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Abstract

In recent years, the long-range models on Z
d of self-avoiding walk, percolation and the

Ising model, defined by power-law couplings D(x) ≈ |x|−d−α for some α > 0, have attracted
more attention, due to unconventional critical behavior and crossover phenomena. One of the
examples of D is the compound-zeta distribution

D(x) =
∑

t∈N

U∗t
L (x)

t−1−α/2

ζ(1 + α/2)
,

where U∗t
L is the t-fold convolution of the uniform distribution over {x ∈ Z

d : ‖x‖∞ ≤ L}.
In the previous work (Ann. Probab., 43 (2015): 639–681), we have shown that, for α 6= 2,
d > α ∧ 2 and L large, the random-walk Green function S1(x) is asymptotically γα

vα
|x|α∧2−d,

where

γα =
Γ(d−α∧2

2
)

2α∧2πd/2Γ(α∧2
2

)
, D̂(k) ≡

∑

x∈Zd

eik·xD(x) ∼
k→0

1−

{

vα|k|
α∧2 [α 6= 2],

v2|k|
2 log 1

|k| [α = 2].

Moreover, we have shown that, for α 6= 2, d above the upper-critical dimension dc ≡ (α∧ 2)m,
where m = 2 for self-avoiding walk and the Ising model and m = 3 for percolation, and L large
enough, there is a model-dependent constant A close to 1 (in fact, A = 1 for α < 2) such that
the critical two-point function Gpc(x) is asymptotically equivalent to A

pc
S1(x) for large x. The

crossover occurs at α = 2, where the variance of D diverges logarithmically.
In this talk, I will explain the current status of the ongoing work on the marginal case of

α = 2. We have shown that, for d > 2 and L large, S1(x) is asymptotically γ2
v2
|x|2−d/ log |x|.

Assuming a tail estimate on the zeta distribution, we have also shown that Gpc(x) is asymp-
totically equivalent to 1

pc
S1(x) for large x, whenever d ≥ dc (including equality) and L large

enough. This solves the conjecture in the previous work, extended all the way down to d = dc,
and confirms a part of predictions in physics (Brezin, Parisi and Ricci-Tersenghi, J. Stat. Phys.,
157 (2014): 855–868). The proof is based on the lace expansion and new convolution bounds
on power functions with log corrections.


