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三角形旁徑與高之間的三個性質

丁遵標

本文約定 : △ABC 的三邊長為 a、 b、 c, 外徑為 R, 內徑為 r, 半周長為 p, 面積為 s, 三

邊上的高依次為 ha、 hb、 hc, 旁徑依次為 ra、 rb、 rc,
∑

表示迴圈和,
∏

表示迴圈積。

匡繼昌教授在 《常用不等式》(第 4 版) 中, 收錄了下面的三個旁徑與高之間關係的不等式:

(1)
∑

hahb ≤
∑

rarb p275 第 15 個不等式。

(2)
∑ ha + hb

ra + rb
≤ 3 p276 第 41 個不等式。

(3)
∏ hb + hc

ra + ha

≤ 1 p276 第 50 個不等式。

經過研究, 筆者現給出這三個不等式的最佳形式— 等式。

定理 : (1)
∑

hahb =
2r

R

∑

rarb.

(2)
∑ ha + hb

ra + rb
= 2 +

2r

R
.

(3)
∏ hb + hc

ra + ha

=
2r

R
.

證明 : ∵ s = (p− a)ra =
1

2
aha = rp.

∴ ra =
rp

p− a
ha =

2rp

a
.

同理 : rb =
rp

p− b
, rc =

rp

p− c
, hb =

2rp

b
, hc =

2rp

c
.

∵

∑

a = 2p,
∏

(p− a) = r2p,
∑

ab = p2 + 4Rr + r2,
∏

a = 4Rrp.
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(1) ∵ hahb =
4r2p2

ab

rarb =
r2p2

(p− a)(p− b)
=

r2p2(p− c)
∏

(p− a)
=

r2p2(p− c)

r2p
= p(p− c)

∴

∑

hahb =
∑ 4r2p2

ab
= 4r2p2

∑ 1

ab
= 4r2p2 ·

∑

a
∏

a
= 4r2p2 ·

2p

4Rrp
=

2rp2

R

∑

rarb =
∑ r2p2

(p−a)(p−b)
=

∑ r2p2(p−c)
∏

(p−a)
=

∑ r2p2(p−c)

r2p
= p

∑

(p− c) = p2

∴

∑

hahb =
2r

R

∑

rarb.

(2)

∵
ha + hb

ra + rb
=

2rp

a
+

2rp

b
rp

p−a
+

rp

p−b

=
2(a+ b)(p− a)(p− b)

ab(2p− a− b)
=

2(2p− c)(p− a)(p− b)
∏

a

=
2[p+ (p− c)](p− a)(p− b)

4Rrp
=

(p− a)(p− b)

2Rr
+

∏

(p− a)

2Rrp

=
(p− a)(p− b)

2Rr
+

r2p

2Rrp
=

(p− a)(p− b)

2Rr
+

r

2R

∴

∑ ha + hb

ra + rb
=
∑

[ r

2R
+

(p− a)(p− b)

2Rr

]

=
3r

2R
+

∑

p2 − p
∑

(a+ b) +
∑

ab

2Rr

=
3r

2R
+

3p2 − 4p2 + p2 + 4Rr + r2

2Rr
= 2 +

2r

R
.

(3)

∵

hb + hc

ra + ha

=

2rp

b
+

2rp

c
rp

p−a
+

2rp

a

=
2(b+ c)a(p− a)

(2p− a)bc
=

2(b+ c)a(p− a)

(b+ c)bc
=

2a(p− a)

bc

∴

∏ hb + hc

ra + ha

=
∏ 2a(p− a)

bc
=

8
∏

a
∏

(p− a)
∏

bc
=

8 · 4Rrp · r2p

(4Rrp)2
=

2r

R
.

利用歐拉不等式 : R ≥ 2r, 我們便可得到上述的三個不等式。
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