN, L
By EREEE A B R 2 AT HET SR EM . £, LR —E TR R
AR, BB RN BEEE. o, MRNENRAN R, BENNUSHZE. BRMAM,
BAmEw A —Lge. BB BERE,

B BAEMER. HR. wRAEE, RINFIE, EAFEER RS AFHEFEEDR £
o RERSE ] LIE G A S B R B rh U SR e BUER B SE P S A S (RS LV AR R TR 2R
SNETER DR A P B RE R B (BRI A

B SR SRR R P SRR I R R B R E RS T LR RERRERENEE. B
B E R £ AR B LB B BR B R F oo
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Bk, BERGH RSB RIHER TR BEIBRELR, 0B S e BRI SGERRL AR
H R,

A EHE, FhlRFEASRRARRNBER, BChAresi —LRERE HE, 1R

A A LA E R, BOL A E T BB

STEN
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Note added in proof: In the Spring of 2013, together with P. Kopanov (Plovdiv Univer-
sity, Bulgaria), we decided to look closer to the Conjecture in Section 4. We have prepared
a paper which will be submitted for publication soon:

Kopanov, P. and Stoyanov, J. (2013). Dice, urns, balls, random experiments, sums and
products of points, casino numbers.

In this work we studied in detail the Diophantine equation (* * x). In particular, any
n for which (x* ) does not have a solution is called a casino number. One of the results,
given with complete proof, is that there are infinitely many casino numbers. Hence, the
Conjecture is proved to be true. We have given a few interesting extensions and formulated
some open questions.
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