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RRATRBEAAREFETEREE
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AR KRET, PR B AR —EA AR T AR S IR F K 89359,
— BT . ImitA

20167 A9 HEEEBEF# % (Bordeaux) ZEIE 2016 F SAT EKE, REE
MRER, HEEREMEBIETE AR =L BER I MM AL B HEK (Cube-and-
Conquer) SEEESEN TR EMEHR %, BERBHTRE 1970 £83718 (Ron Gra-
ham, 1935~) FIEFFIRBERIRGE - [LL T (Paul Erdos , 1913~1996) £2HifyH i i
## (Ramsey Theory) FIAME K =C8ME, 2016 £ 7 A 11 HHA LB (FERE
BRY G FHE BHEREETF 10 BF) WAIEERSHEHE 7R, ERHEH
B —HENAE. BlE—H2S B I TEE N R RIEEENA,

The world’s largest math proof, /-
written in'May 2016, takes up
nearly 200 terabytes.

How big is that? One terabyte can hold 337920
copies of “War and Peace.”

Read about the Boolean Pythagorean
Triples problem’s record-breaking proof >
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EEE L, B —EHNEIUE [aE], BHRRE—ERENAERMY, BE—F
HORLRIEARYE ) f /AT B A 3 Y B A R R AR . = (LB AR TR B R MR B 2 IR RETR
g WNEEENEEEE LEBREM BT ELNERE, K/NEE 200TB, HEREBER
GEFEEEEBEREN, SHEANEZSHEINE R —EEE2 BRI

EFEERYEERER - HE (Richard Feynman, 1918~1988) HREREFEE 12
W TR 1965 36 HMEsE, Maah SRR R, EAMAE T8, FA2R e
R, BRBEBHENERENE, FEEERLE, RBRERYEESE,

fth 2 BELRLE R A SRR EET S, TR X (Los Alamos) fhF1—#EK B ECINAIE
B S BEER, BIE - #5162 (John von Neumann), BHBHE—# TIE, Ml B flfEx
Z:MrMBERRREEFE N S RNEFEPBABZHIA.]

AR R 8o

TAVINER A E RN B BAINE REER, 8 T REHMEE B EZ AT AR KA E
B (Giuseppe Peano, 1858~1932) FIAZMERR, s B NNE K etk 2 i 2 2 #1
Ba+b=b+a axb=>bxa, TRrE—-HEHNE,

E# LR, ~—E I,

“141 =2, BB FEZHEN, h2FEk. BE2M7EBEBZEREREE (Alfred North
Whitehead, 1861~1947) B{AR:H - #F (Bertrand Russell, 1872~1970) & T HH
BRERTL T T2ENREME T —-A=ZREHN (M2FEHE), ER-TiRERNEESE
2,000 Ho (BE2FH) ZRTE 360 HZBITREME L, 1+ 1 = 2 BAE 379 HF RN,

BEGRBHAOEE. £, 7F 1903 F 1904 FERNERZE T Eik,

A H FHME S THUERNS 1ER] (complete intellectual deadlock): fIEFRER
EH—RAMK, BRTERS, BREHZEDWRM L, AIEFE—-EAFRERY, FERLA Y &, i
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Rt NEAT “14+1=2" 09 e &I %

IR — R B R A B R B K, R RER, B Y KRR, tER g4
AT TEAY SR HEFIA R MR T 5 A

StiE B L RERBEE, BRI ETE (HEFEHE) & [—FKXEENE] (a
foolish book), BIRFIKAHIER N HREET .

PRINCIPIA
MATHEMATICA

T ok

AR ERSE (BERE)

1910~ 1913 £ HARAY (B2 IRE) MEARS REMFWENS, BERBAAREREES
ZEE EHRTE 1959 F£ (RPEEMEE) (My Philosophical Development) —&H &R
PETEACE THEE (BERFEHE) REIOH BT RREAE!
#5443 o, fel. ianNf=A=aUFcl

Dem.
Fo+bd-26. Dk a=def=1y iaUfed =.a£y.
[#51 . 231] =4eridy=A
[+13-12] =anf=A (1)
- (1).%11-11-35. 5
F: Bz, pla=def=1y maUfc2 =anf=A (2)

F.(2). %11 54, %52 1. O~ .Prop

From this proposition it will follow, when arithmetical addition has been
defined, that 14+ 1= 2.

(BERIE) FHA14+1=2
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RIAEMFERENSIBRENEEZEENR (G. H. Hardy) R2ERNEFL, 7 1940
FLE (—EEERNEE) (A Mathematician’s Apology) HUEEL{EFE R AR AR EEERAY
—{HgEE —— AR [P 2100 4, fIEREEEENEE BEE2E AR FEERMKR,
B ANEEREREE, EH BN E=ARENEET TR, FRALBERLEC
H) (BEEE), HERBREFN—E, EHEEIN=AENEL LT HZR, # T#, PIrHE
HMEBRPRFIRZ, RERME L TE, RREZERCSIERE - - |

HE# (Kurt Godel, 1906~1978) 2 20 HAZH—(ERBEEEEESR, 1906 F£4
PEMA] 1930 FEEMEMMAZEE L 20, 1930 EERMRHE -T2t eE (TR —
AE & BN RREANR 2T, FFEE—EaE, EfEE R EH, e
BIE.] BinHiFER M —FIBEhEEERNGE, (CEMBRETNCMEELSE, I~
REREEAE S, WATTREEHEARY, | (MMt EHE ] 2EEEEEE L LN —FEERTRE
R, RHEHEEEZEET X —FERR,

BB EEHFER, EEEEHN, H2 15 MBEEHERITE], 260F:8E T, BHE
BIEE Nse e R IERER. BT AHEEME RN A ER!

W FBERITL TR 20 HACBER RSN EBER (FHEWE 2015 £ EREEIN
HiRRGE AR 2R B (B R BB R R AR, 5 1) Q0SB S R LHEER — i
TRHE - L) —X) . MAEIIIER: [REFE—EZE n, 15 1,2,3,4,...,n FEEHK
& AL ENER, MEERNAE IREZERGHN, EHERE n+ 1 FAFEE?] E&—E35
FERMARNEBEE, 2015 F 5 AEEInERBIREE T —Riw X (AR K=THM
RE), BRI L i S ER R E,

# sl KA e % e

SEMATHRE [MitkE K=7T# (Boolean Pythagorean triple), st e k]
FAAEER a3 LA
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Solving and Verifying the boolean Pythagorean
Triples problem via Cube-and-Conquer

Marijn J. H. Heule, Oliver Kullmann, and Victor W. Marek

The University of Texas at Austin, Swansea University, and University of Kentucky

Abstract. The boolean Pythagorean Triples problem has been a long-
standing open problem in Ramsey Theory: Can the set N = {1,2,...}
of natural numbers be divided into two parts, such that no part contains
a triple (a,b, c) with a® + b? = ¢ ? A prize for the solution was offered
by Ronald Graham over two decades ago. We solve this problem, prov-
ing in fact the impossibility, by using the Cube-and-Conquer paradigm,
a hybrid SAT method for hard problems, employing both look-ahead
and CDCL solvers. An important role is played by dedicated look-ahead
heuristics, which indeed allowed to solve the problem on a cluster with
800 cores in about 2 days. Due to the general interest in this mathemati-
cal problem, our result requires a formal proof. Exploiting recent progress
in unsatisfiability proofs of SAT solvers, we produced and verified a proof
in the DRAT format, which is almost 200 terabytes in size. From this we
extracted and made available a compressed certificate of 68 gigabytes,
that allows anyone to reconstruct the DRAT proof for checking.

1 Introduction

Propositional satisfiability (SAT, for short) is a formalism that allows for rep-
resentation of all finite-domain constraint satisfaction problems. Consequently,
all decision problems in the class NP, as well as all search problems in the class
FNP [9,29,35,19], can be polynomially reduced to SAT. Due to great progress
with SAT solvers, many practically important problems are solved using such
reductions. SAT is especially an important tool in hardware verification, for
example model checking [8] and reactive systems checking. In this paper we
are, however, dealing with a different application of SAT, namely as a tool in
computations of configurations in a part of Mathematics called Extremal Com-
binatorics, especially Ramsey theory. In this area, the researcher attempts to
find various configurations that satisfy some combinatorial conditions, as well as
values of various parameters associated with such configurations [49].

One important result of Ramsey theory, the van der Waerden Theorem [45],
has been studied by the SAT community, started by [14]. That theorem says
that for all natural numbers k and [ there is a number n, so that whenever the
integers 1, ..., n are partitioned into k sets, there is a set containing an arithmetic
progression of length I. A good deal of effort has been spent on specific values of
the corresponding number theoretic function, vdW(k, ). Two results on specific
values: vdW(2,6) = 1132 and vdW(3,4) = 293, were obtained by M. Kouril

R R GBEFENAGF—F
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S W DA
ferh BB, BMATE RS A= A EH S (4o, TR, (3 e, WESR:
a’ + b =

B REEREE (BB (FEITRT 1 id) SR [A=KRIMXE ] fECE, Bl 3, 4,
5" RARH,

(FRER) BEE —BRANHEASEBIAEE: ZEREITHT 1100 £, ARERNHBEALHR
TrERN—2EEERE: [ - ERAAFEMS, HAARRITE, FHHEBLRHT?
B AR R R R [k - TR, DR AE=, REM, KRE- - 17
B [A=RMEZE ] R E T,

BARIR (a,b,c) BREAKE, I (ka, kb, ke) BMEEIEEH L R AKREL

R B FIREBEHZ (a,b, c) ZBARNAKRE, A1 GCD(a, b, ¢) = 1, TMIEERAE
B R AKE (primitive Pythagorean triple)s

BRA BB (R #aH AR AR BRI A=

2 2

a=m?>—n? b=2mn, c=m?+n>

(a,b,c) REABRHERBIEE GCD(a,b,¢c) =1, m —n B35

Bla: & m=4,n =38, a=4>
24, 25 FE—HAKRE.

—F=T,b=2x4x3=24c=4>+32=25HI 7,

/NE 300 BIRARERE 47 fE:

(3, 4, 5) (5, 12, 13) (8, 15, 17) (7, 24, 25)
(20, 21, 29) (12, 35, 37) (9, 40, 41) (28, 45, 53)
(11, 60, 61) (16, 63, 65) (33, 56, 65) (48, 55, 73)
(13, 84, 85) (36, 77, 85) (39, 80, 89) (65, 72, 97)
(20, 99, 101) (60, 91, 109) (15, 112, 113) (44, 117, 125)
(88, 105, 137) (17, 144, 145) (24, 143, 145) (51, 140, 149)
(85, 132, 157) (119, 120, 169) (52, 165, 173) (19, 180, 181)
(57, 176, 185) (104, 153, 185) (95, 168, 193) (28, 195, 197)
(84, 187, 205) (133, 156, 205) (21, 220, 221) (140, 171, 221)
(60, 221, 229) (105, 208, 233) (120, 209, 241) (32, 255, 257)
(23, 264, 265) (96, 247, 265) (69, 260, 269) (115, 252, 277)
(160, 231, 281) (161, 240, 289) (68, 285, 293)
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B B e BT IS —AHE: EE—-FAHMEFEE, AE _EEEE—EHENT S
Wk 1 R 2, S EREE—EROT L | R 2 (WS EEE 1), Eite
H ok RAEEE K, (kx 2-1)/2, (kx2+1)/2 (k > 3, 31#) BR—HABRH,

HPERBE 2n (n > 1), FABE—HEAIRE: 2n, n x 2 - 1. nx 2+ 1. E-EH®
BRI KRR BB R E%E (Diophantus, A£ZEHNTEIT 200~214 EFETT 284~298) Fr
B,

BZHT-E1I88[EE

NEHARBEOMEE=ZTERER, £ 70 ERBEILENCSHH: [REFE—ERE n,
% 1,2,3,4,. .. ,n SEBEE LNAKER, MEEmMZERANAKRE, EMEE n + 1
R NFALEY

HEHRE n = 6, WA LUGERY 1, 2, 3, 4, 5, 6 BH® REEA:

« EEE
£ [o]2]0

(3,4,5) RIS, 34 BiTEA 5 EREA,
T on =7 B, & T RESR AR E AR BN &,

« EEER « EEEE
BE |512(6 |7 B | 526

A P E (] RE S g

WREBMERE n, ILAFHE 728, B 8 2 9, B 9 F 10, HMIEZFEVELRES
R%. BFIMA—EFIET, TaEG L H— L =[5, @HEEsgin T, RIERER 5585
KI5 AT R

BiER 100 EITEREIE BB HER (Ramsey Theory) #EEER AR EERER
=

EEREBL

ERFFIBEBEREE - WHEE (George Pélya, 1887~1985), BFE (EBMEE) (How
to Solve It) —EHERE A MR BERRER, BRI HIEEME, Eel—EEMrRHE,
ASREE R AT DUE SUE RS — L, EB A BB R F R, ENE IR A,
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HHBRMEATFRAKRE, TZ (a,b,c) Ba+b=c
HMgis RS, T2 —L TRIEES |
(17273)7 (27375)7 (1747 5)7 (27476)

HMSEBENRE I REFE—ME n, 5 1,2, ..., n BFTENESIEE B AR
Efk, WHENESIRR G, THEEEETE n + 1 KARL?
R n = 6, AWEE GkER A R HFE QRE:

2

M OB M

BARE n = 7, AT DUEHEE AR ARER R AP S8R, BB RbER  EmEE
kR A RAFE AR,
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BAEIn=29

%Il

B 13|56

cBREREE sBREREF

B |35 6 B |3|5|6|7

cBREEE zsBBEREE]

B | 3|56 |87 B |3|5|6|7
«EEEEE «EEEE
B |3]5|6|7 B | 3]5|6|7|9

HMBEI 9N REEAL B BRE €, REEMEBHLRIRE, BFHKEIEE n = 8.

ERBABERFE - & (Issal Schur,1875~1941) 7 _Eittfd
FrIERIREES, A E TR R

EE: WS BERE (N, +) BIEEE, YWMER =,y £ S K
ek, S WRME: BfE « +y N S E, BZMBEEER
FEFLE (sum-free set)o

(T SRR, 7 1916 FHTEBEBIIENLSE
Ry, R T UT EH:

BT 5 r > 1, IIEE—FAs/INEH s(r), BEEE
N > s(r), &FMeILLA r EEER {1,2,..., N}, #ER
B (r,y,2) ZTERE 2+ 1y = 2

fl ] AR A SE (R, B0 E T B8 S i e B R BRI e e 2

-

/_.;,

FhE - Bk
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EE: 4 on > 1, BE—EBE s(n), HEHBHENRE p > s(n), ETHEERSTE
" +y" = 2" (mod p)
B, T p THEERR 1y2.

—EEXHEE

ARG R AER, RMNFEA=ZORER, TEngs 5L, RERFNE
BN T .

Bk B, B0k EBY, RONMERZ [BREFEE—HE n, £ 1,2,...,n BE%E
B bk, BEEES, MEEHENEARBIZER G, TEEEEE n+1 KEAREIL?]

BRI a8 REMELEA L, FIAEMRTE /NG 300 A& ak#ER, HMRES
Bggg n = 110,

3 4 5
6 8 10 33 56 65
5 12 13 32 60 68
9 12 15 42 56 70
8 15 17 48 55 73
12 16 20 24 70 74
15 20 25 21 b d =
7 24 25 45 &0 75
10 24 26 30 72 78
20 21 29 48 Al 80
18 24 30 18 80 82
16 30 34 13 84 8s
21 28 35 36 77 &85
12 35 a7 40 75 85
15 36 51 68 &5
24 32 40 60 63 &7
9 40 41 39 80 a9
27 36 45 54 72 90
14 43 50 35 84 91
30 40 50 57 76 95
24 45 51 65 n 97
20 48 52 60 80 100
23 45 53 28 96 100
33 44 55 20 b ) 101
40 42 58 43 90 102
36 a3 60 4p 96 104
11 60 61 63 B4 105
16 63 65 56 30 106
39 52 65 60 91 109
25 60 65 66 88 110
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=MBER

JE#) (Marijn Heule). E2 ( Oliver Kullman) fIE /17 (Victor Marek ) 2 EmEHT
(Texas University), FEBIHHEFE (Swansea) K EEFE (Kentucky) KEBREEE, MWFF]H
[4388858 ] (Cube and Conquer) 5RE&GFEHA (A8 K=TCH & ] (Boolean Pythagorean
Triples) K= n = 7824,

tEREHT Stampede B4 E K

T, AR EZHMMARELRE, RNREENEEREHERER (EHEERE
800 fEH RpzHEas) BN T EALREMRE, R/EE] 200TB, HHE R B & B & HRE 2
BRI, EHRNECSFEIR TR (—E8EE [EEH .

AR ER AN — AR
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Department of Mathematics,
University of California San Diego
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Combinatorics Seminar

Marijn Heule

University of Texas

Solving and Verifying the Boolean
Pythagorean Triples problems via
Cube-and-Conquer

Abstract:

The Boolean Pythagorean Triples problem has been a long-standing open problem in Ramsey Theory: Can
the set N = 1,2,3, of natural numbers be partitioned ino two parts, such that neither part contains a
triple (a.b,¢) with a® + b = ¢ ? A prige for the solution was offered by Ron Graham over two decades
ago. We show that such a partition is possible for the set of integers in [1, 7824, but that it is not possible
for the set of integers in [1, M] for any M > 7824. Of course, it is completely infeasible to attempt prove
this directly by examining all 2 possible partitions of [1, M] when M = 7825, for example. We solve this
problem by using the Cube-and-Conquer paradigm, a hybrid SAT method for hard problems, employing
buth look-ahead and CDCL solvers. An important role is played by dedicated look-ahend heuristies, which
indeed allowed us to solve the problem on a cluster with 800 cores in about 2 days. Due to the general
interest in this mathematical problem, our result requires a formal proof. Exploiting recent progress in
unsatisfiability proofs of SAT solvers, we produced and verified a proof in the DRAT format, which is almost
200 terabytes in size. From this we extracted and made available a compressed certificate of 68 gigabytes,
that allows anyone to reconstruct the DRAT proof for checking. These techniques show great promise for
attacking a variety of similar computational problems arising in combinatorics and computer science.

Host: Ron Graham

Thursday, April 14, 2016
3:00 PM
AP&M 7421

® R K R R K ko Kok R % K kR K K R R K ¥ R R K R R K ok ok k¥

SEFNFAL BN B S PT 0 K B E R

BB —EF 7824 EEBAIAH L, EEF A ATRERN, HAFER, TEIIA 7825 2
NIFTE G EZE AL, EEHFEEIE -HRARGAL A, MEDEE -HFRFRER, FTl
AT 7825 Btk EEE A, AT SERE B TFHAT, & n = 7825 K, BUEAHI#E,
A 7825 EEEFHIRE, HEHFHEZR T MEERZFCTGEEA=HYFE] HE
Ko {1,2,...,7825} F 102300 EE @k, HRAEBFAHBENEGREMREKERKTE
ERENATREE A ERDE 1 BREMUA, A% Stampede EREME K TW AT HERE
EEH,

MR R SCFRIE RGBS A & 200terabytes, ;S A&~ S KIE?

BEBIERFR - FEBETE (Leo Tolstoy, 1828~1910) EREAEETH (BFET) 224
RERENEZ, SR MR ERER/NR ], FREERSEN T, HEEREER 5 Eift.
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—{H terabyte HEIFHEREEN, WEH TB k&R, 1TB=1024GB=240 {77t/ 8%
2 337920 A& (PPN, 200 terabyte HER 6 TEA (BFEMF), HETLREH
B g EEENEEE. D—H HTH R EE R R AT =L 10 [SEaRsH

FEY). HEMBENTAERE 5 AR RETRRIANSS 1, MIESZEEAE 2016 £ 4 A
14 HEISLEFTER TN A BB F 5 54 (University of California, San Diego) #&—1H
. BT - INPERE R A RE T, TR E R H £ Ee—(E e M 8538 FT e M SR R
T FER). EENME N FEEMENEMNE FEMTR T EH NERE T HNE, Bk
T AL ERME R R ME, R, EARBERSTE, ATl EREF AN B ERE
SHIRFHRAY TAE, 03w SR AR P m EME, JER R Eretik® 7825 7£
“HEEORAERANER=ETENVEREN.

B, gD EEREH—ERONE K= TEE RO E TR 5.

20 ZERFF S W 5eE —E S 1A FI B B A & (B P AT 6 e 2008 4 R - 7 2K A
REREM (Joshua Cooper) RIEMETE R HE TEBTHIEFER (Chris Poirel) FI%HE /)N
RFEH 1 5 1344 BHES, BRGNS R=TT8. 2012 £EMBVELEZ4 (W. Kay)
FT 13 1514 EBHES, 5 _aFaRERENER=TTH.

BisEy, B8R E!
L BEEE—En, 7 1,2, n SEEHE HTAHES, TEERE (v,y,2) HE

(1) z+y =2z
(2) z4+y =3z
(3) 2z4+y==
(4) 22 +3y =2
(5) 22 +y ==z
(1) 22 +y? ==z

BERG, LEMEMEELE n+ 1 ALY

2. REBE—Mn, £ 1,2, ... n SE%EE L6, CORES, TEERENFTE (1,y,2)
Wz
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(6) 22 +y* =z
BERG, BEMEMEERE n+ 1 ALY

HE LIRS R ESREFEFE: (1) lixueshu2014@gmail.com (2) sinminlee@gmail.com
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